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ON SYMMETRIC FUNCTIONS. 


By DR. E. D. ROK, Jr., Associate Professor of Mathematics in Oberlin College. 


[Presented at the October meeting of the American Mathematical Society. | 


The object of the following paper is to call attention to certain ~ ethods of 
treating symmetric functions of the roots of an equation from two quite different 
standpoints. From the first standpoint the symmetric function as a whole as 
expressed in terms of the coefficients of the equation is considered ; from the sec- 
ond, the isolation of one of these terms with its numerical coefficient is the object 
of investigation. Accordingly the paper is divided into two chief divisions. We 
proceed to the first. 


I. SYMMETRIC FUNCTIONS AS A WHOLE. 


It is not the writer’s purpose to reproduce the many formulas and meth- 
ods which are already given in works on algebra for expressing symmetric func- 
tions as a whole. Only one of them will be noticed, and attention called to two 
others, as follows : 


A. FORMULAS. 
1. Brroscui’s FORMULA IN TERMS OF THE 8’8. 
(1). Statement of the Formula. 


In 1854 in the Annali di Tortolini (t. 5, pp. 427-8), Brioschi gave without 
proof the following formula: 


Uy 1 Uy oe ws eeee Ul, i 
Un1 Uggereces U 
2H, Pra’ yPe eee zee a, P?= “1 Use a1 | 
Uny Uns eee @ @ Unn | 
where Ui4 —=Sp,) Use Spas Uy gle, —=Sp, tPpeor eee es UpsWstt tye oes. Uap=S8p;---ps-+ pr. we espre 


(2). An Inadequate Statement. 

This formula seems to have lost the clearness of Brioschi’s statement in 
Faa di Bruno’s Bindire Forman, p. 8, so that the statement there made is inad- 
equate. The writer has given a correction and proof of the formula (June-July 
number, 1898, pp. 161-4, of the MonrTuHty). 

(8). Crotecal Vaiue of the Formula. 

Taken in connection with the formula 


{ 

a, a, VO O............ O | 
(—1)" 245 4, G, O.......000.. 0 
$==--—-+| 8, Ay A, a, O........ 0 

a 

or a 
eee ee eee eee eee 0 

TA, Oyp— Ayv—_?2 ee ee ee ee er a, | 


of degree r and weight r as seen by developing in terms of the elements of the 
last line, it affords an example of a complete theoretical solution of the problem 
of expressing the symmetric function 2a@,Pia,P2...... a,P” in terms of the coefh- 
cients of the equation, and gives at once the theorems concerning rationality and 
weight ; but on account of the theorem concerning order it is clear that this ex- 
pression must contain many superfluous terms which destroy inthe working out, 
and is therefore little adapted to practical purposes. 


2. GORDAN’S FORMULA IN TERMS OF THE @’S. 

(1). Statement of the Formula. 

The following theorem is due to Professor Gordan, and was stated to the 
writer by him. If we multiply the alternating function 


Ll oa, a@,...... aw, nol 

D= Ll Wy ae...... aint 

1 a, P60... a," 1 
by 2a ,Pia,P2...... a, P» supposing the p’s to be all different, [If 4, of the p’sare 
Diy Koy Poy vere k,, pr, we must divide the result by k,!k,!....k,! to obtain >.] 


the result is the same as if we apply the n exponents of 2 to the columns of D 
in all n! permutations of the same, and take the sum of the n! determinants so 
resulting. This operation Professor Gordan indicates as [p,p,..... p, | and its 


expansion as 2(p;, pi, +1.. ...p%,+n—1), where i,, i,...... i, form a permu- 
tation of the numbers 1, 2, ...... mn. Thus we have the formula 


DA PAP. W,P'—-[D4 Por... Dnl= =p pi,tl..... Di, tn—I). 


(2). Application of the Formula. 
To apply it we notice that the matrices 


. ‘ | 
a, Ce 1,21 Ay, Un 1 Aedes sees a, O O...... Q 
' JT oa ae a, ?n-d 0 a An leeeuee a, a, O...... 0) 
2 and " ” | 0 
1 @&, A,r ...... a QO 0 QO Aye cee cee eee eee 1%, 


correspond, and from the theorem that ‘‘the corresponding determinants of cor- 
responding matrices are proportional,’’* that 


When, as often happens, any of the numbers p,+7,, p,+7,, in a parenthe- 
sis, are equal, such symbolic parenthesis reduces to zero, because the determin- 
ant thereby signified has at least two columns equal. The values of the non-van- 
ishing symbols are then read off from the second matrix by the help of the theo- 
rem concerning corresponding matrices, the factor o being added and the correct 
sign factor of the corresponding determinant. The factor p will then divide out 
and the result gives 


Uy" 2A Pare... ay, Pe 


which equals the algebraic sum of a number of determinants in the a’s of the 
mth order. 

(3). Proof of the Formula. 

IT have proved this theorem as follows: We will begin by considering 
some simple examples. 

a. Itis required to find 2a,?:,?: for aquadraticequation a,7° +a,7%+4, 
-=Q, The matrices are 


2 3 
loa, a? a, and | @2 1 Go Q 
2 3 ‘ ° 
1 aw, af a, QO a, a, a, 
1 «a a, O 3 
D=- Php 0 =U”. 


*Gordan, Determinants, p. 95. 
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We indicate D2a,P:a.P2==(p,;p,). We perform the operation indicated on the 
left hand side in detail. We have 


(a,—a, )C Pray P2 + WPA yPs)— WPA yPe Th a, Peay: Ta Pi ‘Lay P2— a , Pe tla P: 


Pra, Pe 7 
WA PriWMyPz 1 


a Pew Piel 
A Poa P 


by taking the first and fourth, and the second and third terms together. If we 
had multiplied 
a 


{Ps Pe t+ | ! 
- l «a 


» 


OY, 


loa, 


A P2AyPs, 


by 2a Pia ,P: as 


we should have obtained 


A Pra Ps 1 
W ,P2M , RP - 


WV, PeaPe ] 
WiPiaP: ‘1 


If we compare with the previous result, we see that we could convert one into 
the other by exchanging In each the two secondary diagonal terms which is per- 
mitted. We choose the result first obtained and symbolize it by (p,p, +1) 
+(p.p,+1), where in (p,p,+1) p,; is the exponent of the first, and p, +1 that 
of the second column of the determinant for which it stands. We write com- 


pletely 
D2 Pars (Dy Pe) “Pips +1) t+ (pop, +1). 


b, Wewill apply this formula to the calculation of the symmetric fune- 
tions required by the resultant of two quadratic forms, 


fam aye? Faye +ayg=-a,(a—a,)(r—ay). 


da bye? +b ,¢+6,-—b (rf, \r—f,). 
The resultant of these forms is 


‘ ? ry 
ae(bvae +b,4,4+b,)b,af +b,a, +b.) - 
’ ty) . .’ ” M . ‘ ' , 
ag (be zarag+bob, 2aPfa,+b by 2a? +be2a,a,+b,b,2a, +b,”). 


c. We comprehend the results together in the following table. The sign 
of the determinant which corresponds to (a,4f,/4 is by the theorem of corres- 
ponding matrices, 


(—1)\4 +2)+ 0A 41 + +1)--( 21 )ht ett. 


We also observe that (AA)-:-0, and do not write 0. 


wr 


nn ee _ 


| 


Function |[p,p.] iP pe Determinants Sign Result 
2 ] 
2agParay [22], 2238) lar 7 (—1)6—1 2a.2 
22 2 
A? ZAP A, | [2 1] 4 3) | ee a | (—1)>--—] —A,Ay5 
_ -!- pe i eee 2 eee 
| | | (fa, O | | 
Oa '—(—1)t=—] 
>) ’ 3) 2 ] " 
a, 2a, | [2 0] ‘ 35 '—2a,a,+4a/ 
1, Ay : _ (—1)t~I 
| A, Qy 
oe ee jo an _ oe _ 
20,7 2, as ! [1 1] | 2(1 2) 2 0: . | (—1)*=-1 2044 4 
0 
os 1 1 a 0 . 
ar 2a, [1 GO] 0 2, a. a, (—1\8--—] — Ay, 


d. Substituting these values we have for the final result the function of 
the coefficients of the two quadratics 


b Pag —b,0,a,0,+6,b,(aP —2a,a,)+bPa,a,—b, bya,a,+b24,2. 


e. We will now take another step and consider 2a,a@,?:a,?s3, We wish 
to show that we obtain the same result when we apply the exponents in all pos- 
sible permutations to the columns of D that we obtain when we apply them to 
the rows, and obtain D2a,P:a,%a,?>, To prove this we heed only show that to 
every term of the second formation corresponds exactly the same term in the first 
formation. First, it is clear that the number of terms in each formation is (3!)2 
=-36, Next, take a term like @,?:“l@,P:'2q@,P2 of the second formation. Tt must 
have come from 


() , » y 
MO, av, a 1 )» 
Wo Ws We Nao d 
Cl WW, Ao 1D, 


which signifies that D has been multiplied by aa Pia: of Ba Pra ,Pea,Ps, the 
first row by @,?:, the second by @,?:, and the third by w,?:, and here as the ex- 
ponents come to be applied to the rows as the result of the multiplication, they 
are legitimately applied. Again write D changing columns into rows, and obtain 


a 1" WV a! a 9 
Y 5 (eG 3 

») 6 
CP aS as 


Next inquire by what substitution @,?:'1a@,P:'2q@,P: came from the pre- 
vious determinant d'. We see that it corresponds to 1st line 2d column, 2d line 


2 
3d column, 8d line 1st column, or to the substitution (5 ; 1) . Now in order 


that we may arbitrarily affix the exponents to the rows of Das last written, which 
is the same as affixing them to the columns as before written, and obtain this 
term, at least numerically, we must have », with the second line, p, with the 
third, and p, with the first. Thus we must have 


av aw a? YD » 
a, as a, | Dar d, 
CP aP as |p, 


which signifies that the exponents p are to be arbitrarily affixed to those of the 
corresponding line. 

What substitution now gives the term in this determinant? We see that 
it corresponds to 2d line Ist column, 3d line, 2d column, Ist line 3d column, or 


“) . . . . ; . j 2 3 
0 (; 9 3); and this last substitution is the reciprocal of the preceeding € 3 ‘) 


and has the same sign with it. We see farther that to every term of d’ corres- 
ponds one and only one determinant like d,. and in d, there is one and onlv one 
term equal to the given term of d’. To the six terms of d’ correspond the six 
determinants of d,, d,, ...... d,; to the six terms of d” correspond the same six 
determinants d,, ...... d,, and so on; to the 86 terms of the six determinants 
did", oe... d™', correspond the six determints d,, ...... d,, and conversely to 
the 36 terms of the six determinants d,, ...... d.,. correspond the six determin- 
ants d’, @”’, ...... d“'. Thus the 36 terms of the one set are equal to the 36 
terms of the other set, and the results of the two operations are identical. 


f. We mav express the result of this example more briefly if we write : 


0 pa . 
wv, WY, a, Pi, 
Wo! AW, AS | Dy, 
Wi! WM, WS | py 
y 


and take any one of the 26 terms obtained by applying the 38! substitutions 


1 2 38 ; . , . 
( ; ) where the 7’s are the numbers of the columns, to the six determinants 


di Je Js 
that arise from the 8! permutations of the «’s which form a permutation of the 


numbers 1, 2, 3. We obtain a term of the form 


PO Ji lay Piz Je ly, Pi, iy 1 


Po be continued. | 
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ENCYKLOPAEDIE DER MATHEMATISCHEN 
WISSENSCHAFTEN. 


By DR. GEORGE BRUCE HALSTED. 


Mit Unterstuetzung der Akademicen der Wissenschaften zu Muenchen und 
Wien und der Gesellschaft der Wissenschaften zu Goettingen, herausgegeben 
von H. Burkhardt und W. F. Meyer. Band 1. Heft 1. Leipzig, Teubner. 
1898. Pages 1—112. 

This is an undertaking of extraordinary importance and promise. Its aim 
is to give a conservative presentation of the assured results of the mathematical 
sciences in their present form, while, by careful and copious references to the 
literature, giving full indications regarding the historic development of mathe- 
matical methods since the beginning of the nineteenth century. The work be- 
gins with 27 pages on the foundations of arithmetic by Hermann Schubert of 
Hamburg. Schubert’s reputation was made by his remarkable book on enumer- 
ative geometry. He has since applied modern ideas in an elementary arithme- 
tic, and is known in America as a contributor to the Monist. Unfortunately, 
Schubert bas made in public some strange slips. In an article ‘‘On the nature 
of mathematical knowledge,’’ in the Monist, Vol. 6, page 295, he says: ‘‘Let 
me recall the controversy which has been waged in this century regarding the 
eleventh axiom of Kuclid, that only one line can be drawn through a point paral- 
lel to another straight line. The discussion merely touched the question wheth- 
er the axiom was capable of demonstration solely by means of the other proposi- 
tions or whether it was not a special property, apprehensible only by sense-ex- 
perience, of that space of three dimensions in which the organic world has been 
produced and which therefore is of all others alone within the reach of our pow- 
ers of representation. The truth of the last supposition affects in no respect the 
correctness of the axiom but simply assigns to it, in an epistemological regard, a 
different status from what it would have if it were demonstrable, as was one time 
thought, without the aid of the senses, and solely by the other propositions of 
mathematics.’’ 

If Schubert had written this seventy-five years ago it might have been par- 
donable. Just at the beginning of this century Gauss was trying to prove this 
Euclidean parallel-postulate. Kven up to 1824 he was in Schubert’s state of 
mind, for he then writes Taurinus: ‘‘Ich habe daher wohl zuweilen in Scherz 
den Wunsch geaeussert, dass die Euclidische Geometrie nicht die Wahre waere.’’ 
But the joke had even then gone out of the matter if Gauss had but known it, for in 
1823 Bolyai Janos had written to his father, ‘‘from nothing I have created a whol- 
ly new world.’’ Of the geometry of this world as given also by Lobachevski, 
Clifford wrote: ‘‘It is quite simple, merely Euclid without the vicious assump- 
tion.’’? But this assumption is only vicious if supposed to be ‘‘apprehensible by 
gsense-experience’’ or ‘‘demonstrable by the aid of the senses.’’ That ‘‘the or- 
eanic world has been produced”’ in Euclidean space can never be demonstrated 
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in any way whatsoever. On the other hand, the mechanics of actual bodies 
might be shown by merely approximate methods to be non-Kuclidean. 
Therefore Schubert’s contribution on the foundations of arithmetic may fairly be 
read critically. He begins with counting, and defines number as the result of 
counting. This is in accord with the theory that their laws alone define mathe- 
matical operations, and the operations define the various kinds of number 
as their symbolic outcome. There is no word of the primitive number-idea, 
which is essentially prior to counting and necessary to explain the cause and aim 
of counting. This primitive number-idea is a creation of the human mind, forit 
only pertains to certain other creations of the human mind which I call artificial 
individuals. The world we consciously perceive is a mental phenomenon. Yet 
certain separable or distinct things or primitive individuals we cannot well help 
believing to subsist somehow ‘in nature’ as well as in conscious perception. Now 
by taking together certain of these permanently distinct things or natural indi- 
viduals the human mind makes an artificial individual, a conceptual unity. 

Number is primarily a quality of such an artificial individual. The oper- 
ation of counting was made to apply to such an individual to identify it with 
one of a standard set of such artificial individuals, and so to get the exact shade 
of its numeric quality. These standard individuals were primarily sets of fin- 
gers. Then came the written standard set, e.g. II], or 1+1+4+1; and finally the 
written symbol 38. Such symbols serve to represent and convey the numeric 
quality. The word number is applied indiscriminately to the quality or idea 
and to its symbol. 

Schubert tells us that in antiquity the Romans represented the numbers 
from one to nine by rows of strokes, as 4 is still represented on our watches ; 
while the Aztecs used to put together single circles for the numbers from one to 
nineteen. I have seen Japanese use columns of circles in the same way. Thus 
also our striking clocks convey a numeric quality by a group possessing it. But 
the number pertaining to a group or artificial individual is far from being the 
simple notion it seems. If numbers are used to express exactly this definite at- 
tribute of finite systems they are called cardinal numbers. 

Schubert’s first sentence is: Dinge zaehlen heisst, sie als gleichartig 
ansehen, zusammen auffassen, und ihnen einzeln andere Dinge zuordnen, die 
man auch als gleichartig ansieht. This may be rendered: ‘‘7o count things 
means, to consider them as alike, to take them together, and to associate them 
singly to other things which one also considers as alike.’’? I would prefer to say : 
“To count distinct things means to make of them an artificial individual or group 
and then to identify its elements with those of a familiar group.”’ 

When the mind of man made these artificial individuals, they were found 
to possess a sort of property or quality which was independent of the distinctive 
marks of the natural individuals composing them, also independent of the order 
or sub-association of these natural individuals. Whether the artificial individual 
were made of a church, a noise, and a pain, or made of three peas, or composed 
of two eves and a nose, it had one certain quality, it was a triplet. 


‘) 


I see no necessity for Schubert to consider the church as like the noise and 
the pain. Again, the individuals of the familiar group used in the count need 
not be alike. Even the individuals used by a clock in counting differ ordinarily, 
and when we follow the count of the clock we use words all different. The prim- 
itive written number is such a picture of a group of individuals as represents their 
individual existence and nothing more, e. g. III; so however different they may 
be, this number is independent of the order in which they are associated with its 
elements. 

Schubert wastes three sentences on the so-called concrete number, 
benannte Zahl. Three quails is not a number, but is a particular bevy. 

His §2 Addition, he begins thus: ‘‘If one has two groups of units such 
that not only all units of each group are alike, but that also each unit of the one 
group 1s like each unit of the other group, ete.’’ All this likeness and alikeness 
seems unnecessary. Any two groups may be thought into one group. Any two 
primitive numbers may be added. 

In section 5, Peacock’s Principle of Permanence is given it Hankel’s gen- 
eral form: The combination of two numbers by any defined operation is a num- 
ber, such that the combination may be handled as if it gave one of the previous- 
ly defined numbers. New kinds of numbers, like all numbers, are defined by 
the operations from which they result. Thus are introduced zero and negative 
numbers, and later, the fraction. After this all is easy to the end of Schubert’s 
contribution. It only remains to point out, as of especial importance, that from 
beginning to end not the slightest mention is made of measurement. Not a word 
is wasted on people who do not clearly see that number is long prior to measure- 
ment. 

The second section of the Enevklopaedie is ‘‘Kombinatorik’’ by Ki. Netto. 
This is a part of mathematics which never fulfilled the hopes of the school which 
was lost in it during the early part of this century. Of the most comprehensive 
monographs the last two are in 1826 and 1837. For us it has gone over into de- 
terminants, and more than half of Netto’s article is devoted to determinants. 
This article is particularly valuable from a bibliographic and historic point of 
view, 

The third section is ‘‘Irrationalzahlen und Konvergenz nnenlicher Proz- 
esse,’’ by A. Pringsheim. It begins on page 47, and goes past the end of the 
Heft. This is a modern subject, of intense living interest. How entirely mod- 
ern it is might not be suspected by readers of such sentences in Cajori’s excellent 
history of mathematics as those on page 70; ‘‘The first incommensurable ratio 
known seems to have been that of the side of a square to its diagonal, as 1:12. 
Theodorus of Cyrene added to this the fact that the sides of squares represented 
in length by 1/3, py 5, ete., up to ; ‘17, and Theaetetus, that the sides of any 
square, represented by a surd, are incommensurable with the linear unit.”’ 

Now in fact Theodorus and Theaetetus made no representation whatever 
of the length of these sides, simply saying, e. g. that the side of the square whose 
area is 38 is Incommensurable with the side of the square whose area is one. For 
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Euclid there was no such ratio as 1:,/2; for 1 is a number and so if it could have 
had a ratio to 1/2 this would have been a number. But Euclid, Book X, Propos- 
ition 7 is: ‘‘Incommensurable magnitudes are not to one another in the ratio of 
one number to another number.’’ The Hindus were the first to recognize the 
existence of irrational numbers. Even through the middle ages and the renais- 
sance they were absurd fictions, ‘‘numeri surdi,’’ a designation attributed to Le- 
onardo of Pisa. The first writer to genuinely treat them was Stifel (1544), and 
even he had not completely freed himself from the older terminology, since he 
says: ‘‘sic irrationalis numerus non est verus atque lateat sub quadam infini- 
tatis nebula.’”’ In reference to the next step, the conceiving of ratio as number, 
Pringsheim says, page 51, ‘‘Hatte schon Descartes beliebige Streckenverhaeltnisse 
mit einfachen Buchstaben bezeichnet, und damit wie mat Zahlen gerechnet, etc.’’ 
But here I think the careful German has slipped. 

In regard to just this point a common error is still widespread, which we 
see in the following, read .before Sections A and B of the American Association 
for the Advancement of Science, 1891: 


“The doctrine of Descartes was, that the algebraic symbol did not represent a con- 
crete magnitude, but a mere number or ratio, expressing the relation of the magnitude to 
some unit. Hence that the product of two quantities is the product of ratios, 
that the powers of a quantity are ratios like the quantity itself,” ete. 


) 


That every statement here quoted is a mistake will be instantly seen from 
the following, taken from pages numbered 297—9 of the original edition of Des- 
cartes’ Geometrie, 16387, a copy of which (perhaps unique on this continent) I 
have had the good fortune to possess since my student days (1876). 


‘‘Kt comme toute PArithmetique n’est composée, que de quatre ou cing operations, 
que sont l’Addition, la Soustraction, la Multiplication, la Diuision, & Extraction des ra- 
eines, qu’on peut prendre pour vne espece de Diuision: Ainsi n’ at’ on autre chose a faire 
en Geometrie touchant les lignes qu’on cherche, pour les preparer a estre connues, que 
leur en adiouster d’autres, ouenoster; Oubien en ayant vne, que ie nommeray Ll’ vnité pour 
la rapporter d’autant mieux aux nombres, & qui peut ordinairement estre prise a discre- 
tion, puis en ayant encore deux autres, en trouuer que quatriesme. qui soit a l’vne de ces 
deux, comme l’autre est a Pvnité, ce qui est le mesme que Ja Multiplication ; oubien en 
trouuer vne quatriesme, qui soit a Pyne de ces deux, comme l’vnité est a Vautre, ce qui 
est le mesme que la Diuision; au enfin trouuer vne, ou deux, ou plusieurs moyennes pro- 
portionneles entre l’vnité, & quelque autre ligne; ce qui est le mesme que tirer la racine 
quarrée, ou cubique, &c. Et ie ne craindray pas d’introduire ces termes d’Arithmetique 
en la Geometrie, affin de me rendre plus intelligible. * * * 

‘“Mais souuent on n’a pas besioin de tracer ainsi ces lignes sur le papier, & il suffist 
de les designer par quelques lettres, chascune par vne seule. Comme pour adiouster la 
ligne BD a GH, ie nomme [’vne a & autre b, & eseris a-+-b; Et a—b, pour soustraire b d’ 
a; Et ab, pour les multiplier ’vne par V autre; Et 5, pour diuiser a par 6; Et aa, ou a2 , 
pour multiplier @ par soy mesme; Et a3 , pour le multiplier encore vne fois par a, & ainsi 
a VP infini; Et a2 + 2, pour tirer la racine quarrée d? a2 -+ }2 > Et 1 C.a3 — 63 + abb, 
pour tirer Ja racine cubique da’ a3 — $8 -+- abb, & ainsi des autres. 

“Ou ilest a remarquer que par a2 ou b3 ou semblables, ie ne conecoy ordinairement 
que des lignes toutes simples, encore que pour me seruir des noms vsités en l’Algebre, ie 
les nomme des quarrés, Ou des cubes, &e.”’ 


1] 


Thus what Descartes really did was to make a geometric algebra, in which, 
however, the product of two sects (Strecken) was not a rectangle but a sect; the 
product of three sects not a cuboid but a sect. Here Descartes represents by the 
single letters a, b, sects, Strecken, not Streckenverhaeltnisse. Descartes does not 
here pass beyond Euclid’s representation of the ratio of two magnitudes by two 
other magnitudes, does not reach the conception of the systematic representation 
of the ratio of two magnitudes by one magnitude, that one magnitude to be al- 
ways interpreted as a number. This radical innovation, the creation of this 
epoch-marking paradox, is due to Newton. Newton takes this vast step explic- 
itly and consciously. The lectures which he delivered as Lucasian professor at 
Cambridge were published under the title ‘‘Arithmetica Universalis.’’ At the 
beginning of his Arithmetica Universalis he says, page 2, ‘‘Per Numerum non 
tam multitudinem unitatum quam abstractam quantitatis cujusvis ad aliam ejus- 
dem generis quantitatem quae pro unitate habetur rationem intelligimus.’’ [In 
quoting this, Pringsheim, page 51, misses the first word. Heomits the Per.] As 
Wolf puts it, (1710) ‘‘Number is that which is to unity as a piece of a straight 
line [a sect] is to a certain other sect.’’ Thus the length of any sect is a real 
number, and the length of anv possible sect incommensurable with the unit sect 
is an irrational number. Says Hayward in his Vector Algebra (1892), page 5, 
‘‘Number is essentially discrete or discontinuous, proceeding from one value 
to the next by a finite increment or jump, and so cannot, except in the way of a 
limit, represent, relatively to a given unit, a continuous magnitude for which the 
passage from one value to another may always be conceived as a growth through 
every intermediate value.’’ But the moment we accept Newton’s definition of 
number it takes on whatever continuity is possessed by the sect. However, from 
this alone does not follow that for every irrational there is a sect whose length 
would give that irrational. G. Cantor was the first to bring out sharply that this 
is neither self-evident nor demonstrable, but involves an essential pure geometric 
assumption. To free the foundations of general arithmetic from such geometric 
assumption, G. Cantor and Dedekind each developed his pure arithmetic theory 
of the irrational. Professor Fine in his ‘‘Number-System of Algebra’’ seems to 
miss this point completely. He gives, page 42, what purports to be a demon- 
stration that ‘‘Corresponding toevery real number is a point on the line, the dis- 
tance of which from the null-point is represented by the number,’’ without any 
mention of the geometric assumption necessary, and then proceeds, page 43, to 
borrow the continuity of his number system from the naively supposed continu- 
ity of the line, the very thing for the avoidance of which G. Cantor and Dedekind 
made their systems. Says Dedekind, ‘‘Um so schoener erscheint es mir, dass 
der Mensch ohne jede Vorstellung von messbaren Groessen, und zwar durch ein 
endliches System einfacher Denkschritte sich sur Schoepfung des reinen, stetigen 
Zahlenreiches aufschwingen kann ; und erst mit diesem Huelfsmittel wird es ihm 
nach meiner Ansicht moeglich, die Vorstellung von stetigen Raume zu einer 
deutlichen auszubilden.”’ 


Austin. Tevas, 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


103. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, 65 Hammond Street, Cam- 
bridge, Mass. 


Find the proceeds of a note discounted at a bank for 10 years at 10%. What is the 
meaning of the result ? 


I. Solution by HON. JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


The proceeds would be nothing. The meaning is that the method is er- 
roneous and unjust. It was invented to evade the usury laws. I have thought 
that the court which first sustained the method could not have been well versed 
in mathematical principles. 


II. Solution by the PROPOSER. 


The bank discount upon any sum exceeds the true discount for the same 
time and rate, by the interest upon the true discount for the given time. Bank 
discount then is of the nature of compound interest, for a banker in discounting 
a note not only deducts the interest which is to accrue upon it from that time un- 
til the date of maturity, but also charges a certain per cent. for his services, 
which per cent. is the interest upon the interest which is to accrue. Now the 
true discount of any sum for 10 years at 10 per cent. is just half that sum, and 
as the amount will double itself at simple interest for 10 years at 10 per cent., 
the discount which the banker deducts for that time, plus the interest which he 
charges, is exactly equal to the face of the note, neglecting the three days of 
grace. The note In this light is worthless in spite of the fact that its present 
worth is half of its face. The case is of course a very improbable one but it is 
simply an illustration of the rapidity with which compound interest will accum- 
ulate, although the interest here is not compound in strict sense but accumulates 
slower. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa.; ELMER SCHUYLER, High Bridge, N. J.; CHAS. C. CROSS, Libertytown, Md., and ALOIS F. KOV- 
ARIK, Professor of Mathematics, Decorah Institute, Decorah, Ia. 

Days of grace are no longer in use. Since bank discount is simple inter- 
est charged when loan is made the proceeds would be $0.00. 

This means that the bank would get twice the amount loaned, while the 
borrower would have the use of no money. Such a transaction is hardly possi- 
ble between business men. 

Solutions of problem 102 were received too late for credit in the December number from JOSIAH H. 


DRUMMOND, P. S. BERG, ALOIS F. KOVARIK, P. H. PHILBRICK, ELMER SGHUYLER, GUY B. 
COLLIER, G. BRECKENRIDGE, and WALTER H. DRANE. 
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ALGEBRA. 
89. Proposed by G. A. MILLER, Ph. D., Instructor in Mathematics, Cornell University, Ithica, N. Y. 
Solve by quadratics, a? +y=7...... (1), 
aty?=I11...... (2). 


IX. Solution by S. F. NORRIS, Professor of Mathematics and Astronomy, Baltimore City College, Balti- 
more, Md. 


a® +y==T. 1... (1), a+y?=I1...... (2). 

Kliminating y, «*—14%?+274+38=0...... (3). 

Asin many other cases of this nature, resort must be had to special ex- 
pedients. Vide Ray’s New Higher Algebra, sec. 253. 

Equation (8) may be put in the form 


v4 —2oe% + 273 —40? — 100? + 20a— 1947+ 388=0 


by subtracting and adding 2x*, separating —14a? into —42* and —10«?, and 
placing 20r—19« for x. 


03 (@—2) +20? (a—2)—10a(a—2)—19(a—2)=-0. 


(e—2)(v? +2x%* —10%—19)=-0, by factoring. 

*,e7—-2—0...... (a), and #3+2a2—10r—19—0...... (b). 

Hence x2 ; substituting this value of x in equation (1) or (2), y=3. 

I cannot discover any special artifice by which the roots of equation (b) can 
be found by quadratics. By Sturm’s Theorem, the three roots of equation (b) 
are found to lie between 3 and 4, —3 and —2, —1l and —2. By Horner’s Meth- 
od, they are found to be #,=3.1318125, x,——8.283185, 7,——1.84813652; the 
corresponding values of y are y,==—2.8051181, y,—=—3.779310, y,==38.58442837, 


X. Solutions selected by SYLVESTER ROBINS, North Branch Depot, N. J. 


(A). From (1), y==7—2°; from (2), y=)/(11—2). 
+, T—2? = (Al—x). By squaring, 49—144? +4¢4=11—s. 
*, 74 —100* ==4a? -a1—38. 
Add 2x3—19x==-243—192, and v4 + 223—10e? — 19¢%——223 4+ 4? —207 —88. 
Factoring x(x? + 2a? —10¢%—19)==2(03 + 2a? —10%—19). 
*, t==2, y=. 
[W. L. Harvey in “Our Young Folks,’’? New York Tribune.] 
(By. (1) 2? +y=—11. (3) 7? —9=—2-—y=—d, by assumption. 
(2) c+ y?=7. (4) «—38=-4—y*?==sd, by assumption. 
Since x—3-=sd, (wx—3)/s==d, and «? —Y=—d, so x? -9=—(a4—3)/s=—(a2/s)—(8/s). 
a2—(a/s)=9—(3/s8). 
a? —(a/s)+(1/48?)=9—(3/s) +(1/48*). 
a—(1/2s)==8—(1/2s8). 
*, ¢==8, and y=2. [From The School Day Visitor.] 
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Note on No. 78, Algebra. Mr. Boorman misapprehends the ‘‘real point’’ 
of my comment. I will endeavor to make my meaning plain. 

Given z* +x%y=-10 and y?+ay=15 to find the values of and y. Adding 
these two equations and taking the square root, we have x+y—+5. Dividing 
the first equation by this, we have e—-+2, and in the same manner, y=-+3. 

I have supposed that it is settled that an equation of the second degree has 
two roots and no more, especially when the equation can be solved by an equa- 
tion of that degree; and that when an equation of a higher degree, which 
has more than two roots, is needlessly used in the solution, still the number of 
roots of the original equation is not thereby increased, and that all, save two, of 
the roots of the higher equation are not roots of the original equation. 

Now, Mr. Boorman, in his solution, page 48 of last volume, by transpos- 
ing zy to the other side of the original equations and then multiplying the two 
equations together, obtains an equation of the fourth degree. So I said in my 
Note (and say now) that his solution seems to me to involve the following course 
of reasoning: If w*?=-36...... (1), then #4=-1296..... (2), and as equation (2) 
has four roots, therefore equation (1) has four roots: a manifest error as it seems 
to me. 

I did not ‘‘mistake him to mean” that the roots of 24-16, are 2 and 
--2; but in his solution of No. 78, he says there are eight roots, viz.: v==¢2 and 
y==oe3s, and w=-+2 and y=+8. But I said that £2 and +2, taken by themselves, 
are precisely the same, and therefore that his eight roots are really only four, 4. 
e. two pairs, two values of x and two values of y, precisely as are obtained with- 
out transforming the original equations of the second degree into a biquadrate 
equation. JostaAH H. DRuMMonp. 


GEOMETRY. 


—_ 


105. Proposed by B. F. FINKEL, A.M.,M.Se.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 

Sind A, B, C, D vier harmonische Punkte und beschreibt man tiber dem Durchmes- 
ser 1C einen Kreis, von welchem S ein beliebiger Punkt ist, so wird derjenige Kreisbog- 
en, weleher innerhalb des Winkels BSD liegt, entweder von .{ oder von © halbirt. 
[Reye’s Geometrie der Lage, page 191.] 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 


Sind A, B, C, D vier harmonische Punkte und S ein beliebigen Punkt auf 
dem Kreis ASC, so sind SA, SB, SC, und SD vier harmonische Strahlen, denn 
vier harmonische Punkte werden aus jedem Punkte (S) durch vier harmonische 
Strahlen projicirt. 

Weil aber die Strahle SC auf der Strahle SA senkrecht steht, so halbirt sie 
den Winkel zwischen den anderen beiden, Strahlen SB und SD, und folglich den 
Kreis-bogen zwischen denselben, nach dem Satz: ‘‘Wenn von vier harnionischen 
Strahlen zwei getrennte auf einander senkricht stehen so halbiren sie die Winkel 
zwischen den anderen beiden Strahlen.”’ 
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NotE on No. 78, Algebra. Mr. Boorman misapprehends the ‘‘real point’’ 
of my comment. I will endeavor to make my meaning plain. 

Given x? +xy=10 and y? +ay=15 to find the values of x and y. Adding 
these two equations and taking the square root, we have x+y—+5. Dividing 
the first equation by this, we have s—=-+2, and in the same manner, y—-+3. 

I have supposed that it is settled that an equation of the second degree has 
two roots and no more, especially when the equation can be solved by an equa- 
tion of that degree; and that when an equation of a higher degree, which 
has more than two roots, is needlessly used in the solution, still the number of 
roots of the original equation is not thereby increased, and that all, save two, of 
the roots of the higher equation are not roots of the original equation. 

Now, Mr. Boorman, in his solution, page 43 of last volume, by transpos- 
ing zy to the other side of the original equations and then multiplying the two 
equations together, obtains an equation of the fourth degree. So I said in my 
Note (and say now) that his solution seems to me to involve the following course 
of reasoning: If v*?=-06...... (1), then 74—-1296..... (2), and as equation (2) 
has four roots, therefore equation (1) has four roots : a manifest error as it seems 
to me. 

I did not ‘‘mistake him to mean” that the roots of 24-16, are 2 and 
--2; but in his solution of No. 78, he says there are eight roots, viz.: e==¢2 and 
yo=e8, and w==2 and y=+8. But I said that £2 and =2, taken by themsclves, 
are precisely the same, and therefore that his eight roots are really only four, 4. 
e. two pairs, two values of x and two values of y, precisely as are obtained with- 
out transforming the original equations of the second degree into a biquadrate 
equation. Jostan H. DrumMMonp. 


GEOMETRY. 


—_ 


105. Proposed by B. F. FINKEL, A.M.,M.Se.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 

Sind A, Bb, C, D vier harmonische Punkte und beschreibt man tber dem Durchmes- 
ser LC einen Kreis, von welchem S ein beliebiger Punkt ist, so wird derjenige Kreisbog- 
en, welcher innerhalb des Winkels BSD liegt, entweder von .{ oder von © halbirt. 
[Reye’s Geometrie der Lage, page 191.] 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 

Sind A, B, C, D vier harmonische Punkte und S ein beliebigen Punkt auf 
dem Kreis ASC, so sind SA, SB, SC, und SD vier harmonische Strahlen, denn 
vier harmonische Punkte werden aus jedem Punkte (S) durch vier harmonische 
Strahlen projicirt. 

Weil aber die Strahle SC auf der Strahle SA senkrecht steht, so halbirt sie 
den Winkel zwischen den anderen beiden, Strahlen SB und SD, und folglich den 
Kreis-bogen zwischen denselben, nach dem Satz: ‘‘Wenn von vier harmonischen 
Strahlen zwei getrennte auf elnander senkricht stehen so halbiren sie die Winkel 
zwischen den anderen beiden Strahlen.”’ 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

Let A, B, C, D be the given points. 

Join AS, BS, CE, DS. Then AB: BC=AD:DC, or AB: AD=BC: DC, 
~. AASB: ABSC=A ASD: ACSD. 

~. AS. BSsin ASB: BS.CSsinBSC==AS.DSsin ASD: CS. DSsin DSC. 
 sinASb — sinASD 

'"sinBSC  sinDSC° 

But sinASB=sin($7—BSC)=—cosBSC, 

sinASD=-sin($7+ DSC )-=cosDSC. 

. cotBSC=-cot DSC, 

ow. LBSC— 7 DSC. 

.. ( bisects are PCH, Similarly A bisects arc HASF’. 


CALCULUS. 


— 


80. Proposed by B. F. FINKEL, A.M., M.Sc.,Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A vessel is anchored in three fathoms of water, and the cable passes over a sheave in 
the bowsprit, which is six feet above the water. If the cable is hauled in at the rate of 
one foot a second, how fast is the vessel moving through the water when there is five fath- 
oms of cable out? What is the acceleration of the vessel’s velocity? [From Byerly’s 
Problems in Differential Calculus.) ANs.—(a) 5-6 feet per second ; (b) 12-121 feet per second. 
Are these results correct ? 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio 


Let x=—the horizontal distance from sheave to anchor, and y=the length 
of cable out, both in feet. 
Then v==(y?—576):. Differentiating and making y=30 and dy=—1, we 


find dx-=—-& ; that is, « diminishes at the rate of 3 ft. per second, or the ship moves 
at the same rate. Differentiating again and making the same substitutions we 
get d?a-=—,8,, that is, the vessel’s velocity is increasing at the rate , ft. per 
second. 


Accordingly the results given as answers to the problem are not correct. 
It is evident without a solution that the vessel’s velocity is always greater than 
the rate at which the cable is hauled in. 


II. Solution by ELMER SCHUYLER, High Bridge. N. J. 

If 1 understand the problem, it is (1) y? =="? +24?. 

We want to find dx/dt=-v, and d?a/dt?~a, (2) y/t=1. 

J. yet 3; dy==dt. 

dy dt--1, 4. e. rate is constant and has no acceleration, 
de 
dt 


dy 


= 4 ; 
dt 


y da 30) | 
(4) a Y . Y = _—— sr KE l=-3 ft. Ist answer. 
x dt 1’302—242 
5) ? _. wdy/ dt)(==constant 1)— y( dx jdt) r—( y? Ju) tay? 
t” 2 ee oh 


24° 24° . , 
nn ont ars acceleration per second, 
. cy! 


III. Results by J. SCHEFFER, A. M., Hagerstown, Md. 


If I understand the problem correctly, I find the values to be 3 and ,f, in- 
6 3 1 2 
stead of 2 and -4*,. 
{Notr.—A letter from Dr. Byerly states that this, asa numberof other errors, crept into the work hy 
oversight. Eprror. | 
MECHANICS. 


63. Proposed by A. H. BELL, Hillsboro, Ill. 


From a horizontal support at a distance of 10 feet apart, a beam 5 feet long and 10 
pounds weight is suspended by ropes attached to each end. The ropes are 3 and 5 feet re- 
spectively, in length. Required the angles made by the ropes and horizontal support. Al- 
so the stress upon each rope. 


Comment by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Soon after my solution of the above problem was published Mr. George 
Richards and Mr. A. H. Bell called my attention to the incorrectness of my as- 
sumption in regard to the angles. The error was due to carelessness or inability 
on my part, either of which is inexcusable. Mr. A. H. Bell sent me the follow- 
ing admirable solution, and I doubt whether a simpler one can be effected. The 
fact that Mr. Bell has solved this problem is a sure guarantee of its correctness 


and accuracy. 
Let AB=c=10, AD-=3=d. DC= =O, BC=e=5, BHB=r+y, Ah=r—y. 


(r+y)? + (4—-¥)*— oa (ety ey tlr—y—dy gy 4 
He by lr—y) Het y—eyor—y—d) bee eee eee ). 


a] 


COS = 


Ce +(r ty)? — (r—y)® 


ce +r y)P— Crt y)® ro 
2ele +a) 


Qe(a— 4) y—d) = 


DF=CN=-- (rt y—e).(2). 


e+d=a=8, e—d=h=2. 
- (1)=(4bytg?—c? —b? x? — a dy? — 0? rt (ce? +a? — 9? yp? — det y 


_ B2(y* — 29) in 139y* -——200y— 1500 _ 


— ie? (a? —b?)=0, or ve : 
4 ( ) t~ Sy—79 yy — 79) 


=()...(3), 


(2) =a —3an?—[y? — 3b + (be? /8y) a + sac? =O, 
or ri —4r?—[y? -- yt (25/y) |r + 100S0...... (+4). 
Khiminating w between (8) and (4) we get, 


128102400y1 ? —536601600y71 ! —9985725784y! © +36190002752 4° 
+ 3078392352644 8 — 1004805985048 y7 —455523 175900575 
— 4948451989304 y> + 108549292200950y4 + 26216813125200y? 
— 54537984439 125y? + 2686233 1 5000y— 49284858937500=0 ...(5). 


The prodigious amount of work necessary to arrive at (5) is wonderful, 
and great credit is due Mr. Bell for the above solution. 


DIOPHANTINE ANALYSIS. 


72. Proposed by H. C, WILKES, Skull Run, W. Va. 
Given r° +4? +2? =p? +q?+4+r?, to find unequal integral values for wx, 7, <z, 
p, qy. and ¥, . 


I. Solution by M. A. GRUBER, A. M.. War Department, Washington, D. C. 


The conditions of the problem are satisfied in the following six identities, 
in which m, » and r represent any integers, the values being so chosen as to avoid 
zero in the residual quantities, 


C(n+tatr)y?+(m—r)?+n—r)P-(mtn—r)?t(mtry?+(ntr)?, 
Cm tatry? + Cu—n? + (n—r)P-=(m—ant+ry?+On4tn) > 4+(n+r)?, 
Cm tu try? 4+ (m—n)? + m—r)yP=(m—n—r)* + (m+n) + (m+4r)*, 
(mtn—r)?+On—n)? + (m4 vr)? —(m—n +7)? +0m4+n)? + m—r*, 
(m+n—r)? +(m—n)®> 4+ (n+ r)? =(m—n—71)? + On +n)? +n—r)?, 
(m—n4+ rr)? +(m—7r)? + (247)? --(m—n —7)? +(m4+7)* +(n—71)*, 


These equations can be reduced to the following two formulas : 


2q+2ry\2, (2pt+q—2r\? , (2p—2q4+7 \? og a / 
(e 3 r ~) 4 ( pre! } + ( Prod mr) preter ooo eee. (1). 


e> t) 


Qq—pt2r\? (2Qp4+2q—r\*  (2p—-q+2r\> oo. 
( 1 Peet) + ( P “4 ) +4 ( P ca ".) Prtqr are voce eee eee. (2), 


) e) e) 


To insure integral results, assign to p, g, and r multiples of 3. 

As 8 things can be arranged in 6 different ways, there may be made, in 
regard to p, q, and 7, 6 different substitutions with each set of assigned values. 

In Formula (1), these substitutions will produce 8 different sets of values 


(2)=a* —3an?—[y? — dby + (be? /8y) |v + sae? =O, 
or ri —4r?—[y? -- yt (25/y) |r + 100S0...... (+4). 
Khiminating w between (8) and (4) we get, 


128102400y1 ? —536601600y71 ! — 9985725784! © +36190002752 47" 
+ 3078892352645 — 1004805985048 y 7 —4555231759005y 6 
— 4948451989304y> + 108549292200950y4 + 26216813125200y? 
— 54537984439 125y? + 2686233 15000y— 49284858937500=0 ...(5). 


The prodigious amount of work necessary to arrive at (5) is wonderful, 
and great credit is due Mr. Bell for the above solution. 


DIOPHANTINE ANALYSIS. 


72. Proposed by H. C, WILKES, Skull Run, W. Va. 
Given #° +4? +2? =p? +q?4r?’, to find unequal integral values for wx, 4, <, 
p, y. and ¥, . 


I. Solution by M. A. GRUBER, A. M.. War Department, Washington, D. C. 


The conditions of the problem are satisfied in the following six identities, 
in which m, » and r represent any integers, the values being so chosen as to avoid 
zero in the residual quantities, 


(mtuntr)y>+(m—ryrt(n—ry-(mtn—ryit(mtryr + atr)?, 
Cm tntr)? + Cn—nj? + (a—r)2-=(m—n+r)?+n4tn)? +(n +7), 
Cn +ntry> 4+ (m—n)? + (m—r)yP=—(m—n—ry® + (m+n)? + (m+r)*, 
(m +n—7r)?+0n—n)? + (mtr)? —(m—n +7)? + Om4+0n)? +(m—7*, 
(m+n—r)? +(n—n)® 4+ (Cn 47)? =(m—n—71)? + On Fn)? +—r)?, 
(m—n4+ rr)? +(m—7r)? + (n+)? --(m—n —7)? +(m4+7)? +(n—71)*, 


These equations can be reduced to the following two formulas : 


2q+2r 2 2 + —2r \* 29 —2 +r ° 2 9 2 / 
(pr? + ae (ee ee en renee eee a 


e> t) 


dy—- Dae \ 2 ) aw \ 2 dyp— Dy \2 
("7 Peet) + ( p+2q ' ) +4 ( P ca ".) adie okt hie Sa (2). 


) e) e) 


To insure integral results, assign to p, g, and r multiples of 3. 

As 8 things can be arranged in 6 different ways, there may be made, in 
regard to p, gq, and 7, 6 different substitutions with each set of assigned values. 

In Formula (1), these substitutions will produce 8 different sets of values 


1s 


when the assigned values are different numbers. In lormula (2), however, on- 
ly one new set will be obtained for each set of assigned values. 

To obtain directly the 3 sets of values by Formula (1), arrange the set of 
assigned values in the order of their numerical greatness beginning with the 
largest number ; then substitute these respectively for p, g,7; 9, p, 737, 4, P- 


IT. Solution by CHARLES C. CROSS, Libertytown, Md. 

(m—n+p+q)* + (m—p—q)? + (m+n)? ==(m+n—p—q)? +(m4+p+q)? +(m—n)*, 
(m+n—p+q)? +(m—n—g)? +(m4+p)? =(m—24+p—QH?4+-n4+n+q)? +(m—p)*, 
(m+n+p—q)? +(m—n—p)? + (n+ gq)? =(n—n—pta?+Ont+u4+p)? +Cr—q)?. 

Three sets of the sum of three squares equals the sum of three other 
squares, having no term in common. 

Let m=25, n=10, p=3 and g==1. 

Then 19° +21° +35?-=31? +297 +157; 8874142 +28? -<177 4386" +22", 
and 377 +12 +267 =-13? +3882 +24?., 

Three other sets of the sum of three squares equal to the sum of three 
other squares are given below, but they each have two terms in common. 


(m+n+p+q)? +(m—n--p)? +(m—q)? =(m—n—p—q)tt(mtntp)?+(m4+q)’, 
(mt+tn+p+q)? +(m—p—q)? +(m—n)?==(m—n—p—Qq)?+(m4t+p4tq)? +(m+n)?, 
(mtatp+q)? +(m—n—@q)?+(m—p)?==(m—nx—-p—q)? + (mt+n+q)?+(m+p)?. 

If we let m=am, n=-bn, p=ep, and q=dq, the above sets become very 
general, 


III. Solution by HON. JOSIAH H. DRUMMOND. LL. D., Portland. Me. 


It is manifest that if we find more than one integral value for x.y, and z, 
in 7 +y*%+2?==a the question is solved. 

Take v2 + y? +2?==p?; assume 2?==2ay and reducing we have x+y==p, and 
yo p--x, and 2? ==2pa— 20? == oO = (say) q?a?. Then 


2p VP 


( 
2 q? +2 


Po. 


in which q may be any number. ‘Taking q--1, 2, 3, ete., we obtain values of 7, 
y, and z in terms of p, and any number of them that we choose. To obtain in- 
tegral values, take p=—the greatest common multiple of the denominators of the 
values taken, and we have as many values of x, y, and z, the sum of whose 
Squares is constant ; and of course the sum of the squares of each set equals the 
sum of the squares of every other set. For example, take q=-1, 2, 8, 4. 


2p 2p 2p 2p 

ne ee oe en 
yp 4p Vy 16p 

yoo » 9 1 


3 Fe ee Ee 


Take p==198. 
y¥--182 66 BB O22... 
y=: 66 182 162 176. 
2-=132 1382 108 8&8. 


Rejecting the first or second values, we have three solutions of the ques- 
tion. Of course, we may take any two different sets of values and obtain one so- 
lution of the question. 


IV. Solution by A. H. BELL, Hillsboro, Ill. 
Let at? t+y?+22-—p?+q?+rre-(a? +h? te" (et +d?). 
(ce? +d*)—=aO. 
Then the general value will become (act-bd)? + (bead)? +e? (c? +d*). 
By substitution we obtain 7 sets of values. When paired there are 12 sets 
of unequal values answering the requirements of this problem. 


V. Solution by G. B. M. ZERR. A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 
Let «--6m, y=10m, z-=11in, p-- 7m, q=8m, r-- 12m. 
er ty+P—prtaq’ +r’. 
.. (6m)? + (10m)? + (11m)? ==(7m)? + (8m)? + (12m)? =257m", where m can 
have any integral value. 


VI. Solution by the PROPOSER. 


Let e-em? +17, yom? +inn— an, em? —mn—Nn*, 


r? ye ne 

We have (mm? +12? )? 4-(m? +mn—n?)? —(m? —mnr—n? )® (Mm? + 2mn—n* )P==p*, 
a 2" y? 

(m? +07)? + (mm? —mn—n* )? —(m? + mn—n? )? (mn? — 2mn—Nn?)? =4". 
2 y? 72 


On? —mn+n2)2>+(m? + mn +n? )— Om? + 0?) = (m4 —4mien® +04) <2? 9? 


Hence to find integral numbers that will fit the equation, we must find in- 
tegral values for m and n that will make Gin* —4m*n°-+7*) a square. 


Let mt—4in?n® 4+ ntrer 2 2. Le ce cee eee eee ee eee (1). 
mt--4m? nt 44 ce(TFa)r Lo ce eee eee tenes (2). 
m —2mrn® tntaa(r td) ce ee ee eee eee (3). 
4 4 2,4 2 
on? — a >, on* +ar 
Krom (1)+(2) we have r- a rere (4), m?s-2n? 4 - Va CD). 
2n2n? —b* , , 2m? n? +6? 
From (1)+(8) we have r-=——---,-— ---. . .(6), m?==n* 4+ —- —- ...(7), 
2b 2h 
From (4)+(6), 2am?n? —38bn4 ~ab®+arb ole cee eee (8). 


From (5)+(7), 2am?n* —9bn4-—-2abn* sab? +a7b 2... cee ee eee (9). 

Subtracting (9) from (8), 2abn?==2ab(b—a). Whence b—a=n’*. 

Factoring (8), n?(2am?—-3bn? )=ab(b—a). Whence 2am? —3bn?=—ab. 

Put 2a—n and by easy reduction we have 2m?==b(6n+1). Since 3(6n+1) 
cannot be a square 6/2 must be a square to make an integral. Then m?=- 
b/2(6n+1) is (n?+3n)/2x(6n+1). n==4 being the only value that will make 
both factors a square, m= / [(n? + 3n)/2] x |/(6n4+1)==15. 

*, == 241, y= 269, c=149, p==329, g=-89, r=—191. 


ee 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 
106. Proposed by ELMER SCHUYLER, High Bridge. N. J. 


What is the amount of $1000 at compound interest for 8 years at 6%, if it be com- 
pounded every instant ? 


107. Proposed by R. V. ALLEN, Hooker Station, Ohio. 


A barn, ABCD, length AB=b feet, width .{ D=a feet, standing in an open field, has 
a horse tethered to a point, P, in the side, AB, distance 4 P=c feet, with a rope RF feet 
long. Over what area can the horse graze ? 


y*y Solutions of these problems should be sent to B. F. Finkel, not later than March 10. 


ALGEBRA. 


94. Proposed by J. W. YOUNG, Columbus, Ohio. 
ea? + 14ea+1 73 a(w—1)4 
Solve | = ) 


pietp? +t d ~ prpt—1ye 
Burnside and Panton’s Theory of Equations, page 148, ex. 17. 


95. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 


Substitute numbers in place of the letters in the following pattern : 


Lene A==1/81*a*b*c?==8labe..... b>+e*, a®+c?, a? +b*; and compute the 
areas and sides of the whole nest of integral, rational triangles. 


x*% Solutions of these problems should be sent to J. M. Colaw, not later than March 10. 


GEOMETRY. 


— 


114. Proposed by WILLIAM HOOVER, A. M.. Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 
If a variable ellipse hyperosculate a fixed ellipse at the extremity of the minor axis 
the locus of the foci is a circle whose diameter is equal to the radius of curvature. 


? 
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115. Proposed by MARY BLAINE, B. Sc., Graduate Student, Drury College, Springfield, Mo. 


The locus of a point such that the sum of the squares of its normals form a given el- 
lipsoid is constant, is a co-axial ellipsoid. [From (. Smith’s Solid Analytical Geometry, 
page 95. | 


s** Solutions of these problems should be sent to B. F. Finkel, not later than March 10. 


CALCULUS. 
85. Proposed by J. SCHEFFER. A. M.. Hagerstown, Md. 


A line of double curvature, beginning at some point in the circumference of the base 
circle of a right cone, winds itself under the constant inclination 7 to the base circle around 
the curved surface of the cone. Find its length and that of its projection upon the base 
circle. 


86. Proposed by WALTER H. DRANE,. Graduate Student, Harvard University, 65 Hammond Street, Cam- 
bridge, Mass. 


Prove that the curve whose normal equals its radius of curvature drawn in an oppo- 
site direction, is the ecatenary, y=ceosh(.7’¢). 


87. Proposed by MARY BLAINE. B. Sc.. Graduate Student, Drury. College, Springfield, Mo. 
Integrate (pr—y)(py+2)—h?p, where p-—dy/di. 


x*y Solutions of these problems should be sent to J. M. Colaw, not later than Mareh 10. 


ee rewenany 


MECHANICS. 


82. Proposed by WALTER H. DRANK, Graduate Student, Harvard University, 65 Hammond Street. Cam- 
bridge, Mass. 


A sphere, diameter 2a, rests in limiting equilibrium upon the edge of a box and 
against a vertical wall. If the box be of such dimensions that it will not tip, find the dis- 
tance of the box from the wall, having given the coeffleient of friction between the sphere 
and wall 4, between the sphere and box 3, and between the box and floor 3.) {From Prob- 
lems in Meehanies proposed to class in Harvard University. | 


83. Proposed by MARY BLAINE, B. Sc., Graduate Student, Drury College, Springfield, Mo. 


A particle is projected upwards in vacuo with a velocity v. Show that on 
reaching the ground again there is no deviation to the south, but the deviation to 
the west is 4@cos\(v*/dg").  [Laplace, iv. page 341. ] 
yx*y Solutions of these problems should be sent to B. Ff. Finkel, not later than Mareh Lo. 
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DIOPHANTINE ANALYSIS. 


78. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics. University of Tennessee, Knox- 
ville, Tenn. 


Find three square numbers in harmonical progression. 


79. Proposed by EDMUND FISH, Hillsboro, Ill. 


Find an integral right triangle in which the bisector of one of the acule angles is al- 
so integral. 


y*y Solutions of these problems should be sent to J. M. Colaw, not later than March 10. 


Ihe 
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MISCELLANEOUS. 


72. Proposed by DR. KE. D. ROE, JR., Associate Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


Ifa, b, and ¢ are integers, and 


b, c—b, c—1 ) 
c—a—1 > 0, 
¢—a—ti ) 
c—a—b—1-0, 


prove that the sum of the series, 


a.b 4 a(a-+b).b(6+1) ala+1l)(a+ 2).b(b-+1)(6 +2) 


Ir 1.2.cle+1) 1.2.8e(e+1)(c+2) 


eee e8 8 ~ 


is equal to 
Lo-1) t (em a—b—1) | 
(c—a—1)! (e—b—1)! 


73. Proposed by CHARLES E. MYERS, Canton, Ohio. 


In an ice cream freezer, cream of a homogeneous character and at the uniform tem- 
perature of 60° Fahrenheit is put into a cylinder having a closed base, and the whole put 
into a freezing mixture so as to subject the base and convex surface to a constant temper- 
ature of 30° Fahrenheit. Required the temperature at any point within the cream after 
the expiration of a given time. [From Higher Mathematics. | 


74. Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N. Y. 


The longest diameter of a horizontal ellipse is (Cb=2a=6 feet. Its shortest diamet- 
eris HF’=2b=4 feet, their intersection being at D. Find in an indefinite vertical plane 
passing through CB, a point A 5 feet==c from JD, the ellipse being seen froin Al as a circle. 


x*y Solutions of these problems should be sent to J. M. Colaw, not later than March 10. 


EDITORIALS. 


Dr. Robert J. Aley, of the University of Indiana, has been elected to mem- 
bership in the Deutsche Mathematiker-Vereinigung, and also in the London Math- 
ematical Society. 


This issue has been somewhat delayed by the illness of the editor. We 
shall make strenuous efforts to have all subsequent numbers reach our subscrib- 
ers by the last of each month. 


We are following our previous plan of sending out the January number to 
each of our old subscribers. Any one wishing to discontinue should return this 
number with his name and address legibly written on the wrapper. 


Contributors should observe the following in sending in contributions : 
1. Write only on one side of the paper; 2. Sign your name and address to each 
contribution : 38. In contributing problems or solutions, sign your name. to 


2+) 


each problem or solution, and let each problem or solution be on a separate sheet 
of paper. By observing these directions, your contributions will often be saved 
from the waste basket. 


BOOKS AND PERIODICALS, 


A Text-Book of Statics. By William Briggs, M. A., LL. B., F. R. A.S., 
General Editor of the Tutorial Series, Principal of University Correspondence 
College ; and G. H. Bryan, M. A., Smith’s Prizeman, Fellow St. Peter’s Col- 
lege, Cambridge. 8vo. Cloth, 220 pages. Price, 3s. 6d. New York: Hinds & 
Noble, Publishers. 


This little work presents in a very excellent manner all the facts and principles in 
Statics that can be mastered by a student in under graduate work. All principles are 
clearly presented and illustrated by excellent diagrams. Many illustrative problems are 
solved and many problems are inserted at the end of each chapter. B. F. F. 


Elements of Trigonometry, Plane and Spherical. By Andrew W. Phillips, 
Ph. D., and Wendell M. Strong, Ph. D., Yale University. 8vo. Cloth, 138 
pages. Price, 90 cents. New York: Harper & Brothers. 

This work, in addition to the usual matter treated, contains several features which 
are entirely distinctive: First, in Spherical Trigonometry, we have the photographic 
reproduction of models used in Yale University. These are beautiful in themselves and 
add a charm to the book only equaled by that of the Elements of Geometry by Professors 
Phillips and Fisher. Second, the graphic representation of the Trigonometrie and Inverse 
Trigonometriec Funetions. Third, the brief treatment of Plane, Spherical and Pseudo- 
Spherical Trigonometries. In this treatment it is pointed out that Plane Trigonometry isa 
special case of Spherical Trigonometry, or better, is the limiting case of Spherical Trigo- 
nometry and Pseudo-Spherical Trigonometry. This discussion might have been enlarged 
upon to advantage, but not, however, without the use of some principles of the Calculus. 

The printed page does not have the artistic appearance which the work deserves, it 
presenting the appearance of being printed from old type. B. EF. F. 


On the Study and Dvfficulties of Mathematics. By Augustus De Morgan. 
New Edition. 8vo. Cloth. 288 pages. Price, $1.00. Chicago: The Open 
Court Publishing Co. 

This work is of special interest to all teachers of students of mathematics. In it are 
explained all the difficulties that arise in the study of elementary mathematics, making it 
possible for the student to master the first principles of mathematics in a way that will 
make the study of higher mathematics a joy forever, in that he will not need to continu- 
ally return to unlearn principles taught him in the elements. The chapter on Arithmeti- 
eal Fractions should be read several times, as it makes very clear what has been a neces- 
sity in the development and progress of mathematics, viz., the carrying of terms in that 
which is simple to that which iscomplex, and enlarging their meaning as our ideas enlarge. 
A failure to grasp this important principle has led to endless and useless discussions; as, 
for example, whether 3 and 3)" —! are numbers. 

The whole work bears the impress of its author’s genius. It is a notable instance of 
a mathematician of eminent mathematical attainment setting himself the task of ridding 
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the elementary branches of mathematies of some of their inaccuracies and solecisms. 
Great credit is due the editor, Mr. T. J. McCormack. for his service to the cause of math- 
ematics in bringing out new editions of such valuable works. BLE. F. 


The Mathematical Magazine. A Journal of Elementary and Higher Math- 
ematics. Edited and published by Artemas Martin, M. A., Ph. D., LL. D., 
Washington, D.C. Price, $1.00 for four numbers. Single number, 30 cents. 

The number for December, 1898, contains the following: About Fifth Power Num- 
bers Whose Sum is a Fifth Power, by Dr. Martin; Notes About Square Numbers Whose 
Sum is Hither a Square or the Sum of Other Squares, by Dr. Martin; Formulas for the 
Sides of Rational Plane Triangles, by Dr. Martin; A Method of Finding, without Tables, 
the Number Corresponding to a Given Logarithm, by Dr. Martin. These papers occupy 
40 pages; 16 pages are devoted to the solution of problems and 9 pages to Problems, Edi- 
torial Notes, and Book Reviews. This is the largest single number of the Magazme that 
has yet appeared. BFF, 


The Cosmopolitan. An International Illustrated Monthly Magazine. Hd- 
ited and published by John Brisben Walker. Price, $1.00 per vear in advance. 
Single numbers, 10 cents. Irvington-on-the-Hudson. 

The February number of The Cosmopolitan maintains its high standard of artistic 
excellence and literary merit. B. RLF. 


The American Monthly Review of Ieviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2 50 per vear in ad- 
vance. Single numbers, 25 cents. The Review of Reviews Co., New York. 

“The Progress of the World,” the editorial department of the February Review of 
Reviews, deals this month with the new problems of colonial administration now confront- 
ing the country, with the Senatorial campaigns in the different States, with the polygamy 
question, with the question of army beef in its bearings on the reorganization of the War 
Department, with our recent industrial progress, protective tariffs, and the “trusts, ’and 
with the month’s developments in foreign polities. BL FL F. 


HRRATA, 


In Professor Hoover’s solution of problem 70, Mechanics, page 275, where 
he says k?==4r?, he should have said h?==27r?. k®=-4r? is for the cylinder. This 
error was pointed out by Professor Scheffer. 

Prof. R. EK. Gaines ealled attention to an error in Professor Zerr’s solution of 
problem 71, Mechanics, page 275. A correct solution of this problem will appear 
in a later issue of the MonruHtry. 

The following errors were pointed ont by Prof. W. BF. Bradbury. 

Page 292, line 6, ‘‘y—-2’’ should be v2. 


] 1 


Page 293, line 13, ‘S2— > should be 2 


- 2(a + 3) Wy +BY 
Page 296, line 15, ‘0°. A=? should be UL Bo - 
Page 296, line 23, ‘‘24r=-47r,”’ ete., should be 24x --7, ele... 2... (3). 
Page 296, line 25, ‘‘—w8/4?.5" should be +28 “fio... ... (5). 


Page 298, line 13, ‘‘acute acute’? should be acute angle. 
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the elementary branches of mathematies of some of their inaccuracies and solecisms. 
Great credit is due the editor, Mr. T. J. McCormack. for his service to the cause of math- 
ematics in bringing out new editions of such valuable works. BL FF. 


The Mathematical Magazine. A Journal of Elementary and Higher Math- 
ematics. Edited and published by Artemas Martin, M. A., Ph. D., LL. D., 
Washington, D.C. Price, $1.00 for four numbers. Single number, 30 cents. 

The number for December, 1898. contains the following: About Fifth Power Num- 
bers Whose Sum is a Fifth Power, by Dr. Martin; Notes About Square Numbers Whose 
Sum is Hither a Square or the Sum of Other Squares, by Dr. Martin; Formulas for the 
Sides of Rational Plane Triangles, by Dr. Martin; A Method of Finding, without Tables, 
the Number Corresponding to a Given Logarithm, by Dr. Martin. These papers occupy 
40 pages; 16 pages are devoted to the solution of problems and 9 pages to Problems, EEdi- 
torial Notes, and Book Reviews. This is the largest single number of the Magaziive that 
has yet appeared. BF. EB, 


The Cosmopolitan. An International Illustrated Monthly Magazine. Hd- 
ited and published by John Brisben Walker. Price, $1.00 per vear in advance. 
Single numbers, 10 cents. Irvington-on-the-Hudson. 


The February number of The Cosmopolitan maintains its high standard of artistic 
excellence and literary merit. BRE, 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2 50 per vear in ad- 
vance. Single numbers, 25 cents. The Review of Reviews Co., New York. 

“The Progress of the World,’’ the editorial department of the February Review of 
Reviews, deals this month with the new problems of colonial administration now confront- 
ing the country, with the Senatorial campaigns in the different States, with the polygamy 
question, with the question of army beef in its bearings on the reorganization of the War 
Department, with our recent industrial progress, protective tariffs, and the “trusts,’’and 
with the month’s developments in foreign polities. BL. F.F. 


HRRATA, 


In Professor Hoover’s solution of problem 70, Mechanics, page 275, where 
he says k?==3r?, he should have said h?=37r?. hk? =-4r* 1s for the cylinder. This 
error was pointed out by Professor Scheffer. 

Prof. R. KE. Gaines called attention to an error in Professor Zerr’s solution of 
problem 71, Mechanics, page 275. A correct solution of this problem will appear 
in a later issue of the MonrHry. 

The following errors were pointed out by Prof. W. BF. Bradbury. 

Page 292, line 6, ‘‘y—-2’’ should be v2. 


] 1 


Page 298, line 13, ‘S2—.. > should be 2 


- 2(a + 3) Wy +BY 
Page 296, line 15, SS... A=? should be JLB. - 
Page 296, line 23, ‘‘24r=-$7r,”’ ete., should be 24x — 7, ete... ee. (3). 
Page 296, line 25, ‘‘—w8/4?.5"? should be +26 “4.0...... (5), 


Page 298, line 18, ‘‘acute acute’ should be acute angle. 
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ON SYMMETRIC FUNCTIONS. 


By DR. E. D. ROE, Jr., Associate Professor of Mathematics in Oberlin College. 


{Continued from January Number. | 


This term is ever found in 


0 0 0 
a, as as 
a, Ay as 
a, a a 


Pi, Pi,Pi, 


where 7;, is to be applied to the j,st line, p;, to the 7,d line, and »;, to the 7,4 
line. The term then corresponds to the substitution (7 13 Is), and has the 


same sign as before. We are now ready to state the general case. 

g. We must show that it is indifferent whether we apply the exponents 
in all possible permutations to the columns or to the rows of D, 2. ¢., that to ev- 
ery term of the second formation corresponds the same term in the first forma- 
tion, and then since the second formation is the straightforward product of D and 
>, it will follow that the first formation is equal to the product of D and 2. We 
may denote the second and first formations by 


Pr er er Sr er re Os Ci 2 i i a i cd 


| Pi, Pi. ° Pin ° 
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Vis Vay severe i, form a permutation of the numbers 1, 2, 38, ..... nm, and the ex- 
pression on the left signifies that D has been multiplied by a,P4a,Pha,P™ of 
2A ~PiAyP2...... a,P”, the first row by a,?%, the second by a,P2, ..... the nth 
by @, Pin, or more briefly that p;, is to be applied as exponent to the elements of 
the first row, p;, in the same way to those of the second, ...... and ;, Similar- 
ly to those of the nth row, while the expression on the right (D with columns 
changed into rows and horizontal line of »’s) shall signify that the p’s are to be 
applied arbitrarily as exponents to the lines of Das written, the same thing as 
applying them to the columns as before written, and in such order that p,;, is ap- 
plied to the 7,st line, p;, to the j,d line, ...... p;, to the 7,th line. 

h. Anyterm a, Poth —la,PGthelWq Puth-1 oo, a, Pwtie—] (an expression 
which is seen to be an (n!)? valued function when one permutes the n p’s in all 
possible ways, and also the n j’s) correspond, with reference to the expression on 
the left hand, to the (7 !)? valued substitution 


5,52=( 2 38 ..... nc 2 8 1... ") 
182 4, Uy UVgeeeee. Ul X\)1 Je Js scree In 


the first factor referring to the vertical series of p’s, the second afterwards to the 
determinant, when the indicated multiplications have been performed. With 
reference to the right hand expression, corresponds the (m!)? valued substitution 


ats =(1 Je Js Deas d\ (1 Ja dgreeee. In) 
pee Uy yg Ugereee. InJ\1 5 re nj? 


in a similar manner, the first factor referring to the horizontal series of p’s, and 
the second to the determinant after the p’s have been applied to the elements. to 
the sameterm. It is clear that, numerically at least, the term is the same, for 
we must apply p;, to the 7,st line, and then take the first column ; this gives 
a, Prth—-1; next we must apply pz, to the 7,d line, and take the second column ; 


this gives a,?’2+J:—1; in general we mustapply ,;, tothe),th line, and then take the 
T=N 

rth column ; this gives a,P&+#—1, and the product IZ a,P%+~1 is numerically the 
r=1 


term in question. The first substitutions s, and s,! in either case have no effect 
on the sign of the term ; they merely assign the p's to their proper lines. The 
second substitutions 


1 2 38...... n (! Vy Ja vcees 1 
Sog=([- - . - ) and g,im[4t ve V3 in) 
° Gi, Jo Jgrrree Jn - 1 2 38...... n 


are reciprocals and. have the same modulus or sign factor. 

2. We have proved: The compound substitution s,s, corresponds to 
all the (n !)? terms which D2a@,Pia,P2...... a,P is capable of having. Similar- 
ly the compound substitution s,'s,' which issimultaneous with s,s, and depends 
thereon corresponds to the (m !)* terms of (p,p...... Dn) and the terms corres- 
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ponding to s,'s,' are identical term by term with the terms corresponding to 8,85. 
Therefore the theorem follows that 


DAa Pra Pr...., Up P* (Pp Pareree Prl=2(pi, Pig tl pi, +2...... Pin tn—1), 


Where 2,, to, «eee 1, form a permutation of the numbers 1, 2, ..... N. 


B. ANoTHER METHOD. ELIMINATION BY MEANS OF SYMMETRIC FUNCTIONS. 


The problem of eliminating the variable between two binary forms by 
means of symmetric functions requires the calculation of the latter, and thus leads 
to the demand for symmetric functions as a whole. The calculation of all elim- 
inants or resultants in succession is therefore, from this standpoint, the system- 
atic calculation of all symmetric functions. In other words, the problems of cal- 
culating all resultants and of calculating all symmetric functions are identical. 
Given all resultants, we may write down the values of all symmetric functions. 
Given all symmetric functions, we may write down the values of all resultants. 
This idea is fruitful in giving rise to the following method of solving both prob- 
lems simultaneously, and in yielding symmetric functions as a whole. The 
method will be illustrated and explained by one or two earlier cases, from which 
it will be seen that it can be carried as far as one pleases. 

1. Two QuapRaTic ForMs. 

(1). The Resultant. 

The resultant of two forms a,%*+a,r+a, and 0,7? +6,7+ 56, of the sec- 
ond degree is (cf. p. 4) 


bP (ay 3? 4048, + Ay)(A, 3% +435 +A)= 
ae (boaPtb a, +6,)\(byaf +b,a,+6,)= 
b2(ag er Pae+a,d, 2778, +094, 287 + 23,3. +0,4,2/7, +a2)—= 
arb? 2aPae4+b,b,2aPa,+b)b,2a7 +b 2a,a,+b,b,2a,4+b),). 
(2). Aronhold’s Operator. 
Applying Aronhold’s Operator 6=6, Dg,+6,Da,+6, Pa, on the first form 


of the resultant, first, using b,Dqa,, then b,Dg,, and then 6, Dq,, and denoting the 
coefficient of a;a; in the resultant by | a;a; | == b,? 28 ,7-*8,2-*, we get, 


2a,b, | ag | to a, | aya, | +¥5ayq | aay | 
+a b, | aya, | +2a,6, | a? | +O, 4, | aya, | 
+ yb, | Aya, | +416, | aya, | +2aQb, | a,” | =O. 


(3). Identical Relations between Symmetric Functions. 
Since the expressions within the vertical strokes are functions of the 6’s, 
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and we can factor by columns, and take out the factors a,, a,, @, and since, for 
the rest, the whole expression is zero, whatever the values of the a’s, it follows 
that their coefficients are zero, and identically zero, for they are zero for all values 
of the b’s. We thus get: 


2b, | a? | +56, | a,a, | +b, | a,a, | =0, coefficient of ay, 
b, | aga, | +26, | a2 | +b, | a,a, | =0, coefficient of a,, 
b, | Ay@y | +6, | aya, | +20, | a? | =0, coefficient of ay. 


From these identities also follows : 


2| a9 | | aoa, | | BoM | 
| a,a, | 2/[a? | | 444, | | =0, 
la,a, | | aga, | 2| a? | 


an identical relation between the six symmetric functions of a quadratic form 
which enter into the resultant, with another quadratic form. It is seen to be a 
symmetric determinant. 

(4). Application of Relations to Calculate Symmetric Functions. 

We may use the preceding identities to find the symmetric functions in- 
volved, of which it may be taken for granted that we know 


lage |,{[aP},la? i.and | a,a, | or b2 3(8,B,)2, b2 EB, Bo, be SB, Be), 
and b? 26, equal to b,’, by by, b.*, and —byb,. 


Using these values with the first two identities, we have : 


b, | aay | +b, | aga, | =— 26,6, 

by | aoa, | +0] aya, | =—b 9b, by. 
Of these the second gives | a,a, |==—b,b,, and by substituting this value in 
the first, | a,a, | =—2b,b,+),?, the same results as appear in the table on 


page 5, when fx is changed into ¢z. 


2. Two Cusic Forms. 

We will next obtain relations between the symmetric functions which oc- 
cur in the resultant of two forms of the third degree. 

(1). The Resultant. 

The resultant is equal to 


as(bpapt+b,a2+b,%, +b, )(b,a3 +b,a7 +b,a, +b,) 


xX (bya F+b, a2 +b,a,+b,)=(—1)* 


29 
b F(a FP +446? +458; +45)(a,2 3 +4,8,77 +a.%. +4,)(a)8,% + 4,83? +a,%, +43) 
=-—(a,;> | 0 ] +a a, | 0?1 | +aa, | 0°2 | +aPa, | 0°38 | +a,a,? | 01? | 
+-a,a,” | 02?+a,a,? | 08? | +a, | 1° | +a,ra, | 122 | +a 2d, | 173 | 
+a,a 2 | 12? | +a,a,? | 182 | +a,2 | 23 | +a2%a, | 273 | +aga,? | 23? | +a; | 
833 | +aga,a, | O12 | +a,a,a; | 018 | +a,a,a, | 023 | +a,a,a, | 123 | )*. 


(2). Aronhold’s Operator and the Identical Relations. 
Applying Aronhold’s operators and collecting the coefficients of 


ho”, By, Ay”, As? Ay A1, Ay Ag, Ay Mz, A,yAg, A,Ag, Agde, 
we have, putting each equal to zero : 
3b, | OF | +b, | O21] +5, | 0?2| +0, | 073 | =O, coefficient of a,’, 
b, | O12 | +3b, | 13 | +b, | 172 | +6, | 1°38 | =0, coefficient of a/, 
b, | 02% | +b, | 12% | +8b, | 2% | +b, | 2°38 | =0, coefficient of a,’, 
b, | 08% | +5, | 18% | +6, | 28? | +80, | 3° | =0, coefficient of a,*, 
2b, | OF1 | +26, | O01? | +b, | 012 | +b, | Old | =0, coefficient of aya,, 
2b, ; OF2| +6, | 012 | +2, | 02? | +b, | 023 | =0, coefficient of a,a,, 


2b, | 023 | +b, | 018 


+b, | 023 | +2b, | 03? | =0, coefficient of a,a,, 
by | 012 | +2b, | 192 | +2b, | 12% | +b, | 123 | =0, coefficient of a,a@,, 
b, | 0138 | +2b, | 123 | +b, | 128 | +25, | 18” | =0, coefficient of ajay, 

b, | 023 | +b, | 123 | 2b, | 2?3 | +2b, | 23° | =0, coefficient of a,a,. 


(3). Analysis of the Operator into Three Operators. 

We may notice the formation of these equations. They contain three op- 
erators ; an operator 0, 1, 2, 3 applied to the indices of the a’s whose coefficient 
we seek, gives the combinations within the strokes ; b,, b;, b,, b, give the liter- 
al coefficients and when the exponent of one of the indices in the strokes exceeds 
the exponent of the same index of the a’s, whose coefficient we seek, this expon- 
ent becomes the numerical coefficient of the term in question. £. g., for the co- 
efficient of a,®, we apply 0, 1, 2, 8, to | 2? | and get 


*The coefficient of avaza; has been farther abbreviated to |i kj| for obvious reasons. 
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| 022 | , | 12? | , | 23 |, | 2?3| since here|a k| = |[ki|. 
by; b,, b,, 6,, are the corresponding literal coefficients ; 
1, 1, QO, 1 are the corresponding numerical coefficients, and 


b, | 022 | +b, | 12? | +8b, | 28% | +b, | 223 | is the coefficient of a,’. Again, 
for the coefficient of a,a,, 0, 1, 2, 8, to | 138 ]| give 


| 0138}, | 123] ,] 123], | 13? | also we have 
ba, b,, b,, b,, and 
1, 2, 1, 2; finally 
b, | 013 | +2b, | 1°73 | +b, | 123 | +26, | 18° | =the coefficient of a,a,. 
(4). Determinant Relations between Symmetric Functions. 
From the first four equations of (2) we have by elimination of b,, b,, by, 6, 


3403, |OrF1} [O72] | O73 {| 
Pore | S113, | 122 | 123] |, 
}022 | f 122] 3,24 [V@sy_ fp” 
| | 03° | | 132 | | 239 | Jr3*| | 


In a similar way, using four equations at a time of the ten, we should have 
10.9.8.7 
1.2.3.4 

metric functions involved. 

(5). The Calculation of the Functions by the Identical Equations. 

a. Of the stroked elements in the equations of (2) we know | 03 |[, 
[1%], |2% 7, | 8%], |2?98], [238%]. They are b32(8,f,6,)', 
b> 2(8; 6,85)”, bF2(f,6,63), bF2(6,6,A;)°, bf 26,8,, b%28,, equal to 
—b3, bb, —b,2b,, 5°, by? b., —b,°b,, respectively. 

b. We may use them for solving the functions as follows: The equations 
of (2) become in order, 


==210 identically vanishing determinant relations between the sym- 


Bb of 20545245)? + b, bP (51 FoiF3)72 by 281i. + bob, 2747.8 09° 2878, 
+b 3b, 273830, or —8),b+6,6,b67% —b2b7 25772 +636) 2333 —0, 


and in a similar way, —b,b,b,? +3b,b,b2—b,bb,+),b32/,4,2—0. These 
two give b{27,77,? and b7.23,72,*. The third equation gives 
bd ZAPF i%, + bb 9G BFP Fei3_ +3900 4Fy83 +b,) 9 28 18.0, or 

—b,b,b2% 267 +b,b7b, ~—3b 5 b,b, +b°b,b,=0. 


It gives 26,2, but that is known if the previous resultant is calculated. The 
next equation gives b,!293+6,b3 237—b?b,b,+3b7b,—0. 
With the preceding it gives b> 23. 


[To be continued. | 


TEOREMA. 


By J. M. MONSANTO, Mayaguez, Porto Rico, W. I. 


Encontré en un libro, que el cubo de un ntimero menos su raiz, es un mul- 
tiplo de 6, es decir que #?—x=6n, pero no lo demostraba. Hallé la demostra- 
cion y traté de sacar algun partido de esté teorema. Nada encontré, pero en 
mis investigaciones di con otro teorema que he aplicado a la extracion de la raiz 
cubica. 

EH] teorema es el siguiente: Todo nimero dividida por 6, da un residuo 
igual al que d& su cubo dividido por dicho nimero 6, 0 vice versa,—todo cubo 
dividido por 6, da un residuo igual al que da su raiz dividida por dicho numero 
6. Hfectivamente, todo niimero que no es multiple de 6, puede representarse 
por una de las siguientes espresiones—az+1, +2, +7+3, «+4, «+5, siendo x 
igual a cero 6 un multiplo de 6. 

Si # es igual 0, hallaremos que los cubos de 1, 2, 8, 4,5 6 1, 8, 27, 64, 125, 
divididos por 6, dan por residuo 1, 2, 8, 4, 5. 

Si «es un multiplo de 6, tendremos («+ 1)?=—#3 +82? +82¢+1, expresion 
que dividida por 6 da por residuo 1. 

(w+ 2)% =a? + 62? + 12x48, expresion que dividida por 6, nos dé un resid- 

' (~+3)3 
uo de 2, Asi mismo se encuentra que aa divididos por 6 dan por residuo, 
(a+ 5)3 
3, 4, 5, y queda demonstrado el teorema. 

La extraccion de la raiz cubica es una operacion algo dificil y que exige 
bastantes cAlculos ; asi es que algunos tratados elementales de aritmetica aconse- 
jan que para la extraccion de dichas raices se proceda por tanteo, pero el teorema 
arriba indicado permite reducir este tanteo 4 limites muy estrechos tratandose de 
cubos perfectos, Conociendo el numero final de este cubo, desde luego sabremos 
en que numero termina su raiz, v restando de este numero el residuo que da la 
division del cubo por 6, podremos saber en que ntimero hader terminar el multi- 
plo de 6, que agregado al residuo, da la raiz. 

Supongamos que se pida la raiz cubica del niimero 4938039. Este cubo ac- 
aba en 9; por consiquiente su raiz debe acabar en 9. KE] residuo de la division 
por 6 es uno, 1, y 9—1=8, es decir que la raiz debe ser un multiplo de 6 que 
acaba en 8 mas 1. 493039 es visiblemente menor que el cubo de 80 y mayor que 
el cubo de 70: entre 70 y 80, no hay mas que un multiplo de 6 que acaba en 8 
que es 78 y desde luego digo sin buscar mas que la raiz es 78 +179. 

Busquemos la raiz de 35,287,552. La raiz debe acabar en 8.  Siendo el 
residuo de la division por 6, 4, la raiz debera ser formada por un multiplo de 6 
que acabe en 44+4. ] dicho cubo es mayor que 300 y menor que 350 como se 
puede ver por una pequefia multiplicacion. Entre estos dos ntimeros no hay mas 
que un multiplo de 6 que acaba en 4. Hs el ntimero 324 y sin mas tanteos digo 
que la raiz es 824+4=328. 


b] 
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THEOREM. 


I found in a book, that the cube of a number less its root, is a multiple of 
6, that is to say, that «*—x==6n, but it was not demonstrated. I found the de- 
monstration and tried to get some practical use out of this theorem. I found 
nothing, but in my investigations I found another theorem which I have applied 
to the extraction of the cube root. The theorem is the following: Every num- 
ber divided by 6 gives a remainder equal to that which its cube gives, divided by 
said number 6 ; or vice versa, every cube divided by 6 gives a remainder equal 
to that which its cube root gives, divided by said number 6. Therefore, every 
number which is not a multiple of 6 may be represented by one of the following 
expressions: #+1, +2, +38, ++4, x+5, x being equal to zero or a multiple 
of 6. If xis equal to O we will find that the cubes of 1, 2, 8, 4, 5, or 1, 8, 27, 64, 
125 divided by 6 give for remainders 1, 2, 3, 4, 5. 

If«isamultiple of 6, we will have (7+1)?==«73+dx? +32+1, an expres- 
sion that divided by 6, gives 1 for a remainder. 

(e+2)3 a3 + 6x? +12%+8, an expression that divided by 6, gives us 2 for 

(7+3)3 

a remainder. In the same way it is found that (7+4)3 divided by 6 gives for 
(e+ 5)° 

remainders 3, 4, 5 (respectively), and the theorem is demonstrated. 

The extraction of the cube root is a somewhat difficult operation, and (one) 
which requires much calculation ; thus it is that some elementary treatises of ar- 
ithmetic advise that for the extraction of said cubic roots (one) should proceed 
by approximation, but the theorem above indicated, allows (one) to reduce this 
approximation to very narrow limits when treating of perfect cubes. Knowing 
the final number of this cube, consequently we will know in what number its 
root ends, and subtracting from this number the remainder which the cube divid- 
ed by 6 gives, we will be able to know in what number the multiple of 6 must 
end which, added to the remainder, gives the root. 

Let us suppose that the cube root of 493089 is asked. This cube ends in 
9, consequently its root must end in 9. The remainder of the division by 6 is 
1, and 9--1=8, that is to say that the root must be a multiple of 6 which ends 
in 8, plus 1. 498039 is plainly less than the cube of 80 and more than the cube 
of 70 ; between 70 and 80 there is but one multiple of 6 which ends in 8, which 
is 78, and consequently I say without any more search that the root is 78+ 1=79. 

Let us try to find the root of 35,287,552. The root must end by 8. Four, 
4, being the remainder of the division by 6, the root must be formed of a multi- 
ple of 6 which ends in 4 4-4. —- The said cube is greater than 300, and less than 
350, aS may be seen by a small multiplication. Between these two numbers 
there is but one multiple of 6 which ends in 4. It is the number 824, and with- 
out more search I say that the root is 824+4=—3828, 


{Notr. This theorem and its translation was furnished by Dr. Halsted. Epitor.| 
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NEW AND OLD PROOFS OF THE PYTHAGOREAN THEOREM. 


By BENJAMIN F. YANNEY, A. M., Mount Union College, Alliance, Ohio, and JAMES A. CALDERHEAD, B. Sc., 
Curry University, Pittsburg, Pennsylvania. 


[Continued from March Number. ] 


The following ‘‘dissection proofs’’ differ from the preceding ones only in 
the fact that there is a displacement of one or more of the squares from their us- 
ual places. 


LXXXIII. Fig. 34. 

Let the AABC be right-angled at C. 
ALHK=AABC, and ALAE=AHBF. 
“. ABHL => ACDE+DFHK. 


LXXXIV. Fig. 34. 
LMOA =-c= LKCA -~ ACDE. 

HMOB -—& HKCB-~ HKDF. 

-, ABHL << ACDE+ DFHK. Q. E. D. 


LXXXV. Fig. 34. 
ANQB -<c= AEFB -c= AEDGC. 
LNQH -c- LEFH -—= FHKD. 
, ABHL-c- ACDE+DFHE. Q. E. D. 


Note. In Fig. 34, if ALE is taken as the triangle, we have an- 
other type of figure, thus giving several more proofs. See Halsted’s Fig. 34. 
Elements of Geometry, page 78. 


LXXXVI. Fig. 35. 

The given triangle is ABC, 
ALNO=AAPE'. ALMO=AABC. 
AAHM=AMDA == PADE+ BNK., 

o. AMLB- ADEE +AHKC., Q.E. D. 


LXXXVII. Fig. 85. 
LRSB =o LOCB = ADEE". ON 
AMRS -— AMOC -—c AHKC. (------7 


, AMLB-c= ADEE' + AHKG. Q.E. D. : Es NN 
LXXXVIII. Fig. 35. 

ABTX =<= ABVD-c= ADEE’, NO 

MLTX <= MLVD-<= AHKC. ae 

, AMLB~ ADEE'+AHKC., Q. E. D. Fig. 35. 


Nore. In Fig. 35, if AMH, MLO, or LBV is taken as the given triangle, we have slightly different 
types of figures, eaeh yielding various proofs. 
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LXXXIX. Fig. 36. 
AOC=APE. MNB-=HFB. 
MNOL=HKPB. 

.. ABML-c= ACDE+DFHK. Q.E.D. 


XC. Fig. 37. 
PBR=SBK. RPLO=ETAD. 
LNO=ATF. NMAC=SBAH. 
«, ABLM-c= ADEF+AHKC. Q. E.D. 


It will be observed that the above proofs Fig. 36, 

differ chiefly in the relative position of the tri- 
angle and the squares. In order to give an idea 
of still other possible varieties, it may be noted 
for example, that instead of the arrangement as 
we have it it Fig. 35, the given triangle may have 
seven other positions within the square ACKH, 
right angles coinciding. Furthermore, in each 
case, the square on the hypotenuse may be con- 
structed outwardly from the triangle. or overlap- 
ping it. One of these cases, it will be remem- 
Rig. 37. bered, was considered in November number, 1897. 


[To be continued. | 
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Ce naa names meneermmne od 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


104. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute,Decorah, 
Iowa. 
If I should buy goods at a price 20% higher than I did buy them, and sell the goods 
for the same amount that I did sell them, I would gain 25% less than I did gain. What 
per cent. did I gain? (Solve by Arithmetic). 


I. Solution by W. F. DRADBURY, Head Master, Cambridge Latin School, Cambridge, Mass. 
If I gain 25% less, I get £x-+%%, or 45° of $1 less than if I sold at the 
sume per cent. advance. If I sell at same per cent. advance, I should receive 
’ 6r r 
6 ——)==- § + —-—, What I did recei ras 14+——., 
6(1+ 100) 6 + FOO at receive was 1+ 100 Subtract, and we have 
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; 
—1 > Snes 
+ FH LOSS: OF b+ oa 5007 BOQ 3009 


Do you call this an Arithmetical solution? Instead of 7, suppose you 


— £85 ). Then r=5d0. 


Chee 


; r 
t ce 9 . = -—-~ 6 ( 
write ‘‘same Pure Algebra: 1+ a0 G (] +7 


|Notr.—According to our definition of an algebraical solution, No. 5, Vol. V., page 139, of the 
MontTuLy, Professor Bradbury’s solution is algebraic. It is immaterial as to what sort of a character is 
used to represent the quantity sought. It may be a letter, a character of any kind, a word, or several 
words. 

The definition referred to, viz.: Any solution in which the result sought is represented by some 
character, which character is operated upon until the condition or conditions of the problem are fulfilled 
which condition or conditions are stated in the form of an equation from which the numerical value of 
the character is determined, is an algebraic solution,—has received the sanction of some of the best 
mathematicians in this country. EpitTor F.| 


II. Solution by J. OWEN MAHONEY, B. E., Mc., Professor of Mathematics and Science, Carthage Graded 
and High School, Carthage, Tex.; J. W. YOUNG, Columbus, 0.; ELMER SCHUYLER, High Bridge. N. J.; WALTER 
H. DRANE, Graduate Student, Harvard University, 65 Hammond Street, Cambridge, Mass.; and the PROPOSER. 


Since 100% of the purchasing price is paid for the goods in the first 
instance, it is easily seen that 
the % gain—20%:120::the % gain--25%: 100, 
or the % gain—20%:5% :: 120: 20 
or the % gain—20%:5% 3: 6:1 
*. The % gain=50. 


III. Solution by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


1. Let 100%-—aetual cost, then 

2. 120%-==supposed cost. 

3. Let zoo%==selling price. [The italics are used for distinction]. 

4. 700% —-100%=actual gain, and 

5. 100% —120% =supposed gain. 

6 100%0—100% 100% —120% _ 100% —100% __ 83y7%— 100% 
: 100% 120% 100% 100% 

on eh +, whence 
7. 16376 = 25%; 1% =1.5%; 100% =150%, selling price in terms of cost price. 
8. wt. 150% — 100% = -50%, the gain %. 


Also solved by q. B. M. ZERR and B. F. YANNEY. 
105. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 
Iowa. 

A teacher looks at his watch when leaving schoo] at noon. When he comes back he 
finds that the hour hand and the minute hand have just changed places (that they had 
when he left the school). What time was it when he left, and what time when he came 
back to school ? (Solve by Arithmetic.) 


I, Solution by JOHN M. ARNOLD, Crompton, R. I. 


During the time that the teacher was away from the school, the distance 
traveled by the minute hand added to the distance traveled by the hour hand, 
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would make the whole circle of the dial. As the minute hand moves twelve 
times as fast as the hour hand the spaces passed over would be 44 and 44 of a 
revolution, respectively. 

1; of arevolution of the minute hand equals 55,5 minutes, the time the 
teacher was away. When the teacher left, the distance between the hands was 
14 of the distance of the minute hand from the zero point. Hence 4514475 
==5;}, minutes past twelve, the time when he left. Add the time that he was 
away, 5;35+ 557%; 60,5, or 79°; of a minute past one, the time when he returned. 


II. Solution by BENJAMIN F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance,O. 


We first solve the general problem: At what times are the positions of 
the hands of a watch interchanged ? 

It is plain that there are some positions not interchangeable, as, for in- 
stance, minute-hand at 6 and hour-hand midway between any two consecutive 
numbers. 

It is evident, also, that in the case of any possible position of interchange, 
in going from one position to the interchanged one, the two hands must together 
travel over 60n minute spaces, n being an integer. 

Then, since the minute-hand travels 12 times as fast as the hour-hand, ;'5 
of the distance traversed by both, or 60/138 minute spaces, must be the distance 
traveled by the hour hand in going from one position of interchange to the other, 
and ae minute-spaces, the minute-hand’s distance. Furthermore, 60n/13 
minute-spaces is the distance in any case of interchange, from hour-hand to min- 
ute hand, always reckoned clockwise. 

We now have the relative positions of the hands with respect to each oth- 
er. We next proceed to find the times of these relative and interchanged posi- 
tions. Suppose the hands at 12. In order that they shall be 60n/13 minute- 
12.60n 
11.18 
the number of minute-spaces past 12, gives the time of the first of any two inter- 
12.60n 12.600 

11.13 13 


spaces apart, the minute-hand must travel over minute-spaces. This, 


changed positions, and is the time of the corresponding sec- 


ond position. 

Now starting, say, with 12 o’clock noon, and substituting for » in succes- 
sion 1, 2, 3, ...... 143, which completes a cycle, we shall find, omitting the 
cases in which the hands are together, 182 different answers to the general prob- 
lem. We give a few: 

5;%, minutes past 12 noon, and ,5°; of a minute past 1 P. M. 
107g ‘ fe fess a? cen a ‘ 2P.M. 
=¢f; of a minute past 1 P. M., and 5 ae minutes past 12 A. M. 

5 stiky minutes past 10 P. M., and 54138 minutes past 11 P. M. 

The first two given are possible answers to the special case in hand. 


» and 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; B. F. SINE, Principal Capon Bridge Normal School; Capon Bridge, W. Va.; J. D. CRAIG, Frankfort, 
N. J.; and MARTIN SPINX, Wilmington, 0. 

Since the two hands had precisely changed positions, they together had 
passed over all the spaces on the dial-face ; but, as the minute-hand always goes 
through 60 spaces while the hour-hand goes through 5, both go through 65. 

., 65:5=60:4,8. 

.. 48; spaces is the number of spaces passed over by the hour-hand. 
This is also the distance the minute-hand was in advance of the hour-hand in the 
first position. | 

Since the time he left at noon was after 12 o’clock and since the minute- 
hand always gains 55 minutes in 60 minutes, to gain 4,5, minutes we have 55:60 
==4%::0, 95. : 

.. The time was 5,35 minutes after 12 o’clock. In the second position, 
the hour-hand was 4,8 minutes in advance of the minute-hand. 5,3,;—4,8 
=," minutes. 

.. The time was ,5; minutes after 1 o’clock. 

.. He left at 5 minutes 2,'4, seconds after 12 o’cluck, and returned at 
25 fs seconds after 1 o’clock. 


Also solved by W. F. BRADBURY, J.W. YOUNG, WALTER H. DRANE, ELMER SCHUYLER, and 
ALOIS F. KOVARIK. 


ALGEBRA. 


89. Proposed by G. A. MILLER, Ph. D., Instructor in Mathematics, Cornel] University, Ithica, N. Y. 


Solve by quadratics, er ty==T...... (1). 


XI. Solution by W. A. HARSHBARGER, A. M., Professor of Mathematics, Washburn College, Topeka, Kas. 


yr? +ta=1l1...... (1), ytu?=7...... (2) 

(1) (2) (y? -- 4? )— (ya) =4. eee, (3). 

Put (y+%)==a, and (y—x)=b. 

Then by substituting in (8), ab—b=4...... (4). 

J. a? b%==1648b4+67...... (5). 

Subtract, 10ab—40+ 105. 

7. &2b? —10ab=—24— 264+ 67...... (6), and 

a®b? —10ab+25—1—2b+56"..... (7). 

‘, ab—5-=1—b), ab+b=6...... (8). (4) +(8), ab=5 ; (4)—(8), b—1. 
‘a=5. .. yte=d, and y—r=—1. .. w=2, and y=8. 


[Nore. Professor Harshbarger Says the above solution appeared in one of the scientific journals a 
few years ago, but he has forgotton the name of the author. ] 
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90. Proposed by J. MASCUS BOORMAN, Consultative Mechanician and Counselor at Law, Woodmere, Long 
Island, N, Y. 


Solve ay? + m(ep+y)y=m*...... (1). 
a ty? + ey oe. (2). 


I. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; A. H. BELL, Hillsboro, Ill.; HON. JOSIAH H. DRUMMOND, LL. D., Portland, Me.; CHARLES C. CROSS, 
Libertytown, Md.; ELMER SCHUYLER, High Bridge, N. J.; and M. A. GRUBER, A. M., Washington, D. C. 


Subtracting we have m(v+y)=ay...... (3). 
Squaring (3) m? (a? +2ay+y2)=a2y?. 
Multiplying (2) by m?, m?(#? +ay4+y?)=m!, 


Whence «2 y? —m?ay—=m!*...... (4), 


2 
Adding (5) and (2), 7* +2ay+y? =“ (62/5). 
W hence e-by=b—5-(y 521), 


Similarly, poy (/— 2=-6]/5). 


0b 


Whence g==2& r 


({O£14 ,/ —261/5), , 
m 9 pf. -E 


II, Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 
(1)—(2) gives m(x+ y)=«y. Whence «+ y-=2y/m. 
Put e=vy. Then vyt+y=vy?/m, and v+1=vy/m. 
Whence y=m(v+1)/v, and «=vy=m(v +1). 
Substituting the values of « and y in (1) or (2), we have 
m*(v+1)? 4 om? (ot 1)? 
® v 


Mm” , 


m*(v+1)? 4+ 


Dividing by m?, clearing of fractions, expanding, etc., we obtain 
v*§ +303 +4v? +3804 1—v?, 
Adding and subtracting v3 +2v? +, we find 
(vu+1)*—v(w+1)? =v? 
Completing square and extracting square root, we get 
2(v+1)?—-yv==tvy,/5. 


Expanding, transposing, and uniting terms, we obtain 
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2v? + (84 1/5)v=— 2. 
Completing square, extracting square root, etc., we find 
v=} [841/54 —21143)/5)]. 
Whence v+1=—#[1+y 5+)/—2(1143)/5)], 
and (v+1)/o==4(14 7/5 / — 201 £37/5)]. 
*. e=m(vtl) and y==m[(v4+ 1)/e]. 


III. Solution by H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics, Manual Training School, Phil- 
adelphia, Pa., and ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah,Iowa. 


Let r=v+z2, and y=v—z.  2v? +22? +2mv—m*?. 30? +2%==m?, 
Whence v=7(1+)/5)m, and z=+4)/(—26)/5ym. 

The four values of x and y are 

a—=a[1+ 1/54 //(—2—6y 5)|m 5 y=2[14+ y5—-p/(—2—6y/ 5) m.. 
e=t[14+7/5—-p/(—2—-6//5)]m 5 y= 3[14 54+ 1/(—2— 6/5) ]m. 
a=F[1—//5+)//(—2 + 6)/5)]m 5 y= 41 — 5 —-7/ (— 24 67/5) Jim. 
a=4[1— )/5—7/(—24 6/5) |m 5 y= 3 [1-1/5 + /(— 2 + 61/5) Jin. 


IV. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and J. SCHEFFER, A. M., Hagerstown, Md. 


Let «+ y=t, ry=r. 


Then (1) and (2) become t?—2r+mt—m?...... (3), t?—r-=m?,..... (4). 
Subtracting (4) from (8) we get r==mt...... (5), or t=r/m...... (6). 

(5) in (8) gives t?—mt=m?. .*. t=am(1y/5). 

(6) in (4) gives r?—m?r=—m*.  .. r= 3m? (1d). 


Since 7+y==t and xy=r, we have 
a=} (tk / (0? —4r) =m {1+ 54y/[—-2(143//5)]}. 
y= 3 [te y/ (0? --4r) |= sm {ley bey [—2(1+8)//5)]}. 


V. Solution by the PROPOSER. 

a/m, y/m ; with eight roots (four each) [or sixteen by |/m?==+m] ; «:y= 
ratio X: Y with values v=-X times any- or every-thing; y==Y any- or every-thing : 
*, t/X=y/Y==m of an infinite degree and roots, all values from=t(1/c”) to 0 to 
+o”. And that m is a blond factor in s=Am ; y= Ym ;—Sorve Crrope’s cur- 
ious Proprem. (1)—(II)...... Met Yy)—=aty. 0... (IIT). Un-factor =X ; 
y=Ym...... (A), oo. X?m?t Y?m?+m(Xmt+ Ynjy=m?...... (l,)3) m(Xm+ 
Ymn)=XmYm...... (111,) divided by m*® are X®?+ VY"? 4a4+y=1....., (Iu) ; 
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X+Y=XY.,..... (III,). Twice (III,)+(1q) gives (¥+ Y)?-(X¥+ Y)=—1...... 
(IV). .. X4+ Y=2(14y7/5)...... (V). .... By CAIL,) XY=3(145)...... (VI)! 
*. (V)(VI), (by nature) the constants of X*? —}(14,/5)X+2014)/5)=0...... 
(VII) whose four roots are by its origin (by turns) the eight roots of both X and 
Y. Multiplying (VII+)(VII—); is X¥4—X?42X=0...... (B) two real roots 


A ==3(1—1/54+ 1/(—-24+ 6,5) J=Y, \ : 
each...... X,=H1—p/54 (2465 =Y fo (VIII). Two imag- 
, XY =tl-yt¢y/(-1-6/ 5)J=Va | 
inery each...... | Xo=Hi+ p/5—p/(—2— 6)/5)|=Y, = 0,809016,9943875 


+3.9263738,3738101,2946)/—1...... (LX). 


_ ( X=—1.153721,875541,766 to Y=0.5385687...... 
"| X, =0.535687 3886791 ,872 to Y,—=—1.158721..... 


X, =.809016,99...... +3.92638738,..... VY —-1=Y, (C 
X,—.809016,99...... —3,926873,...... /-1=¥,$ ). 
-X4+ V=N,4 Y,=—0.618033,988750—; X, + Y,==1.618083,988750—-=X,+ 
_ AX ==—1.15372187...... 
Vgeceee. (D). Proof by X¥=X+Y...... (I,) 4 Fo Resusiag ; 
Product=— 0.61808389,88+ =X Y 
Sen 0 6180339'897 2X + Y \ Does (XI). Also (C) and (A). 
a= Yn ==m(—1.1587...... Product, mXmY=xy=1n x 
y=Ym=m( 0.0806...... Sum, mX+mY=a+y 
y=m.(a+yr—m? (—0.61808...... ) (XII 
*, Multiplying=m=m(e#+ y) =m? (—0.61802 .... pf 00 )s 
*because (IIT)..... cy=m(a2+ y)==m? (—0.618083.98...... ys=em?X Y...... (CK). 
-, m (vanishes) is only a blind factor inw andy. .*. by (E) ratio v:y=X: Y and 
and (I) (II) are fully solved, process, ratio and roots. Q. E. D. [As, solve aa 
form. .. m=3(—1=F/5)(at+y)....-. 1. @ l==3(—1y/5)(X4+Y).. om 


and « and y vanish together as always]. 

CoROLLARY. Two quadratics in three unknowns, zf their every term be 
quadrate (in unknowns) stand for, aud solve, the two bi-quadratics each in one 
true unknown found by treating two stated unknowns as if multiples (or other 
functions) of the third, and un-factoring them from it (into two new letters). 
This treatment also determines the third unknown, roots and equation, or their 
nature and forms when inexpressible. 

CoROLLARY 2. Strictly j/m=—m. .. 0? +y®E(a4+y)...... (I,) with CII,) 
have eight roots each, viz.: (VIII, [X) or (C) direct, and also with signs 
reversed. 

ScHotium. General form 2*?+y? +e(a+y)=a...... (A); vw +y?+ay=b 

tenes (B) solves (by quadratics) many biquadrates, decomposes surd compounds 
(other than of 1 with 14), finds roots, etc. 
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GEOMETRY. 
106. Proposed by C. HORNUNG, A. M., Professor of Mathematies, Heidelberg University, Tiffin, Ohio. 


Upon the sides of any triangle ABC let the equilateral triangles 4BD, BCE, and 
CAF be described, and let their exterior sides produced intersect, BE and AF in K, DB 
and #C in L,and DA and EC in M. Prove DK, EL, FM, parallel. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematies and Science, Chester High School, 
Chester, Pa.; J. SCHEFFER, A. M., Hagerstown, Md., and G. I. HOPKINS, Instructor in Mathematics and Physics, 
High School. Manchester, N. H. 


Angle KAB—180°—60°—angle CAB, angle ABK==180°—60°—angle 
ABC. 

‘, Adding, angle KAB+angle ABK=:240°—angle '§ 
CAB—angle ABC. Angle AKB=180°—(angle BABS 
angle ADK). 

. Angle AK B=angle CAB+angle ABC—60°. 

Again, angle BCL==180°—60°—angle ACB. Angle 
ACB=180° —(angle CAB+angle ABC). 

*, Angle BCL—angle CAB+angle ABC—60°. 

*, Angle BCL==angle AKB. 

Angle MAC= 60° +angle MAF’, and angle KA B=60° 
t+angle KAD. .:. Angle MAC=-angle KAB. 

Similarly, angle MCA-==angle BCL. *, Angle MCA=angleAKB. 

.. Triangle AMC is similar to triangle AKB., 

~.AC:AK 3:3: AM: AB, or AF: AK 3: AM: AD. 

.. Triangle AKF is similar to triangle AKD. 

“. Angle AMF =angle ADK. 

.. KD is parallel to MF. Similarly EL is parallel to MF. 


II. Solution by the PROPOSER. 
Points K, Ff, C, Bare conecyclic. °.°5 ZCRE-=/7 AFC. 
.. LBKA=ZBCL. /LBC=/KBA. 
*. Triangles AK Band CBE are similar, and KB/AB=LB/CB, or KB/EB 
—=LB/EB. 
', KD is parallel to AL. 
Similarly AM/AD=AD/AK, and therefore FD is parallel to KD. 
And therefore ZZ is parallel to KD is parallel to F'M. 


III. Solution by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa. 

Let ABC be any triangle having equilateral triangles described upon its 
sides, and their exterior sides produced to intersect BE and AF in K, DB and 
FC in L, and DA and EC in M. Join FM, DK and EL. 

The triangles BCL and ACM are similar, hence BC: CL :: CM: CA, or 
CH: CL:: CM: CF. And since the 7 ECL-==/7 FCM, the triangles CLE and 
CIM are similar and equiangular, the angle PMC being equal to the angle LEC. 

', HR is parallel to PM... cece eee ens (1). 
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The triangles ABK and AMC are similar, hence AB: AK :: AM: AC, 
or AD: Ak :: AM: AF. 

Since the / DAK=—/ MAF, thetriangles DKA and MFA are similar, and 
ZADK is equal to ZAMF. 

', DH is parallel to PM... Lice cece cee eens (2). 

', DK, FM and EL are parallel. Q. KE. D. 


IV. Solution by CHARLES C. CROSS, Libertytown, Md, 


Draw the figure as indicated in the problem. 

Let /BLE=x, ZCEL=y, ZDKB=2z, LADK=w, /CEM=v, and 
L FMC=w. 

/ ECL=180°— (120° + C)=60°—C. 

Similarly, 7 EBZ=A—60°, and 7 KAD=60°— A. 

/ BCL=180° — (60° + C)=120°—C. 

Similarly, 7 LBC=120°—B, and 7 BAK=120°—A. 

Hence / BLC=B+C—60°, and / BKA=B+A—60%. 
/ BLE+ 2 BLC+ ZCEL+ 2 ECL=180°; by substitution b+a+y=180°...(1). 
/ BKA+ /ZBKD+ ZKDA+24KAD=180°; by substitution B+ w+z=180°. .(2). 

From (1) and (2), tHYS=WH2. ce ee ence eens (3). 

If EL and DK are parallel, angle Dk B=angle BEL, and angle BLE= 
angle KDB, or 2=60° +y and «=60°+w. Substituting in (3), 60°+w+y=60° 
+w+y. Hence FL and DK are parallel. 
Angle CFM +angle CMF'+ angle FCL—180"; by substitut’n v+tw—C=120°..(A4). 

If EE and F'M are parallel, then angle MFC=angle ELC, and angle EMC 
—angle CEL, or v=x+A+C—60°, and w=y. Substituting in (4), A+e+y=— 
180°. Since by (1) this relation is true, hence HL and F'M are parallel. 


107. Proposed by T. W. PALMER, A. M,, Professor of Mathematics, University of Alabama. 


Construct a triangle, given base, vertical angle and radius of inscribed circle. 


I, Solution by H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, 
Pa. 
Denote the base by AB, the vertex by C, and the incenter by O. The 


angle AOB equals 90° +3C and hence one locus for O is the arc of a segment 
capable of containing this angle. Another locus is a parallel to the base the in- 
radius away. Hence the incircle can be constructed ; AC and BC are then drawn 
tangent to it. 


II. Solution by J. SCHEFFER, A. M., Hagersfown, Md. 


Describe on the given base AB a circle the upper 
segment of which contains the given vertical angle. From 
the center O of this circle let fall the perpendicular on AB | 
and produce it to D. Ata distance from AB equal to the given radius of the in- 
scribed circle draw MN parallel to AB. From Dasa center with a radius equal 
to BD draw an are cutting MN at H,connect # with D and extend DE until it 
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cuts the circumference at C, then will ABC be the required triangle. For, since 
DE=BD, 2 angle EBD==180° —angle EDB=180° —A. 

*, Angle EBD=90° —3A, but angle HBA=angle EBD—angle ABD=an- 
gle HBD—}C=90°—2A—3C=2B, 

', BE is the bisector of B, and by construction, CD is the bisector of C. 

', £ is the center of the inscribed circle. Q. EK. D. 


Also solved by G. B. M. ZERR, P. 8S. BERG, COOPER D. SCHMITT, F. H. POWE, F. W. HAMA- 
WALT, ELMER SCHUYLER, and the PROPOSER. 


CALCULUS. 


81. Proposed by J. OWEN MAHONEY, B. E.. M. Sc., Instructor in Mathematics, Carthage High School, 
Carthage, Tsxas. 


Solve: y?(d*y/dxu*)+aldy/dx)? =—bea. 


No solution of this problem has been received. 


82. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 
Towa. 


A pole 60 feet high stands vertically in a river 20 feet deep. How many feet above 
the surface of the water must it break so that the top bending down would touch the bot- 
tom and the distance on the surface of water between the points where the parts of the 
pole enter the water would be a maximum? 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0., and GUY 
B, COLLIER, Union College, B. S. Course, Schenectady, N. Y. 


Let «=-=the number of feet above the surface of the water the pole must 
break, and y=the number of feet between the parts of the pole on the surface of 
the water, which is to be a maximum. 


By similar triangles we find y= Sag 300 + 80s. 


24 
e+ 2 

Simplifying and placing the first derivative equal to zero, we have a bi- 
quadratic in « whose roots are: 0, —20, 6.055, and —66.055. By substitution 
in the sécond derivative we find that 6.055 is the only one of these roots that 
renders ya maximum. Therefore 76.055 is the required result. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 
Let ABC represent the pole, BC being the part under water. Let D be 
the point where it breaks off, so that DA=DE. Let AB=a, BC=b, BD=x, 
BF=y ;then DA=DE=a—x. CBS var —(b+x)* ]=//(a+b).//(a—b—22) 


and CE:y=b+x:«, whence y=)/ a+b.——— a ——,°a—b— 2x. 


ne 
| M =7—~y(a—b—2r) 1s to be a maximum. 


=o - + 2% 
By differentiation we obtain after all the necessary and simple transforma- 
tions the quadratic x* +3ba—=(a—b)b, whence r=3[—3)+1/(5b? + 4ab)]. 
For the numerical value a=-40, b=20, we get s=10(,/18—3)=6.055. 
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III. Solution by W. W. LANDIS, A. M., Professor of Mathematics and Astronomy, Dickinson College, Car- 
lisle, Pa.; H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, Pa.; 
G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Chester, Pa.; 0. S. 
WESTCOTT, A. M., Sc. D., Principal North Division High School, Chicago, Il].; CHAS. E. MEYERS, Canton, Ohio; 
NELSON L. RORAY, Bridgetown, N. J.; CHAS. C. CROSS, Libertytown, Md.; ELMER SCHUYLER, High Bridge, 
N. J.; J. H. DRUMMOND, LL. D., Portland, Me.; COOPER D. SCHMITT, A. M. University of Tennessee, Knoxville, 
Tenn.; and the PROPOSER. 


Let w:==distance above the water, y==the required maximum. 
Then 40—z is the hypotenuse and ;”[(40—2)? —(20+ 2)? ]=2)/(800—3802) 
==the base. 
*. yit==2y1/ (800— 30x): 204 a. 
—_ 2x1/(800— 302) 


ys 50 45 —=maximum., 
Differentiating and reducing we get (600—90x)(20 + x)— 2x(3800-—-30x2)=0. 
*, © + 607400. 


', +==6.0555128 feet. 


MECHANICS. 
63. Proposed by A. H. BELL, Hillsboro, Ill. 


From a horizontal support at a distance of 10 feet apart, a beam 5 feet long and 10 
pounds weight is suspended by ropes attached to each end. The ropes are 3 and 5 feet re- 
spectively, in length. Required the angles made by the ropes and horizontal support. Al- 
so the stress upon each rope. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa., and the PROPOSER. 


Let Ab=—10, BC==CD==5, AD=38, HB-=x+y, AE=«--y. 


— (@ty)? +(a—y)?-100 — (w@t+y—5)? + (a— y—38)? — 25 
cosa BD = Wx+ya—y) a a+ y—5)(wx—y—38) 


7. (189—822)y? — (200 — 82? )y— 79a? + 8000—1500—0 ..... wees ee (1), 


100 + (a+ y)? —(a—y)? 


100 + (a@— y)? —(a@+y)? 
20(@ + y) 


024) Fy 9). 


DF=CN= (x—y—3) = 


2. cy —auy? — (a? — 4a? + 100)y + 25e=0.... (2). 


Let 189—32¢=c, 200—8x? =2a, 
79x? — 8007+ 1500==b, 73 —4a* + 100—d. 


cyt —Qay—d=a=O. eee cee eee cee. (3), 


and wy? —xy? —dy+250=0. 0... 0. eee eee (4). 


y? of (8) in (4) 2avy? + (bx—2ax—cd)y— ba + 25et= 0... cee, (5), 


bea — 2aba— 25c? x 


(9) X e— (3) x 2am, I tea + 4a®e—2acr—c?d 


b?*%—50acx— bed 


(5) x b + (3) x (25ce— ba), I hor Dabe— 252 e toe eee rr tore ee eh htt tw ee 


Now b=25c—79a/4 and d=a' +a in (6)=(7), ete. 


(316a?x%—5d58acx)? + (16a?2— 4c? a3 —4ac? —87acx+ 100c?x) x 
(6241a?x+ 31 barx® + 316a? ¢ —400c? «3 —400ac? — 16600acax + 10000c?2)=0.... (8). 


Expanding, we find a common factor c, then by substitution and reduction 
to the simplest form for the application of Horner’s Method. 


(9x19 — 174809 + 1255908 —2429 527 —478451.82812528 
+ 2827762.575 — 4080008.59375a4 — 27582812 .5x3 
+ 161863232.421875x2? — 357007812.5x + 801890625.—=0....(9). 


Horner’s Method gives #==7.95690209182, (8) y=—0.564356664799. 
w+ y==8.521258756118, x—y=7.892545426520. 

CH =8,521258756118, DE=4.3892545426520. 

LDAB=56° 17’ 54", 7 ABC-=46° 11’ 54", 7 AEB=77° 30’ 12”. 
L DCH=59° 3’ 32.5", 7 CDE=48° 26’ 15.5". 


; ; . 10cosDAB i 

Tension on BC == Sin(DAR4 ABO) = 65,6863 pounds. 
mys 10cosA BC are 
Tension on AD= sin(DAB + ABO) = 7.0896 pounds. 


[NoTtE. By a mistake we published the incomplete solution of this problem in our last issue. 
Soon after receiving that solution, Dr. Zerr wrote us to the effect that a correct and complete solution 
would shortly follow. Mr. Bell, being ill at the time, was unable to send the complete solution at the 
time expected, so that by the time the Department was ready for the press, we forgot about the promised 
complete solution and sent in the incomplete solution for publication. We have not verified the above 
solution, and our readers must excuse us from that great task. Wehold Dr. Zerr and Mr. Bell responsi- 
ble for any errors contained in it.—Epb. F.] 


71. Proposed by the late B. F. BURLESON, Oneida Castle, N. Y. 


Three men own a sphere of gold the density of which varies as the square of the dis- 
tance from the center. If two segments be cut off each one inch from the center of the 
sphere it will be divided into three parts of equal value. Determine the diameter of the 
sphere. 


II. Solution by R. E. GAINES, A. M., Professor of Mathematics, Richmond College, Richmond, Va. 


The element dydx whose ordinate is y will, when revolved about the axis 
of generate an infinitesimal ring whose volume is 27ydydx, and whose distance 
from the center is ;/(a@?+y?). Therefore for the mass of the minor segment we 
have 


1 Y (a?—2x?) 1 
2f f Qry(a? +y?)dyda=n f (a4—wx*)\da==m(at—h, 
0 0 0 


a 
Mass of sphere=z {_ (a4—a4)\da=s7a5. 
0 


. $705==37(a!—1), 4a5=15a+—3, which evidently has a root slightly 
less than 38.75. 

In the solution given by Dr. Zerr in the November Monruty if the parts 
be added so as to give the mass of the sphere the result is not homogeneous in a 
and is therefore evidently wrong. In getting M the upper limit for @ should be 
cos-1(1/r) and not cos-(1/a). For M, we must subtract 2M from the mass of 
the sphere. 


75. Proposed by B. F. FINKEL, A.M.,M.Sce., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A particle P, is held in a bent tube by two forces directed towards two 
fixed points, H and S. Show that the equation of the tube is PS.PH=k?’, if the 
forces are U/PS and p/PH. 


I. Solution by GEORGE R. DEANE, C. E., B. S., Professor of Mathematics, Missouri School of Mines, Rolla, 
Mo. 


Put PS=r,, PH=r,. By the principle of virtual work, we have, 


ju 
ry 


Or; + Me Or, ==0. 
Vo 


Let f(r,, 72)==0 be the equation of the curve. Then 


Of Of s. 
aon + ar. OT, ==0 
Kliminating dr, and ov,, 
Of le 
Or, a ry 
Of pm 
OT » 1s 
drs Vs ; 
Whence, — op? r dr, +r,dr,=0, ryr.=k?. 
1 i 


The general theorem of which this is a particular case, is given in Minch- 
in’s Statics, Vol. I., page 88. 


II. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


Let s=any arc of the tube, 7, r’==the distances of the particle from the cen- 
ters of force at any time ¢, m==the same absolute intensities of the forces, and 
—the velocity of projection. 

If 8S, 8’ be the radial forces attracting the particle, we will have 
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d®s dr, dr’ 
== S—~-—S | (1). 


But S=m/r, S’=m/r', and (1) becomes 


d?s om drm dr’ (2 

dt? r ds rods ). 
Multiply by 2(ds/dt) and integrate ; then 

ds® 3 lan ; 

Gye aT loge —mlogr? +C...... (3). 


When r=a, r’==a, Gap; a 0=f*—m* log and (3) is 


/? =m? log 


1 
+ (3? — m* log— wo. (A), 


pry’? 


or, Tr =a" ...... (5), a lemniscate. 


{Other solutions of this problem will appear in the next issue. | 


DIOPHANTINE ANALYSIS. 


73. Proposed by M. A. GRUBER, A. M., War Department, Washington, D.C. 


20? —y? ==0 } 


Find integral values for # and y in (Sy2 eg 


I. Solution by the PROPOSER. 
2e*—y®=O=a’......(1), 2y?-¢t*@= 0 = (2). 


From (1), y?=22?—a’. Substituting this in (2), we have 8a°?—2a?=b?. 
“Whence w==3)/[8(2a? + b?)], and y=47,/[8(a? + 2b? )]. 

As far as I know, the only method of rationalizing both radicals is to put 
ab. Then v=y=a=). 

Accordingly, no different integral values can be found for « and y. 

This problem is the key to Problem 62, ‘‘To find four squares in arithmet- 
ical progression.”’ 

The roots of the four squares would then be, respectively, 


a, 4,/[8(2a? +567)], $,/[8(a2+2b?)], 6. 


The common difference of the squares is 4(b?—a?), 

According to the above solution, the roots of the four squares could not all 
be rational integers; one of them, at least, must bea surd. It is evident, how- 
ever, that an infinite number of sets of four squares can be found in which two of 
the roots are rational integers. 
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Put a==1 and b=2. Thenthe roots of the four squares are 1, 1/2, 1/3, 2. 


Put a=1 and b=5. Then the roots are 1, 8, 1/17, 5. 
A slmilar proof was received from CHARLES C. CROSS. 


II. Solution by A. H. BELL, Hillsboro, Ill. 
Take 2y? —2? ==, or v7? —2y?==-— 0 =—1——4, ete. 


In v7? —2y?==—1...... (3), the integral values for « and y are the alternate 
convergent fractions for the ;“2—to 


w/y==1/1, 7/5, 41/29, etc...... (4). 
For the next, «7? —2y?=—4. (4)x1/4, 


a 1x2 7x2 41x2 ete 
y 1x2’ 5x2 29x22’ 


Consequently the interchangeable values of x and y must be found in the 
first fraction and no other. 


III. Solution by JOSIAH H. DRUMMOND, LL. D., Portland, Me. 
Qu*—y?==0...... (1), and 2y2—«w?==-O...... (2). 
Take v==my and 2m?—1=-O...... (3), and 2—m?=OO...:..(4). 
Then m<7/2 and m> 31/2. 


It is manifest that both (8) and (4) are rational when m=—1, which is <)/72 
and > 3142. 


Then in (8) take m=n+1, and we have 


Yn? +4n+1= 0 =(say)(qn—-1)?, whence 


2 
nd?) and m=n+1— it D+ + 


q?—2 q?—2 


Substituting this value of m in (4) and reducing by the usual methods, we 
find g==0 and m=+1. 


Hence «=--y and the integral values are any equal numbers, positive or 
negative, or one positive and the other negative. 


MISCELLANEOUS. 


65. Proposed by J. M. COLAW, A. M., Monterey, Va. 


Three circles, radii in ratio 1, 3, 5, are tangent externally and enclose one acre; what 
are the radii ? 
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Solution by A. H. BELL, Hillsboro, Ill.; J. SCHEFFER, A. M., Hagerstown, Md.; FREMONT CRANE, Sand 
Coulee, Mont., and COOPER D. SCHMITT, A. M. University of Tennessee, Knoxville, Tenn. 


Let the radii be x, 3x, and 52, respectively. 

The sides of the triangle formed by joining the centers are 42, 62, and 8x, 
and let the angles opposite each side, respectively, be A, B, and C; and then are 
found from the sides of the initial triangle 2, 3, and 4, 


cos A ate J, A=28° 57’ 18” are—.5053601, 
cos =i . i. B==46° 84’ 3" are==.8127562, 
cos oa Stee at. .0=104° 28’ 39" are==1,8234763. 


Now the triangle equals the three seetors=one acre=(10 square chains). 


Th 25%? A 4 batts 4 0? C 
an) 9 9 


410=24e?sind ..... cece eee eee ...(1). 


| m 20 , 
c= 48sin A — (Q5A+9B+ C) a (2). 


1—cos? 4==sin’A and sind = 4)/15=0.4841229. 
¢=3.694 chains, and the radii are 3.694, 11.082, and 18.47 chains. 


Also solved by G. B. M. ZERR, and the PROPOSER. 


Solved by Elmer Schuyler, with results, 9.985 rods, 29.955 rods, and 49.925 rods; by Alois F. Kovarik 
with 19.908 rods, 57.709 rods, and 99.515 rods; and by Josiah H. Drummond with approximate results. The 
methods were all correct but there were some errors of calculation. Later a solution was received from 
Walter H. Drane, with results, 211.329-+- feet, 633.987-+ feet, and 1056.645-+ feet. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. — 


108. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A man who feels his death approach bequeathes to his young wife one-third of his 
fortune, and the remaining two-thirds to his son, if such should be born; but one-half of 
it to the widow and the other half to his daughter, if such should be born. After his 
death twins are born, ason and a daughter. How should the fortune be divided amongst 
the three ? 

109. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 

Why do fences and telegraph poles appear to move rapidly in an opposite direction 

to one traveling ina railway car? [From Moore’s Grammar School Arithmetic, page 150.] 


x*, Solutions of these problems should be sent to B. F. Finkel not later than April 10. 
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ALGEBRA. 
96. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


How many different numbers may be written with the nine digits and zero, using 
them singly and in groups of from two to ten digits each, and using no figure but once in 
each group ? How many more nnmbers may be written by repeating the digits and zero 
at pleasure in each group ? 


97. Proposed by F. M. SHIELDS, Coopwood, Miss. 


A farmer had 2080 pounds of grain at the depot, and gave a wagoner .75 cents per 100 
pounds to haul it, paying him in the same grain at the following prices, viz.: 3-10 of the 
hauling bill was paid in corn at .58 cents per bushel of 56 pounds. 3-5 was paid in wheat at 
1.55 cents per pushel of 60 pounds, and the balance of the bill was paid in oats at .86 cents per 
bushel of 32 pounds, the wagoner not charging for hauling his own grain. The load being 
delivered, how many bushels of each kind of grain did the wagoner get, and how many 
bushels of each kind did the farmer have left after paying the wagoner ? 


y*,x Solutions of these problems should be sent to J. M. Colaw not later than April 10. 


GEOMETRY. 


116. Proposed by P. S. BERG, A. M., Superintendent of Schools, Larimore, N. D. 


Insecribe by rule and compass a regular heptadecagon. 


117. Proposed by GUY B. COLLIER, Schenectady, N. Y. 
If (x’, y’) and (#”, y"’) are the extremities of a pair of conjugate diameters 


whose eccentric angles are @’ and g, show that @g’+ p=90° ; given (a’, y’)= 
(asecg’, btang). [From Nichols’ Analytical Geometry.] 


y*y Solutions of these problems should be'sent to B. F. Finkel not later than April 10. 


MECHANICS. 


84. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


Two weights P and Q are fastened by a weightless string that is strung over a single 
movable pulley. P is greater than Q. The weight of the pulley is 2f. Find the tension 
of the string, (1) when the frietion of the string on the pulley is neglected, (2) when it is 
considered. 


85. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematies and Astronomy, Ohio State 
University, Athens, Ohio. 


A circular tube of radius a revolves uniformly about a vertical diameter 


with angular velocity, "4, and a partiele is projected from its lowest point with 


such velocity that it can just reach the highest point ; prove that the time of de- 


scribing the first quadrant is Jato Q/ n+24+y7/ n+1). 


ol 


86. Prize Problem ; $2.50 for the best solution. 


Two spheres of equal size are in motion on a smooth horizontal plane, and, on meet- 
ing, their plane of contact coincides with the plane of the meridian. The sphere on the 
west side is perfectly elastic and weighs 44 pounds, while previous to the impact it was 
moving N. 30° E. with a velocity of 15 feet per second. The sphere on the east side is 
perfectly plastic and weighs 64 pounds, while previous to the impact it was moving N. 45° 
W. with a velocity of 10 feet per second. Determine the motions of the spheres after the 
impact. 


x*y Solutions of these problems should be sent to B. F. Finkel not later than April 10. 


EDITORIALS. 


Our valued contributor, J. M. Bandy, A. M., Ph. D., is now engaged as 
chief engineer of the Cape Fear and Northern Railroad. 


The mathematical text-books formerly published by Leach, Shewell & 
Sanborn, of Boston, have been purchased by D.C. Heath & Co. Among the 
most valuable of these text-books are Osborne’s Differential and Integral Calcu- 
lus, Nichols’ Analytic Geometry, and Fine’s Number System of Algebra. 


Through the kindness of a subscriber, who desires that his name should 
not be mentioned, we are’ able to offer a prize for the best solution of Problem 86, 
Mechanics, published in this issue, furnished by a person under the age of twen- 
ty-one years. All solutions must be forwarded to B. F. Finkel on or before May 
1, 1899. The object of the donor in giving this prize is to create an interest in 
mathematics among teachers and young people. The first, second, and third 
solutions in order of neatness and accuracy will be published. 


BOOKS AND PERIODICALS. 


Plane and Solid Geometry. By James Howard Gore, Ph. D., Professor of 
Mathematics in Columbian University, Author of Elements of Geodesy, History 
of Geodesy, Bibliography of Geodesy, etc., etc. 8vo. Cloth, 210 pages. Price, 


$1.00. New York: Longmans, Green & Co. 

The object of this work seems to be to bring the study of Geometry within the min- 
imum time requisite to gain a fair knowledge of it, in order that a proportionate amount 
of time may be given to other subjects. The author holds that since other sciences, and 
even language and philosophy, claim disciplinary merit equal to that possessed by mathe- 
matics, the time has come when we can afford to hearken to the demands of the utilitar- 
ians and give up those refinements in mathematics which have been retained for the men- 
tal discipline they bring about, but which are wholly lacking in practical application. 
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From this point of view, the author has eliminated from this work all propositions that are 
not of practical value or needed in the demonstrations of such propositions, and thus about 
half the matter usually found in geometries isomitted. The author makes one very sound 
statement in his preface, viz., ‘‘While symbols and equational statements have the advan- 
tage of brevity and convey information to the mind through its most receptive channel,— 
eye,—still they discourage the use of language, and hence fail to develop by example and 
precept the employment of accurate and precise forms of expression.”’ While this state- 
ment is true, yet the very concise and symbolic statements made in most of our recent 
texts on geometry offer no serious objection, if the teacher is careful to see that the stud- 
ent does not fall into a careless and slovenly mode of expression. 

We do not agree with the author’s utilitarian view except in cases where the object 
of the study is utilitarian in purpose. In college courses, no subject should be studied 
simply with a view of its practical value in after life. If such were the aim, many sub- 
jects, as for example, Latin, Greek, Chemistry, many branches of Mathematics, etc., might 
be omitted from the college course. But since the object of the course is disciplinary 
rather than utilitarian, mathematics must and always will receive its proportionate time, 
and hence many of the modern refinements of geometry should remain that the study of 
the subject may result in the highest mental development. B. FF. F. 


Problems de Geometrie Elémentaire Groupés D’aprés les Méthodes 4 Employ- 
er pour leur résolutions. Par Ivan Alexandroff, Professeur de Mathematiques au 
Lycée de Tambov (Russie), Traduit du russie, sur la sixiéne édition, Par D. 
Aitoff. Svo. Paper Cover, 156 pages. Paris, France: Librairie Scientifique A. 


Hermann. 

In this work are discussed problems on the construction of geometric figures, meth- 
ods of geometric loci, method of similitude, method of contrary problems, method of 
symmetry, method of translation, method of rotation about an axis, method of rotation 
about a point, method of inversion, and application of algebra to geometry. Under each 
of these subjects are given demonstrations of type-propositions, that is, propositions set- 
ting forth the chief principles employed in the demonstrations of the propositions under 
the subject considered. For example, under Problems on the Similitude of Figures, the fol- 
lowing problem comes first: Construct a triangle, having given an angle, the ratio of the 
sides which contain this angle and the radius of the inscribed circle. This problem is sol- 
ved and its solution illustrated with a figure. Then comes this problem: Construct a tri- 
angle, having given an angle @, the length s of the bisector of this angle and the ratio m/n 
of the segments determined on the side opposite to aby the altitude from the vertex of 
this angle. This problem is also solved and the solution illustrated with a figure. Then 
comes this problem: Having given an angle ABC and a point Mon the interior of this 
angle, find on the sidé BC a point X equidistant from the side AB and from the point M. 
Six other problems whose solutions are given follow. These are followed by a large num- 
ber of exercises. This work in the hands of a good teacher will add interest in his work 
and profit to his class. BL. F. F. 


Sur la Résolution de L’ Equation du Troisieme Degré. By Dr. Alexan- 
der Macfarlane. 


In this paper Dr. Macfarlane has applied the hyperbolic calculus to the solution of the 
cubic equation, and the Method of Cardan and Trigonometric Method are united in a gen- 
eral method applicable to all cases. B.F. F. 


Calcul de Généralization. Par G. Oltramare Doyen de la Faculté des 
Sciences de L’ Université de Genéve. Paper Cover, 192 pages. Paris, France: 
Librairie Scientifique A. Hermann. 
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ON SYMMETRIC FUNCTIONS. 


By DR. E. D. ROE, Jr., Associate Professor of Mathematics in Oberlin College. 


/Continued from February Number. | 


c. With the first four equations, we have disposed of 16 of the 20 func- 
tions. Only four of them needed calculating. They were: 


b i 23 ? 39°, b aie js 5 b O° 2/3,” 5 b o = /3 ° . 


The remaining 12 were the six functions already mentioned under a, and 
the following six : 


| O71 | —=b § 2 3 33:5.2 =b 2 U5, Fo8,)2 by 27130, 
| 072 | =6,° 23 335 3 ==b 9 31/7253 bg 25? 72, 


| QO1? ==b ’ 25 P5238 P=) (33933) 7 09 274 ) 


172 | =b 3292325, =b 9b (5, 525s )by 23,50, 
| 022 | =b 3 2533,3.—b (3, 323,)0 2 277, 


| 12? | —=b FBS 288g = bby (Fy 3245 )Dy 23, - 


b4 


d. The remaining four functions may be obtained from four of the last 
six equations. The functions are : 


| 012 | ==) 2339.29, =b, (8, 8o83)b2 28? Bo, 
| 013 | =b 327 33,", 
| 023 | =b 239 ,3f,, 
| 123 | =b3 362 7,. 


On account of the decomposition of the first into a known function and one 
of the other three, only three of these four require actual calculation. 

3. CONTINUATION OF THE METHOD. 

This method may be continued: for higher resultants, what was said under 
(3) regarding the analysis of the operator 6 of Aronhold into three others being 
capable of the easiest extension to the general case in that in the statements there 


made one must substitute the numbers 0,1, 2, ....m, and the literal factors 
by, Oy, . eee. b, instead of 0, 1, 2, 3, and by, b,, by, bg, respectively, and then 
(n+1)(n+2)...... (2n—1) 


stroked 


these operators must be applied to all the (i—1)! 
l-— : 


forms of (n+1) elements to (n—1) dimensions, thus obtaining 


cee identical equations from which the Motta ey -2n 
--])! n! 


symmetric functions in connection with the 2n which may be already assumed as 
known, can be found. We have thus at the same time a method for elimination 
by means of symmetric functions, and a method for computing the values of the 
symmetric functions, giving the function as a whole. The functions for interme- 
diate forms where m and » are unequal (m> 7) are contained in those forms where 
N=M. 


II. ISOLATION OF TERMS OF A SYMMETRIC FUNCTION. 


A. PRELIMINARY STATEMENTS CONCERNING THE RESULTANT THEORY. 
J. THe Concept oF NORMAL AND REDUCIBLE Forms. 
(1). Definetions. 
In the thesis of the writer entitled ‘‘Die Entwickelung der Sylvester’schen 
Determinante nach Normal-Formen,”’ (B. G. Teubner, Leipzig, 1898) the forms 


Pine Begs 0 © BenDa,On, + © Dam== (Ar, )P1( Ay, )P2... -(a;,)Pu (bs )( ds, )%.... (Ds, )% , 
which occur in the resultant Am» of 


faye" —ayamI+....(—1)"a,, and d=b 2” +b, a" I+.... +5, 


are divided into such as have the four factors a,, b,, @m, 6», and those which do 
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not have all four factors.* The former are called normal forms. It is shown 
that the latter are capable of being reduced by means of one or more of four kinds 
of reduction to normal forms of resultants R,,, of lower order and are called re- 
ducible forms, or else are completely reducible to a, or b, (in reality to unity), and 
are then called completely reducible forms. 

(2). Formulas. 

The normal forms have according to (1) the formula, 


Nm n= y Ae, + ++ Fey And gba... Oy m1 Ona (Ag PCy, )P2 


oC )PH—1( Ain PCO gE (Os, )% ~ . CDs, 10) . 
The normal form N,,, of the resultant R,,,, to which a reducible term 
Pann =( Or, P1(ng )P2 oe eae, Pu (Be, E(B, )% (Ba, 
of mn 1s reduced, (by means of reductions to be stated in 2) has the formula 
Nu, v-=(4y, —p)?d Ay, yp )PAFL. (Gp ~—p)?T—"( bg, 6) FD yo etl. (bs) I~, 


where 7, =p, Tr=U+p, Se =O, 8 —v+o, and where at least one of the numbers 
aw, 7, and at least one of the numbers r, 0 is zero. Similarly, but without altering 
its value, the coefficient 


Cm n= (ry P(rg Pe tye Pm | (84) (8, 2... (8, 
Of Pm n==(ar,)P1(Ar, )P2.. . (ay Pu (bs, )% (bs, )®... bs, )% 
is reduced in form to C,,,, so that Cmmn=Cu,», OF 


(74 )P1(r. )P2. 2. Ty )Pm 


(8, )%(8,)%....8, 
=(ry —pyPa ~*(tasr mp rath. Crp —pyPt— | (8_ — OM ~F(S_e 1 OMe. (Sp — TO) —9 


The completely reducible forms of Ry» have the general formula : 


Vm n= (My, PCy, Pe» «(Ar Pm (Bg) Op, Op, +p.) Fs Op pete.) ne’ 


2. THe Four KINpbs oF REDUCTION. 

The before-mentioned reductions are attained in the following ways : 

(1). The first reduction. 

By dividing Pm n==(4r,)?'(ar,)P2.. . (Oy, Pm (bs )%( bg, 9... .(0,)% , a form of 
Rm», Which contains the factor 6,, but not a,, by (b,)™~", Pm mn is reduced to 
Pris N=(ay,)P1(ay, PP... (dy, Pm (Dg, )%Cds, )%....0,% —™ + , a form of a lower re- 
sultant Ryan 


*It is a fundamental condition that every form P»,» must contain at least one of the factors a,, b 
and at least one of the factors am, bu. 


Oo; 
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(2). The second reduction. 

By dividing Pmjn—=(ar,)P'(Gr, )P2. . - -(Am)Pu (bs, abs, )%.. (bs) Of Rina, 
which has the factor a,, but not b,, by (an)"~8» , we obtain Pm,s =(ar,)?1(Gr, )P2. . 
(am )?u —™ +8v (bs (dg, )%....(b.)%, a form of the resultant Ry», of lower order 
than Bin in: 

(3). The third reduction. 

Here Pm m==(ar,)P1(ay,)P2... (Ay, )?u (By )(bs,)%.. ..(s,)% (with 7,=-0) Is 
reduced to Pm-—r, n==(Gy )P1(y,—9, )P?. (p—, Pm (by )G-M(b, )e....(bs,)% , a form 
of the resultant Rm_+,.», by dividing by (b,)" and diminishing the subscripts of 
the a’s by r;. 

(4). The fourth reduction. 

In this case Piyn—=(ay)P(Gy,)P2-..... Cap, Pu (dg, )U (ds, )%.. (db. )%, 
(s,=|=0), is reduced to Pm, n—s,==(@y)P278'(ay,)P2.... (a, )Pm (by )U(bs,-s, )®..-. 
(bs -s,)@ . of the resultant Ry, n—s,, by division by (a,)*, and diminution of the 
subscripts of the b’s by s,. 

o. THE Four KINDs oF DERIVATION. 

Conversely we may start with forms of lower resultants and by four kinds 
of derivation attain to forms of higher resultants. 

(1). The first kind of derivation. 

By multiplying Pm n—=(4dr,)?2(ap, )P2... -(Ay,)m (bs, )% (bs, )%. 2.05 5% by 8,7, 
we obtain Pmsg,n—=(ar,)P(ay,)P2... (a>)? (bs, )2(bs,)%....(05,)% dnt, a form of 
the resultant Rm +¢,n- 

(2). The second kind of derivation. 

Similarly from Pm» we obtain Pm ns-p==(ar, )P1(ay, )P2.. - (ay)? (An)? (Bs, )% 
(bs,)%....(bs)% , of the resultant Rm ny, by multiplication by a,,”. 

(3). The third kind of derivation. 

In this case we obtain Pr+g,n—=(4r, +q)?!(Ar,+¢9)P?- +++ (dy ¢q)ru (by )1(ds,)% 
....(bs)%, of the resultant Rmiga, from Pm» by multiplication by b,% and in- 
crease of the subscripts of the a’s by gq. 

(4). The fourth kind of derivation. 

Here we multiply Pmm by a9? and increase the subscripts of the b’s by p, 
and obtain Pm np =(d_)?(ar, Pr... Cay )Pu (bs, 4 p)% (bs, 4p)®~.-. (Os, 4p), of the 
resultant Rim in+p- 

4. RECURRENCE FoRMULA FOR THE NORMAL COEFFICIENTS. 

Tor the calculation of the coefficients of the normal forms we use the 
formula 


A =v 
pp, XOP(r, Pe... me | OU(8,)% 2... == & (—1)'a te, +1) 
A=2 
X Sn OPiA(7, )P2 2 MPU (8 10% + (3, )% 6 NID ) 
where ¢c, is the exponent of s, in the expression 0?:~1l(r,)P2....m?u. It isa re- 


currence formula and serves for the calculation of the coefficient of the normal 
form (A,)?:(dp,)P2. 2. .(am)?# (by) (bs, )%....(b,)% from earlier calculated coeffi- 
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cients of simpler forms. In it every coefficient on the right hand is to be reduc- 


ed to its simplest form according to 1, (2). 
5. THe ResuLtTant Ry» IN TERMS OF SYMMETRIC FUNCTIONS. 


(1). The expressions. 
The resultant Rm.» of f and @ may be written in the forms, 


(=1)"" "(Bs fF)... fn) = 
(—1)""b "(a ,34"—a,8,"-1+.... +(—1)"an)][a,3."—a,8,™- 1+... +C—-1)"an] 
So fig BY — a, By BE. (1a Jay” OCar, OC a’g).- - GCAy) 

=a, "(Dy Ate. Edn) (by Ay". Edn) ee (Oy An +... £b,). 


(2). The coefficient (m—x,)(m—%g) ...(mM—Hx,) | O12... 0). 
The coefficient of Gm—«, Im—, ++ ++Am—«en, USing the first form of Rm n, 18 


(—1)trthet-.. teh m9 ke 9,%2....5,%". In this again the coefficient (m—%,) 
(m—%,)....(m—x,) | olrr....n of the product dm—«, Am—g +++ Am—nnd%b™ 
....b, in Rm.n, is equal numerically to the coefficient of b,%0b,4*....6, in 


b 23,13, %2....3,*", that is, 


(m—1,)(M—Ay). 2... Cm — H,) | Oo... mAns—(— 1) Rares 
(png Lee ee eae man h Oro... ee. man 
, ; where 
ba Kz ok?. Lee Pyke]? by 3 8 yk eae Bak” 


denotes the coefficient of b)*b,*... 2b," in by)" 25 813 Q"%? nk 
Using the second form of the resultant, the coefficient of b)%b,*%....6,*" 1s 


A,"%2(a, a, tee Oy)" Ha, 41- o Ay 4,1. oe CO Cnn CE oe ~ Wy, + oo An y®, 
This last symmetric function we will express symbolically by 
A" (aA, (aA, MM awh, h(a, )®, 


where (a@,)"—" means that 4, roots (a) have the exponent n—r. 
In this symmetric function the coefficient 
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(m— 7, )(m— %).... Cm — H,) | OAoLArs sa dv 
of the product 
Om -«, Im—wy +++ Am—0y Dy by... be 
in Rm» is equal numerically to the coefficient of @m--«,@m-«, -+-+Um—«,. M 


a" 2(ad,)"(ak, 1... .Cad,)°, that is 
(ma — 4) (OM Ig). CM — Hy) | Oo. Ara (— Lymm ike Pea home 


(Oran Hy)... (M—N,) ) 


Ay "(aA, "Cad, PT... Ca,)" 


(3). Relation between coefficients of terms in symmetric functions. 

By (2) we have two expressions for the coefficient of a term of Ryn. By 
equating these expressions, we obtain a relation between the coefficients of terms 
of two symmetric functions, namely : 


Ce Lote eae no) —(—1ym (Orr H,)(M— Uy)... orn) 


a "(AAy "aA, rt. ee (@,,)° 


which is seen to be true whether f is written with alternating sign or not. 

With this paragraph the statements concerning the resultant theory, so far 
as they relate to this paper are finished. Itis now proposed to develop a theory 
for symmetric functious similar to that sketched for the resultant, and to point 
out the correspondences between them. Moreover, the theory is developed in- 
dependently of the results for the resultant, with the exception of the last for- 
mula, which will be used. 


|To be continued. | 
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THE COLLECTED MATHEMATICAL PAPERS OF ARTHUR 
CAYLEY. 


By GEORGE BRUCE HALSTED, University of Texas, Austin, Texas. 


[4to. 18 Vols., each $6.25. Supplementary Vol. containing Titles of 
Papers and Index, $2.50. Macmillan. ] 

This republication by the Cambridge University Press of Cayley’s papers 
in collected form is the most fitting monument of his splendid fame. He must 
ever rank as one of the greatest mathematicians of all time. Cayley exceedingly 
appreciated thisaction of the Syndics of the Press, and seven of the large quarto 
volumes appeared under his own editorship. As to what these 18 volumes con- 
tain, it seems vain to attempt even asummary. They cover the whole range of 
pure mathematics, algebra, analysis, mathematical astronomy, dynamics, and in 
particular groups, quadratic forms, quantics, etc., etc. 

Though abreast of Sylvester as an analyst, he was, what Sylvester was 
not, also a geometer. Again and again we find the pure geometric methods of 
Poncelet and Chasles, though perhaps not full assimilation of that greater one 
than they, who has now absorbed them—Von Staudt. Cayley not only made 
additions to every important subject of pure mathematics, but whole new sub- 
jects, now of the most importance, owe their existence to him. It is said that 
he is actually now the author most frequently quoted in the living world of 
mathematicians. 

His name is perhaps most closely linked with the word invariant, due to 
his great brother-in-arms, Sylvester. Boole in 1841 had shown the invariance 
of all discriminants and given a method of deducing some other such functions. 
This paper of Boole’s suggested to Cayley the more general question, to find ‘‘all 
the derivations of any number of functions which have the property of preserv- 
ing their form unaltered after any linear transformation of the variables.’’ His 
first results, relating to what we now call invariants, he published in 1845. <A 
second set of results, relating to what Sylvester called covariants, he published 
in 1846. Not until four or five years later did Sylvester take up this matter, but 
then came such a burst of genius that after his series of publications in 1851-54 
the giant theory of Invariants and Covariants was in the world completely 
equipped. 

The check came when Cayley, in his second Memoir on Quantics, came to 
the erroueous conclusion that the number of the asyzygetic invariants of binary 
quantics beyond the sixth order was infinite, ‘‘thereby,’’ as Sylvester says, ‘‘ar- 
resting for many years the progress of the triumphal car which he had played a 
principal part in setting in motion.’’ The passages supposed to prove this are 
marked ‘‘encorrect’’ in the Collected Mathematical Papers. But this error was 
not corrected until 1869, [Crelle, vol. 69., pp. 823-354] by Gordan in his Memoir 
[dated 8th June, 1868], ‘Beweis dass jede Covariante und Invariante einer 
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binaeren Form eine ganze Function mit numerischen Coefficienten einer endlichen 
Anzahl solcher Formen ist.’ 

Cayley at once returned to the question, found the source of his mistake, 
the unspected and so neglected interdependence of certain syzygies, and devoted 
his Ninth Memoir on Quantics (7th April, 1870) to the correction of his error and 
a further development of the theory in the light of Gordan’s results. 

The whole of this primal theory of invariants may now be regarded as a 
natural and elegant application of Lie’s theory of continuous groups. The dif- 
ferential parameters, which in the ordinary theory of binary forms’enable us to 
calculate new invariants from known ones, appear in a simple way as differen- 
tial invariants of certain linear groups. The Lie theory may be illustrated by a 
simple example: 

Consider the binary quadratic form 


fea, u? +2a,cyta,y’. 
Applying to f the linear transformation 
(1) aan + py’, y=ye' +oy’, 
we obtain the quadratic form 
Psa yr? +2ayay aay”, 


where the coefficients are readily found to be 


a’, ==afla,t(ad+fy)a,+yda,, 


Q' y=7aP A, +2aya, HY" Ae, 
(2) 
a’,==f a, +2fda,+07a,. 


We may easily verify the following identity : 
a’ ,a',—a' P==(ad— By)? (a a,a,’). 


Hence a,a,—a, is an invariant of the form f. In the group theory it is an in- 
variant of the group of linear homogeneous transformations (2) on the three pa- 
rameters @), @,, Qo. 

The only covariant of fis known to be f itself. In the Lie theory it ap- 
pears as the invariant of a linear homogeneous group on five variables. a, y, ay, 
G,, 4g, the transformations being defined by the equations (2) together with (1) 
when inverted. 

In general, the invariants of a binary form of degree n are defined by a 
linear homogeneous group on its n-+1 coefficients, its covariants by a group on 
n+8 variables. 

As in all problems in continuous groups, the detailed developments are 
greatly simplified by employing the infinitesimal transformations of the groups 
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concerned. It is readily proven by the group theory that all invariants and co- 
variants are expressible in terms of a finite number of them. This result is, 
however, not equivalent to the algebraic result that all rational integral invari- 
ants (including covariants) are expressible rationally and integrally in terms of a 
finite number of such invariants. 

Twenty years ago, in my ‘‘Bibliography of Hyper-Space and Non-Eucli- 
dean Geometry,’’ (American Journal of Mathematics, Vol. I., Nos. 2 and 3, 1878) 
I cited seven of Cayley’s papers written before 1878 : 

I. Chapters in the Analytical Geometry of (n) Dimensions. Camb. Math. 
Jour., Vol, IV., 1845, pp. 119-127. 

II. Sixth Memoir on Quantics. Phil. Trans., vol. 149, pp. 61-90, (1859). 

III. Note on Lobatchewsky’s Imaginary Geometry. Phil. Mag. XXIX,. 
pp. 231-288, (1865). 

IV. On the rational transformation between two spaces. Lond. Math. 
Soc Proc. IIT., pp. 127-180, (1869-71). 

V. A Memoir on Abstract Geometry. Phil. Trans. CLX., pp. 51-68, 
(1870). 

VI. On the superlines of a quadric surface in five dimentional space. 
Quarterly Journ., Vol. XII., pp. 176-180, (1871-72). 

VII. On the Non-Euclidean Geometry. Clebsch. Math. Ann. V., pp. 630- 
634, (1872). | 

Four of these pertain to Hyper-Space, and in that Bibliography I quoted 
Cayley as to its geometry as follows: 

‘“The science presents itself in two ways,—as a legitimate extention of the 
ordinary two- and three-dimensional geometries; and as a need in these geome- 
tries and in analysis generally. In fact, whenever we are concerned with quan- 
tities connected together in any manner, and which are, or are considered as var- 
iable or determinable, then the nature of the relation between the quantities is 
frequently rendered more intelligible by regarding them (if only two or three in 
number) as coérdinates of a point in a plane or in space: for more than three 
quantities there is, from the greater complexity of the case, the greater need of 
such a representation: but this can only be obtained by means of the notion of a 
space of the proper dimensionality : and to use such a representation, we require 
the geometry of such space. An impurtant instance in plane geometry has actu- 
ally presented itself in the question of the determination of the number of the 
curves which satisfy given conditions : the conditions imply relations between 
the coefficients in the equation of the curve ; and for the better understanding of 
these relations it was expedient to consider the coefficients as the coordinates of 
of a point in a space of the proper dimensionality.”’ 

For a dozen years after it was written, the Sixth Memoir on Quantics 
would not have been enumerated in a Bibliography of non-Kuclidean geometry, 
for its author did not see that it gave a generalization which was identifiable with 
that initiated by Bolyai and Lobachévski, though afterwards, in his Address to 
the British Association, 1888, he attributes the fundamental idea involved to 
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Riemann, whose paper was written in 1854. Says Cayley: ‘‘In regarding the 
physical space of our experience as possibly non-Euclidean, Riemann’s idea 
seems to be that of modifying the notion of distance, not that of treating it as a 
locus in four dimensional space.”’ 

What the Sixth Memoir was meant to do was to base a generalized theory 
of metrical geometry on a generalized definition of distance. As Cayley himself 
says: ‘* , . . the theory in effect is, that the metrical properties of a figure 
are not the properties of the figure considered per se apart from everything else, 
but its properties when considered in connection with another figure, viz., the 
conic termed the absolute.”’ 

The fundamental idea that a metrical property could be looked at as a 
projective property of an extended system had occurred in the French school of 
geometers. Thus Laguerre (1858) so expresses an angle. Cayley generalized 
this French idea, expressing all metrical properties as projective relations to a 
fundamental configuration. 

We may illustrate by tracing how Cayley arrives at his projective defini- 
tion of distance. Two projective primal figures of the same kind of elements and 
both on the same bearer are called conjective. When in two conjective primal 
figures one particular element has the same mate to whichever figure it be 
regarded as belonging, then every element has this property. Two conjective 
figures such that the elements are mutually paired (coupled) form an involution. 
If two figures forming an involution have self correlated elements, these are 
called the double elements of the involution. An involution has at most two 
double elements ; for were three self-correlated, all would be self-correlated. If 
an involution has two double elements these separate harmonically any two 
coupled elements. An involution is completely determined by two couples. 

From all this it follows that two point-pairs A, Band A,, B, define an 
involution whose double points D, D, are determined as that point-pair which 
is harmonically related to the two given point-pairs. Let the pair A, /? be fixed 
and called the Absolute. Two new points A,, B, are said (by definition) to be 
equidistant from a double point D defined as above. JD is said to be the ‘center’ 
of the pair A,, B,. Inversely, if A, and Dbe given, B, is uniquely determined. 
Thus starting from two points P and P;, we determine P, such that P, is the 
center of P and P,, then determine P, so that P, is the centerof P, and P3, etc.; 
also in the opposite direction, we determine an analogous series of points P_4, 
Poy veces We have therefore a series of points 


at ‘equal intervals of distance.’ Taking the points P, P, to be indefinitely near 
to each other, the entire line will be divided into a series of equal infinitesimal 
elements. 

In determining an analytic expression for the distance of the two points, 
Cayley introduced the inverse cosine of a certain function of the codrdinates, but 
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in the Note which he added in the Collected Papers he recognizes the improve- 
ment gained by adopting Klein’s assumed definition for the distance of any two 
points P,Q: dist. (PQ)=c oe a where A, B are the two fixed points giv- 
ing the Absolute. 


This definition preserves the fundamental relation 
dist. (PQ)+dist. (QR)=dist. (PR). 


In this note (Col. Math. Papers, Vol. 2, p. 604) Cayley discusses the 
question whether the new definitions of distance depend upon that of distance in 
the ordinary sense, since it is obviously unsatisfactory to use one conception of 
distance in defining a more general conception of distance. His earlier view was 
to regard codrdinates ‘‘not as distances or ratios of distances, but as an assumed 
fundamental notion, not requiring or admitting of explanation.’’ Later he re- 
garded them as ‘‘mere numerical values, attached arbitrarily to the point, in 
such wise that for any given point the ratio x:y has a determinate numerical 
value,’’ and inversely. 

But in 1871 Klein had explicitly recognized this difficulty and indicated 
its solution. Hesays: ‘‘The cross ratios (the sole fixed elements of projective 
geometry) naturally must not here be defined, as ordinarily happens, as ratios 
of sects, since this would assume the knowledge of a measurement. In von 
Staudt’s Beitraegen Zur Geometrie der Lage (§ 27, n. 8938), however, the neces- 
sary materials are given for defining a cross ratio as a pure number. Then from 
cross ratios we may pass to homogeneous point—and plane—co6drdinates, which 
indeed are nothing else than the relative values of certain cross ratios, as von 
Staudt has likewise shown (Beitrage, § 29, n. 411).”’ 

This solution was not satisfactory to Cayley, who did not think the diffi- 
culty removed by the observations of von Staudt that the cross ratio (A, B, P, Q) 
has ‘‘independently of any notion of distance the fundamental properties of a 
numerical magnitude, viz., any two such ratios have a sum and also a product, 
such sum and product being each of them a like ratio of four points determinable 
by purely descriptive construction.”’ . 

Consider, for example, the product of the ratios (A, B, P, Q) and 
(A’, B’, P’, Q’). We can construct a point AR such that (4’, B’, P’, Q)=— 
(A, B, Q, R). The product of (A, B, P, Q) and (A, B, Q, &) is said to be 
(A, B, P, R). This last definition of a product of two cross ratios, Cayley re- 
marks, is in effect equivalent to the assuinption of the relation 


dist. (PQ)+dist. (QA)=-dist. (P&). 


The original importance of this memoir to Cayley lay entirely in its 
exhibiting metric as a branch of descriptive geometry. That this generalization 
of distance gave pangeometry was first pointed out by Klein in 1871. Klein 
showed that if Cayley’s Absolute be real, we get Bolyai’s system ; if it be imagi- 
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nary, we get either spheric or a new system called by Klein single elliptic ; if the 
Absolute be an imrginary point pair, we get parabolic geometry, and if, in par- 
ticular, the point pair be the circular points, we get ordinary Euclid. 

It is maintained by B. A. W. Russell in his powerful Essay on the Foun- 
dations of Geometry (Cambridge, 1897) ‘‘that the reduction of metrical to pro- 
jective properties, even when, as in hyperbolic geometry, the Absolute is real, is 
only apparent, and has merely a technical validity.” 

Cayley first gave evidence of acquaintance with non-Kuclidean geometry 
in 1865 in the paper in the Philosophical Magazine above mentioned. Though 
this is six years after the Sixth Memoir, and though another six was to elapse 
before the two were connected, yet this is, I think, the very first appreciation of 
Lobachévski in any mathematical journal. Baltzer has received deserved honor 
for in 1866 calling the attention of Hotiel to Lobachévski’s ‘Geometrisché Unter- 
suchungen,’ and from the spring thus opened actually flowed the flood of ever 
broadening non-Euclidean research. But whether or not Cayley’s path to these 
gold-fields was ever followed by anyone else, still he had therein marked out a 
claim for himself a whole year before the others. 

In 1872 after the connection with the Sixth Memoir had been set up, Cay- 
ley takes up the matter in his paper inthe Mathematische Annalen ‘On the Non- 
Kuclidean Geometry,’ which begins as follows: ‘‘The theory of the Non-Eucli- 
dian Geometry as developed in Dr. Klein’s paper, ‘Ueber die Nicht-Huclidische 
Geometrie,’ may be illustrated by showing how in such a system we actually 
measure a distance and an angle and by establishing the trigonometry of such a 
system. I confine myself to the ‘hyperbolic’ case of plane geometry; viz., the 
absolute is here a real conic, which for simplicity I take to be a circle; and I 


attend to the points within the circle. J] use the simple letters, a, A, . . to 
denote (linear or angular) distances measured in the ordinary manner; and the 
same letters with a superscript stroke a, 4, . . to denote the same distances 


measured according to the theory. The radius of the absolute is for convenience 
taken to =1, the distance of any ‘point from the center can therefore be represen- 
ted as the sine of an angle. 

The distance BC, or say a, of any two points B, C is by definition as 


follows: 
BI.CJ 


a=t loser or 

(where J, J are the intersections of the line BC with the circle).”’ 

As for the trigonometry, ‘‘the formulae are in fact similar to those of 
spherical trigonometry with only cosha, sinha, etc., instead of cosa, sina, etc.”’ 

Cayley returned again to this matter in his celebrated Presidential Address 
to the British Association (1883), saying there: ‘‘It is well known that Euclid’s 
twelfth axiom, even in Playfair’s form of it, has been considered as needing 
demonstration ; and that Lobatschewsky constructed a perfectly consistent theory 
wherein this axiom was assumed not to hold good, or say a system of non-Eu- 
clidean plane geometry. There is a like system of non-Euclidean solid 
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geometry.’’ ‘‘But suppose the physical space of our experience to be thus only 
approximately Euclidean space, what is the consequence which follows ?’’ 

The very next year this ever interesting subject recurs in the paper (May 
27, 1884) *‘On the Non-Euclidean Plane Geometry.’’ ‘‘Thus the geometry of 
the pseudo-sphere, using the expression straight line to denote a geodesic of the 
surface, is the Lobatschewskian geometry ; or rather I would say this in regard 
to the metrical geometry, or trigonometry, of the surface; for in regard to the 
descriptive geometry, the statement requires some qualification . . . this is 
not identical with the Lobatschewskian geometry, but corresponds to it in a man- 
her such as that in which the geometry of the surface of the circular cylinder cor- 
responds to that of the plane. 

I would remark that this realization of the Lobatschewskian geometry sus- 
tains the opinion that Euclid’s twelfth axiom is undemonstrable.”’ 

But here this necessarily brief notice must abruptly stop. 

- Cayley in addition to his wondrous originality was assuredly the most 
learned and erudite of mathematicians. Of him in his science it might be said, 
he knew everything, and he was the very last man who ever will know every- 
thing. His was a very gentle, sweet character. Sylvester told me he never saw 
him angry but once, and that was (both were practicing law !) when a messenger 
broke in on one of their interviews with a mass of legal documents, new business 
forCayley. Inanexcess of disgust, Cayley dashed the documents upon the floor. 


Austin, Texas, February, 1899. 


NOTE ON SPHERICAL GEOMETRY. 


By G. B. M. ZERR, A. M., Ph. D., Chester, Pa. 

DEFINITION. Two ares of great circles drawn from the vertex of a spheri- 
ical triangle making equal angles with the spherical bisector of the angle at that 
vertex are called tsogonal conjugate arcs. If three arcs drawn through the ver- 
tices of a spherical triangle are concurrent, their zsogonal conjugates with respect 
to the angles at these vertices are also 
concurrent. 

Let the arcs AM,, BM,, CM, be con- 
current at M. To prove that their isogonal 
conjugates AK,, BK,, CK, are concarrent. 

Fig. 1. Let BM,=—a,, CM,—ay, 
CM,—b,, AM,=b,, AM.=c,, BM.=¢., 
BK,=a,, CK y=a,, Ck)y=b,, AKy,=b,, 
AK .==¢,, BK,=c,. 

ZCMM,=2, 2CMM,=y, ZBMM, 
LCAM,=ZBAK,=6@, ZBAM,= Fig. 1. 


= Z 


y] 
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LCAK,=A-—4, ZCBM,=ZABK,=9, ZABM,=ZCBK,=B-o, 2 BCM = 
LACK =¢, ZACM, = Z BCK =—C—y. 
Now we have 
sina, : sinbM=sinz : sinM, 
sina, : sinCM=siny : sinM,. 


sin a, sinBM sinz 


° ° ane a ee a 2 ee 1 ° 
Sin Q, sinCM siny 0) 
ae sinb, | sinCM sina 
Similarly, sind,  sindMsing UC sees (2). 
sine, sind Msiny (3 
sip Co — sinBM sinz oeeee8e @ ££ @ © © @ ee © © © wo we © © we © ee © ee © © © © © © ee ee he ee we ). 


Multiplying (1), (2), (8) together we get as the condition of concurrence, 
he following : 


sina, sinh, sinc, _ 


==]. cele eee eee (4). 
sina, sind, sinc, 
Now sina, : sinAK,=siné : sinB 
sina, : sinAK,=sin(A—@) : sin. 
sin a, sinf sinC 
‘sina, sin(A—@)sinB’ 
But sina, : sinAM,=sin(A—@) : sinB 
sina, : snAM,=siné : sinC. 
sin sina,sinC sind, _ sina,sin?C 
" sin(A — 4) sina,sinB ' "* sina, — sina,sin® B’ 
Lo sin b, sinb, sin? A sinc, . sine, sin? B 
Similarly, : = Wat) : a er tar 
“* sin b, sinb, sin?C SIN C4 sinc, sin? A 
sina, sind, sinc. sina, sinb, sinc, (5 
a a ac es a a a ar a a a a € . 
sina, sinb, sinc, sina, sind, sine, ) 


‘', AK,, Bk,, CK, are concurrent at K. 

The two points M, K are called spherical isogonal conjugate points with re- 
spect to the triangle. 

Let MD, ME, MF, KG, KH. KI be the spherical distances (perpendicu- 
lar arcs) of M, K from the sides a, 6, c of the triangle. 

Then if sinMD: sinME : sinMF=f : y : 0, it can be demonstrated that 
sinkG : sinKH : sinkI=1/f8 : 1/y : 1/0, as follows : 
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sin MD=sin CMsiny, 
sinME=sinCMsin(C—?). 


_ snd | sing oe os 2. 
. Sine = sin(O=p) —P/”: ~.sinWD: sinME—f6 - Y. 
sinkG==sinC Ksin(C—?), 

sink H=sinCKsin~. 


. snkG — sin(C—y) _ os os a 
. Sink == inp YIP: . sinkG: sink H=y : fb=1/6 : l/y. 


In the same way it.can be shown that sinKH : sinKI=1/y : 1/6. 

..sinkG : sinKH : sinkKI=1/f8 : 1/y : 1/6. 

DeFINITION. If two arcs of great circles are drawn from the vertex of a 
spherical triangle cutting the base equally distant from the mid-point, the two 
arcs thus drawn are called isotomic conjugate arcs. 

If any three arcs drawn from the vertices A, B, C of a spherical triangle 
to the opposite sides are concurrent, their tsotomic conjugates are also concurrent. 

This follows at once from (5) since a,==a;, @,;—=a,, b,=b;, b,=b,, 
Cy==Cy, Cy—=Cy. . 

The two points thus determined are called spherical isotomic conjugate points. 

Fig. 2. Let RD, RE, RF, PG, PH, PI be the spherical distances of R, P 
from the sides a, b, c of the triangle. 

Thenif sinRD: sinRE : sinRF=-1: 
m:v7itcan be demonstrated that sinPG : 

; ; 1 1 1 
sinPH : sinf'l ~Isin?a° msin?b * nsin®c 
as follows: 

Let BR,=CP,=—a,, BPP,=CR,=a,, 
Ch,=—AP,=—b,, CP»=AR,=b),, 
BR,=AP.=c,, BP,=AR=cy. 

Then sinkRD=sinRCsinkCD, 

sinfE==sinkCsinkCEH., 


sinRD sin RCD 


* “snRE sin ROE’ 


But sinkCD : sinRk,.=sine, : sina 
sinfCE : sinf.=sinc, : sinb. 


sin RCD sinbsine, sinkD sinbsine, L/m 
- Wn eae ee TOO OTe nN . 
sin RCE Sind Siné, sinkE sind sinc, 


sinPG=sinPCsinPCG 
sinPH=sinPCsinPCH. 
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sinP@ __ sin PCG 


' snPH ~~ sinPCH’ 


But sinPCG : sinP,=sine, : sina 
sinPCH : sinP,=since, : sinb. 


sin PCG sinbsince, sin PG sinbsince, sin® b l 
© Wyre ee C.D OSS ee SS i 
sin PCH Sina sinc, sinPH Sina sinc, sin?a 
e e e 9 * 9 ° e 1 1 
*. sinPG : sinPH=sin*b.m : sin?a.l or sinPG : sinPH=— : 


lsin?a" msin®b ° 
In the same way it can be demonstrated that 


1 
msin?b ° nsin?e ° 


sinPH : sinPI= 


.. sinPG:sinPH: sin PI—-—— . ! . | 


lsin?za msin?b~° nsin2c° 


ExampiEs. If M is the median point, K is the symmedian point. 
sin(C—¢) _ sind 
sind  sinB’ 
“.snMD: sinME& : sinMF=cosecA : cosecB : cosecC 
sinKG : sinKH : sinKJ=sinA : sinB: sinC. 

If & is the point of concurrence of arcs drawn from theangles to the points 
of contact of the incircle with the opposite sides ; P, its isotomic conjugate point, 
is the point of concurrence of arcs drawn from the angles to the points of contact 
of the ex-circles with the opposite sides. 

In this case c, =(s—b), c,==(s—a). 


In this case 


sinkD __ sinbsin(s—b) _ cos? $B sec? 3A 


* “sinRE ~~ sinasin(s—a) cos? 44s sec? 4B 
~.sinkD: sinRE : sinRF=sic? 3A : sec? $B: sec? 30, 


2 2 1 ~ 2 
- sinPG : sinPH : sinPI=—* 3A cos* 3B cos? 3C 


sin?a ° sin?b ~° sinze ° 


If we start with the in-center, whose distances from the sides are 1: 1:1, 
and take its isotomic conjugate we get a point whose distances from the sides are 


1 1 1 
sin? a sin? db sin?c’ 
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The isogonal conjugate of this last point is a point whose distances from the sides 
are sin?a: sin?b: sin’c. By repeating this process we get a series of points 
whose distances from the sides are as sin”a : sin”b : sin”c, where m is an even 
positive or negative integer. For the symmedian point we have sind : sinB: 
sinC=sina: sinb: sinc. Starting with this point and alternating as above, we 
get a series of points whose distances from sides are as sin”a : sin”b : sin”c where 
nm 1s any odd positive or negative integer. 


NEW AND OLD PROOFS OF THE PYTHAGOREAN THEOREM. 


By BENJAMIN F. YANNEY, A. M., Mount Union College. Alliance, Ohio, and JAMES A. CALDERHEAD, B. Sc., 
° Curry University, Pittsburg, Pennsylvania. 


[Continued from February Number. | 


XCI. Fig. 38 and Fig. 39. 
The triangle is ABC. The construction in the two figures is evident. The 
Hindu Bhaskara, the author of this method, complimented 


‘‘Behold.’’? We follow his example. 


Note. The above is a conjectured proof of Pythagoras. See pages 50 
and 123 of Cajori’s ‘‘History of Elementary Mathematics.’’ 


XCII. Fig. 38. 
AB*®-=2AC.BC+CH? 
==2AC.BC+(AH—AC)? 
==2AC.BC+(BC— AC)? 
=BC?+AC®. Q. E. E. 

XCIII. Fig. 38. 

Suppose BC is produced to meet AD, as at L. 

Then let LBA be the given triangle, right-ang- 
led at A. 

Now, the the area of thesquare on AB=thesum 
of the four triangles ABC, BEK, DEF and ADH, and 
the square CHI'K ; or, AB? ==2AC.BC+CH?. 

Fig. 39. Again, AC=(AL.AB)+BL, BC=AB* +BL, 
and CH=AH—AC=-BC— AC. 
; . AB AL? AB? 
~. 2AC.BCO+CIT?=BC? tA C8 ee pre 
‘+ BL? —AB?+AL?. Q. E. D. 


_ writers are indebted, for its reproduction, to Professor Coleman Ban- 


XCIV. Fig. 40. 
AB? =CF? —2AC.BC 
=(BF+BC)*—2AC.BC 
—=(AC+BC)?—2A0.BC 
—=AC?®+ BC. Q. E. D. 
Note. If we join AH in Fig. 40, and treat the trapezoid AEFC af- 


ter the manner of the above demonstration, we shall have a slightly 
different proof. This is known as General Garfield’s proof. The 


eroft, of Hiram College, who gives also the interesting information 
that the proof was the result of one of Mr. Garfield’s mathematical re- 
creations while in Congress. Fig. AQ. 


XCV. Fig. 41. Make BE=BC, and draw DE perpendicular to AB. 
Then DE=DC. 
Now, the area of ABC=3AC.BC=DE.BC+34AE.DE. 
But DE=(BC.AE)+AC, and AE=AB—BC. 
BC?(AB—BC) (AB— BC)? BC 


3 AC. BC=——— a +4 16 
J. AC?=2AB.BC—2BC*? + AB?*—2AB.BC+BC?, 
|. AB*=AC?+BC?, Q. EK. D. 


Fig. 41. 
XCVI. Fig. 41. 
Let ADE be the triangle right angled at H. Produce AD to C making DC 
=DE. Produce AEF till it meets the perpendicular BC drawn from C. 
Then are the two triangles similar. 
Now, the area of ADE=3AE.DE=3AC.BC—DC.BC 
_, DE(ADLDE) — DE? (AD+DE) 


“AE AE 
Whence, AD? =AE?+ DE?. Q. E. D. 


XCVII. Fig. 42. 

Let ABC be the triangle, right-angled at C. Draw 
the escribed circle O, tangent to the hypotenuse. 

Designate the sides of the triangle by a, b, c, and the 
radius of the circle by . 

The area of the square CPOS=r? =}3ab-+re. 

But r=3(a+b-+e%. 

.. By substitution, 4(a+b-+c)?=-sab+ic(at+be). 

“.c?=a?+b?. Q. HE. D. Fig, 42, 

IV. QUATERNION PROOFS. 


XCVIII. Fig. 48. 

Represent the sides as indicated in the figure. 

Then y-=a+f. Squaring, y?=a?+2Saf+ 62. 
But, since angle C is right, 2Sa@—0. 

J. p?=a’?+6?, or as lengths simply, changing 
Fig. 43. signs, AB?=AC?+hC*. Q. E. D. 


From Hardy’s Elements of Quaternions. 
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XCIX. Fig. 44. 

Let ABC be a triangle, right-angled at C. Draw CD perpendicular to CB 
and equal to AC. Draw DB, which equals AB. 

Represent vectors AC and CD by a, and vector CB 
by #. 

.. As vectors, AB=AC+CB=a+f, and DB=DC 
+CB=—atf6. 

Squaring and adding, we have AB?+BD?—2a?+ 
26°. or the corresponding lines, we have AB?4+BD?=— 
2AC?+20B?, 

~., ABP°=AC?+CB?, Q. E. D. Fig. 44, 


C. Fig. 45. 
Let ABC be a triangle, right-angled at C. Complete the parallelogram 
ADBC. Draw the diagonal CD. 

Represent vectors CB and AD by a, and vectors CA 
and BD by #. 

.. As vectors, CD=-CA+AD=a+f, andAB=AD 
+DB=a—f. 

Fig. 45. Squaring and adding, we have CD?+ BA?=—2a? + 
23%, For the corresponding lines, we have CD? + BA? =2CA?+2CB?, 

. 2BA®%=2CA2+12CB?. 

“, AB*=AC2+CB?. Q. E. D. 
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HISTORICAL NOTE. 


BY FLORIAN CAJORI, PH. D., PROFESSOR OF PHYSICS, COLORADO OOLLEGE, AUTHOR OF 
TWO HISTORIES OF MATHEMATICS. 


| Contributed by the request of the authors. } 


If the lengths of the sides of a triangle are, respectively, 3, 4, 5 units, then 
the figure is a right triangle. This fact was known to the early Egyptians, who, 
it appears, based upon it a method of laying out their temples. They determin- 
ed aN. and 8. line by accurate astronomical observation, then ran a line at right 
angles to this by means of a rope stretched around three pegs in such a way 
that the three sides of a triangle thus formed were to each other as 3: 4:5, one 
of the legs of the right triangle being made to coincide with the N. and S. line.* 
Essentially the same process was described later by Heron of Alexandria, by the 
Hindu astronomers, and by Chinese writers. The Hindus took for the lengths 
of the sides 15, 36, 39, respectively. There is reason to believe that the Egyp- 
tian ‘‘rope-stretchers”’ existed as early as the time of King Amenemhat I., about 
2300 B. C. If this date is correct, then this method of laying out right angles in 
the field by rope-stretching was in vogue fully 3000 years ! 

The discovery ofthe well-known property of the right triangle is ascribed by 
Greek writers to Pythagoras. The truth of the theorem for the special case when 
the sides are 8, 4, 5, respectively, he may have learned from the Egyptians. 
That the importance and beauty of this theorem of three squares was thoroughly 
appreciated by the Greeks is evident from the legend to which its discovery gave 
rise. Pythagoras is said to have been so jubilant over his great achievement, that 
he offered a hecatomb to the muses who inspired him. As the Pythagoreans be- 
lieved in the transmigration of the soul and, for that reason, opposed the shed- 
ding of blood, the sacrifice was replaced in the traditions of the Neo-Pythagor- 
eans by that of ‘‘an ox made of flour’’!. The proof given by Pythagoras for this 
theorem has not been handed downto us. That in Euclid I, 47 is due to Euclid 
himself. Much ingenuity has been expended in conjecture as to the nature of 
the proof given by Pythagoras. Some critics believe that the proof involved the 
consideration of special cases ; that it was essentially that for the isosceles right 
triangle outlined by Plato in Meno,f in which a square is divided into isosceles 
right triangles. Other critics surmise that the Pythagorean proof was substan- 
tially the same as that given by the Hindu astronomer Bhaskara (about 1150 A. 
D.), who draws the right triangle four times in the square upon its hypotenuse, 
so that in the middle there remains a square whose side equals the difference be- 
tween the two sides of the right triangle. Arranging the small square and the 
four triangles in a different way, they can be shown, together, to make up the 
sum of the squares of the two sides. In another place Bhaskara gives a second 


*M. Cantor, Vorlesungen ueber Geschichte der Mathematik, Vol. I, 1894, page 64. 
tCantor, op. cit. page 205. 
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demonstration of this theorem by drawing from the vertex of the right triangle 
a perpendicular to the hypotenuse and then suitably manipulating the propor- 
tions yielded by the similar triangles. This proof was unknown in Europe un- 
til it was rediscovered by the English mathematician, John Wallis. 

Among Arabic authors the earliest proof, for the case of the isosceles right 
triangle, was giveu by Alchwarizmi, who lived in the early part of the 9th cen- 
tury. It is the same as that in Plato’s Meno. The Persian mathematician, 
Nasir Eddin, who flourished during the early part of the 18th century, gave a 
new proof, which required the consideration of eight special cases.* Until six 
years ago this proof was attributed to more recent writers. 

The theorem of Pythagoras has received several nicknames. ‘In European 
universities of the Middle Ages it was called ‘‘magister matheseos,’’ because ex- 
aminations for the degree of A. M. (when held at all) appear usually not to have 
extended beyond this theorem, which, with its converse, is the last in the first 
book of Euclid. The name, ‘‘pons asinorum,’’ has sometimes been applied to it, 
though usually this is the sobriquet for Euclid, I.,5. Some Arabic writers, Be- 
ha Eddin for instance, call the Pythagorean theorem, ‘‘figure of the bride.’’ Cur- 
iously enough, this romantic appellation appears to have originated from a mis- 
translation of the Greek word voydy, applied to the theorem by a Byzantine 
writer of the 13th century. This Greek word admits of two meanings, ‘‘bride”’ 
and ‘‘winged insect.’? The figure of the right triangle with the three squares 
suggests an insect, but Beha Eddin apparently translated the word as ‘‘bride.’’t 


*See H. Suterin Bibliotheca Mathematica, 1892, pages 3 and 4. 
tSee P. Tannery in L’ Intermediare des Mathematiciens, 1894, Vol. I, page 264. . 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
106. Proposed by ELMER SCHUYLER, High Bridge, N. J. 


What is the amount of $1000 at compound interest for three years, at 6%, if it be 
compounded every instant ? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa., and J. OWEN MAHONEY, B. E.. M. Sc., Instructor in Mathematics, Carthage High School, Car- 
thage, Texas. 

Let A=amount, P=principal, r=rate, n=number of years, g==number of 
times interest is payable a year. 

Then A==P[1i+(r/q)]2”. Let q=rz. 

2. A=PII+(/ey""=P{[1+C/2)]*}""=Pe™ when 2 is infinite. 

J. A=1000e%—=1000 X 1.19705—§$1197.05. 
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II. Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass.; J. D. 
CRAIG, Frankfort, Ky.; and COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, 
Knoxville, Tenn. 


Let A be the amount of P dollars for n years at r per cent. payable g times 
ayear. Then A==P[1+(1r/q)]"?= 


nr? nr? ni 73 2n an ntr4 
PL 1+nr + ia ~taqtisst+ ies aaa; tieeat | 


Now if interest is to be compounded every instant, q is infinite and hence 
all terms in this series containing g will vanish, and we have 


nr? ni r3 nitrt ap 
A=P| tpur 5+ T23T qesat.::: |=Pe : 
., A==$1000(2.71828)-8—$1197.462-+. 


III. Solution by D. G. DORRANCE, Jr., Camden, N. Y. 
The formula forthe amount of (a) dollars for (n) years at 7% interest com- 
pounded every «th part of a year is 


Lr Nr 
(t+) 
which expanded by the Binomial Theorem becomes 


ne(na—1) r* na(nx—1)(nx—--2) 73 


r 
a(t + n+ 1.2 pot 1.2.3 mot ete. } 


which, when x is made infinitely large, becomes 


nr 373 ntrt nerd 


a(1tnr + 12) 192387 1934+ Poza t ete 


Make a==$1000., n==3, and r=.06, and the above becomes 


$1000(1 +.18-+ .0162 + .000972 + .00004374-+- .00000157464-+-etCc. ) 
—=$1000(1.197217381464-+4 )=$1197.21731464+., the required amount. 


Also solved by CHAS. C. CROSS, and ALOIS F. KOVARIK. 


ALGEBRA. 


91. Proposed by NELSON S. RORAY, Professor of Mathematics, South Jersey Institute, Bridgeton, N. J. 


Solve the following without making use of the determinant notation, and prove that 
the results obtained are the roots. 
10v—2y+-42=5, 
3dx-+-Dy—3z2=7, 
t+3y—27:—2. 
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I. Solution by H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics, Manual Training School, Phila- 
delphia, Pa. 


Kliminate z : 124+4y=—9...... (1), 
A4Qe+1l4y=48...... (2). 
Multiplying (1) by 7, and (2) by 2, 
84x +-28y-=63, 
84% +-28y=86. 
Whence the values of x, y, and z are infinite. 
Multiply (1) by 48, and (2) by 9; equate results and reduce : 
Yr=—3e. 
Similarly, g==— An. 
The values a/0, —(8a/0), —(4a/0 prove in all three equations. 


G. B. M. ZERR, J. K. ELLWOOD, M. A. GRUBER, and ELMER SCHUYLER each show that the 
equations are not simultaneous. 


II. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn. 


Combining (1) and (8) we find 8a+y=%...... (A). 
Combining (1) and (2) we find 8a+y=4?...... (5). 
Combining (2) and (8) we find 8a+y==8...... (6). 


These three results are incompatible. 

From (1)+(8) we get 15%—19y-+-18z=-0, or 15(x/z)—19(y/z)=— 18. 

From (1)+(8)—(2) we get 8e—4y-+-52=—0, or 3(2/z)—4(y/z)=— 5. 

Solving these we find the ratios #/z==—}, y/z=}...... (7). 

The only answers to (4), (5), or (6) are r=— o@, y==+ om. 

Similarly, z=-++ », and the ratio of these infinities is given from (7) : 
eryr2i —1:38: 4. 

Writing (1), 10(¢/z)—2(y/z)+4=5/z=0, since z= a, 

J“. 10(— 4) -—2(4) =(— 16/4) = —4, which proves ; similarly for (2) and (8). 


III. Solution by CHARLES C. CROSS, Libertytown, Md. 


Take the general equations, 
uxctby+ez=d, 
vatb'y-esz=d, 
aatb’y+e"z=ad". 
From which, 
_b'ce"d+be'd" +b" cd'— b'cd"— bed’ —b"e'd 
~ab'e’ ta’ bc’ +a'b"c— a’’b'e—a'be"' —ab''e”’ 


ac’'d' -a’cd” +a"c'd—a"'d'c—a'ce"d—ad''¢’ 
—_ D 


4 


abd” +a'b"d+a"bd’— a’'b'd—a'bd”—ab"d’ 
tt ; ee 


Whence by substitution <="3, y=— 6°, and z=— 9. 
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From this we see that a problem is impossible when 
b’ b’c’ +a’ be’ +q’ b’’e —a’’b’'c—a'be'’—a "'—0. 


IV. Solution by J. M. BOORMAN, Woodmere, Long Island, N. Y. 


(1), (2), or (8) requires a modulus, otherwise it lacks one congruous root 
for some value of w, y, orz. If (1) and (8) be held congruous, modulus (2)=— 
2.875. .*. Constant (2)—7+M—4.1285. 


*, w==1.38, 1.4, ete.; 2,2.1.......... 0.0.6. ce eee, The law is obvious. 
y=— 1.65, --1.95, ete.; —3.75, —4.05........ 
g—-—2.825, 3. 295. etc.; —5.625, —6.925...... M=-—2.875 ....(A). 


The above, with modulus (1}=238 taking (2) and (8) congruent, modulus 
(3)==1.6%. (1) and (2) taken congruent and the infinite series (B) and (C) are 
the required solution and roots. 

Proor. §(2) is 2x+33y==43+22; $(1) 1s d5a—y=2.5—22. Subtracting 
(3) from the first of the above and adding it to the second, we have 


ctiy=-2.665 and 62+ 2y 4.5 Lees (4). 
atsy=0.75 or aw+i4y=—0.78. 
Defect of 22 in (2), —1.91% of 32==modulus (2)——2.875. 


If 10a, —2y, ete.—=; ..... . Y= —38.75 5 z=— 5.625 as above. 
(1)==20+7.5—22. Box 5. 
(2) =380—=6—18.75+16.875-=7— M—4.125., 
(83) w==2—11.25411.25=2. 
Compute for v=2.1 for series (A) and its law. 
Similarly, take (2) (8) congruent. *, (B). 
Similarly, take (1) (2) congruent. .*. Modulus (8)=1 68. .°. (C). 
", U,==2, 2.2, 2.4, 2.6, 2.8, ete. Modulus (1)=23. . 
Y,==2. 14. 0.8, 0.2, —0.4, ete. Constant (1)=5+23=28. 
2,==8, 2.2, 1.4, 0.8, —0.2, ete. ...... (B). 
t, =2, 2.1. 2.2, ete. 
Y,==— 2.9%, —3 22, —3 52, ete. Modulus (3)==1.63. 
%—=—5.21, —5.61, 6.04, ete. Constant (3)—363. 
Laws of (B) and (C) are obvious. 


[Notre on Problem 89. I have been interested with solutions of the problem “Solve | are sae 


by quadratiecs,’’ the eleventh solution of which appeared in the February number of the MonTHLy. 

This example was given me to solve about forty-three years ago, and hardly a year has passed 
since without having been requested to solve it. A so called quadratic solution appeared in Henkle’s 
‘‘Notes and Queries’’ about twenty-five years ago; and Professor Schuyler inserted substantially the 
same solution in the edition of his Algebra of 1884. Several solutions appeared in the mathematical col- 
umns of the New England Journal of Education about fifteen years ago. 

All the solutions in which the values x=2 and y=3 are found by completing a square are tentative 
and depend indirectly upon the values sought. Take, for example, V. (b). 2?+y=7 is written y—3=—4—2? 
and «+y?=11 is written y?—9=2—2. That is, first, y minus the value of y is equal to the square of the value 
of x minus the square of x; and second, y? minus the square of the value of y is equal to the value of 2 
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minus x; and the ability to get an equation of which the square can be completed depends upon this 
operation, 

In the seventh solution Dr. Zerr lets t=3—y and gets 7?—4=t and x—2=t(3—y). Now the only inte- 
gral value of ¢ that will satisfy this assumption is zero; and this gives x=2 and y=3. And the the rest of 
the work is only necessary to show a little algebraic skill in getting a form the square of which can be 
completed. We are to observe, too, that when the square root is taken the double sign must be excluded. 

In regard to the eleventh solution I ask how the solver got the 10ab=40+10b to subtract from (5)? iI 
think he will admit that he found it by trial; or if not, he knew the values sought and from them found 
the member by which (4) must be multiplied to get this result. In every similar example this number is 
2(y?—2?)(y>ax). In the present example 2(9—4)=10. Had the example been an ar when w=2 and y 
=5, the number with which (4) must be multiplied is 2(25--4)=42. So by knowing the roots in tnis mode 
of solution we always can find what to subtract to complete the square. But if we do not know the roots 
sought the finding of this quantity is a mere work trial ; and would require much more labor than to find 
the values by inspection. 

So I have come to the conclusion that when there are integral values for x and y they are best found 
by inspection, and the other values are best found by the use of Sturm’s Theorem and Horner’s Method 
of approximation. M. C. STEVENS, 

Purdue University. 


This problem, with four different solutions (all of which have been published in the MonTHLY) may 
be found in the School Visitor, Vol. III., pp. 114-115, and the editor, Mr. John S. Royer, calls it the ‘* Yale 
Problem.’’ Three solutions of this problem may also be found in The Mathematical Visitor, Vol. II.,p. 8. 
and two solutions of it appeared in Vol. II., p. 25, of The Analyst. 

x?+y=a is the equation of a parabola whose axis coincides with the Y-axis of reference,and its infin- 
ite branches extending in the negative direction; x+y’?=6 is the equation of a parabola whose axis coin- 
cides with the X-axis of reference and its infinite branches extending in the negative direction. These 
two curves may intersect in four points, intersect in two points and touch in one, intersect in two points, 
touch in one point or not intersect at all. The equations considered as simultaneous may, therefore, 
have four real roots, all different; four real roots, two equal and two different; two real roots, equal or 
different, and two imaginary roots; or four imaginary roots. The solution of the general case leads to a 
biquadratie which cannot be solved by quadratics. EDITOR F.] 


GEOMETRY. 
108. Proposed by NELSON L. RORAY, Bridgeton, N. J. 
ABC is a triangle. O,, O,, O, centers of escribed circles. Prove alti- 
tudes of triangle O,O,0, are concurrent at center of incribed circle. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

Take the figure of my solution of Problem 97, Vol. V, No. 10, page 2381, 
THE AMERICAN MATHEMATICAL MONTHLY. 

We are to prove BN, AP, and CO the respective altitudes of A PON, and 
passing through S, the center of inscribed circle of A ABC. 

A BGN and A BHN are equal; for NG 
—WNH (radii of same circle); 7 BGN=/ BHN 
==right triangle (radius to point of tangency), 
and BN is common. 

~. ZABN= ZCBN ; and as BN bisects 
ZL ABC, BN passes through S, the center of 
inscribed circle. 

L ABO+ ZABN + CBN + 2 CBP= 
two right triangles. But ZABO==7CBP 
(property of escribed circles), and “7 ABN= 
ZCBN. .«.2ZABO=27 ABN=two right angles. Whence 7 AbO+ 7 ABN 
= / NBO=right triangle. 
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.. BN is perpendicular to PO. 

.. BN is the altitude of A PON let fall from the vertex N, and passes 
through the center of the inscribed circle of A ABC. 

In a similar manner, AP and CO can be proved the other two altitudes 
passing through S. . 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 
ABC is the pedal triangle of 0,0,0,. 
The altitudes of 0;0,0, bisect the angles of its pedal triangle. 
.. The altitudes are concurrent at the in-center of ABC. 


III. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 
Using trilinears, and ABC as the triangle of reference, the equation to 
BC, CA, AB being a=0...... (1), @==0...... (2), y==0...... (3), respectively, 
and noticing that 0,0,, O,0,, 0,0, are the external bisectors of angles C, A, 
B, respectively, we have their equations, in order, 


Any line through the intersection of (4) and (5) is given by a+ 6+k(6+y7) 


=0, or (1+h)a+6+hky=0...... (7). 
The condition that (7) is perpendicular to (6) is 


(1+4)(i—cosA —cosB—cosC)=0...... (8). 


This in general requires that k=—1...... (9), and (7) is B—y=0...... 
(10), the internal bisector of 7 C. This really proves the theorem. 


IV. Solution by P. H. PHILBRICK, C. E., Lake Charles, La.; G. I. HOPKINS, A. M., Professor of Mathemat- 
ics and Physics, High School, Manchester, N. H.; W. H. DRANE, Graduate Student, Harvard University, Cam- 
bridge, Mass.; ALOIS F. KOVARIK, Professor of Mathematics, Decorah Institute, Decorah, Ia.; MELVIN ENGER, 
Decorah, Ia.; P. S. BERG, B. Sc., Principal of Schools, Larimore, N. D.; and J. 0. MAHONEY, B. E., M. Sc., Mas- 
ter of Mathematics and Science, Carthage Graded and High School, Carthage, Tex. 


In the figure of the first solution, change N to O,, P to O,, Oto O,, and 
S to O. 

Since COO, bisects the angle C, it passes through the centers O of the in- 
scribed circle and O, of the escribed circle. Moreover, since CO, bisects the sup- 
plement of C, O,CO, is a right angle. Hence CO, is an altitude of O0,0,0,. 
For the same reason, AO, as well as BO, pass through O and are altitudes of 
OU ,0,03. 


Excellent demonstrations of this proposition were also furnished by COOPER D. SCHMITT, E. D. 
SCALES, J. SCHEFFER, and CHAS. C. CROSS. Mr. Cross sent in two different demonstrations. 
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CALCULUS. 
83. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


From a given point, P, in the base, AB, of a triangle, to inscribe in the latter the 
minimum triangle, if its angle at P is given. 


I. Solution by R. E. GAINES, A. M., Professor of Mathematics, Richmond College, Richmond, Va. 


Let PQR be the triangle whose area is to be a minimum. Denote the seg- 
ments into which P divides the base by a and b and the an- 
gles opposite them by 6 and g. Then since the angle PQR 
is constant 6+ m=—constant. 

Now pq sina sink 
sind sing 

In order that the triangle may be a minimum it is 
evident therefore that sinfsing must be a maximum. 

.“. Singcos#—sin6cosp=—0. 

. sin(gp—f)=0. .*. p=8. Or if it be required to construct the triangle 
it will be found that / RPB=A-+3(C—y7) where > is the given angle at P. 


II. Solution by the PROPOSER. 
Let PQR be an inscribed triangle, Q lying in AC and Rin BC. Denote 
the given angle QPF by #, and the given distances PA and PB respectively, by 
mandn. We have 


QP— msinA RpP— nsinB 
sin (A+6)’ ~ gin (@—B+4) 


Since the area of AAPQ, / QPR being constant, depends upon the prod- 
uct of AP and RP, the area is a minimum if sin(A+6)sin(?@—B-+4) is a maxi- 
mum. Putting this product=M, we find 


2 
oa =sin(A—B-+8-+26), and op —=200s(A—B+P-+20). 


From sin(A—B+/+26@)=—0, we obtain A—B+’+24=—180, since A—B+ 
8+26=0, would make 0?M/0@? a positive quantity, and furnish a minimum in- 
stead of a maximum. 

. 6=90° —3(A—B+8). 

If =C, 6=B, and in this case the minimum triangle would have its sides 
QP and RP parallel to BC and AC respectively. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and ELMER SCHUYLER, High Bridge, N. J. 


LAPQ=6, ZQPR=\. 
.. PQ=—dsin Acosec(A+6), PR=(c—d)sinBcosec(A-+6—B). 
-, cosec(A-+6)cosec(A-+6— B)=minimum. 
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This is the case when cot(A+@)+cot(A-+6— B)=0. 
. PQ=dsinAcosec3(A+C). 
PR=(c—d)sinBeosec3(A+C. 

Geometrical construction : Upon AB describe a seg- 
ment containing an angle=/C+/A. At P erect PO per- 
pendicular to AB meeting the circle inO; draw OR, OQ 
perpendicular to BC, AC, respectively. Then PQR is the 
minimum triangle required. 


IV. Solution by P. H. PHILBRICK, C.E., Chief Engineer, Kansas City, Watkins & Gulf Railway, Lake Char- 
les, La. 


Let the figure represent the triangle. Letangle at P=26. Drop the per- 
pendicular PD upon the nearest side, then draw Pa and 
Pa' making angles DPa and DPa’ each equal to 6. Paa’ 
is the triangle required. 

To prove that this triangle is less than any other in- 
scribed triangle having the same vertex angle at P, draw 
Pb and Pb’ making angles aPb and a’Pb’ each=z. 

Let PD=p. Now aa’==2ptané, 

Also bb’ =bD-+ Db’ =p[tan(@—«)+tan(6+2)]. 


tanfd—tanz tand+-tanz 


_ 7) eS a Og) oT bane | 
tan(@—2) 1+-tané@tanz and tan(?-2) 1—tanOtanz * 
Substituting and reducing, we find, 
1+tan’x 


bb’ ==2ntand x —— > 2ptané. 


1—tan? tan22 

. bb’ >aa’ and triangle Pbb’>triangle Paa’. 

SECOND PROOF. 

(9—x)3 
3 


(O--ax)8 


tan(d—x)=(6—2) + Se , and tan(O--2) =(4--2) +—3—— + Lewes 


3 
also 2tan 920-427 tee. 


But each term in the last development, except the first, is less than the 
sum of the corresponding terms in the first two developments. 

Hence tan(6é—2)+tan(@+2)>2tané. Hence bb’ >aa’. 

A geometrical proof is also easy. 

In case half the angle at P is >APD, the triangle, as above, would not 
lie entirely within ABC. In that case make angle APc=the given angle 26, and 
APc is the triangle required. 

The maximum triangle is formed by drawing from P a line PC to the 
farther vertex of the farthest side and making CPE=26, If E falls on CB pro- 
longed, then CPB is the required triangle. It will be observed that if PB>PA 
triangle CPB>CPA. 


Si 


MECHANICS. 


75. Proposed by B. F. FINKEL, A.M.,M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A particle, P, is held in a bent tube by two forces directed towards two 
fixed points, H and 8. Show that the equation of the tube is PS.PH=—k’, if the 
forces are M/PS and u/PHA. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 


Let PS=r, PH=r’, u/PS=f, u/PH=f'. 
By the principle of virtual work we have for equilibrium, 


fdr+f' dr’ =0, but f/f’ =r'/r or f'r’ =fr. 
Dividing fdr==—f'dr’ by fr=f'r’ we get 
dr/r=—dr'/r' or rdr’' +r’ dr=0. 


Integrating, we get rr’ =a constant==k?. 
', PS.PH=k’. 


IV. Solution by GEORGE LILLEY, Ph.D., Professor of Mathematics, University of Oregon, Eugene, Oregon. 


Let P be any position of the particle, 777’ the tangent to the tube at P, 
ZTPS=$¢, 2 TPH=¢', 2 PSH=0, 7 PHS=0', PS=r 
and PH=r’. 


Resolve along TT’, 


=0. 


6 
But, tang = rae hence, soap tt. where ds 


di ds 
is element length of the tube. Also cos@’ a, 
Therefore, oye dr |; —=0. 


Integrating, low )+c—0, where c depends on known values of r and 7’. 
Therefore, SP.PH=k?. 


Or thus: By the method of virtual work, 


Fdr+F’' dr’ =—0, where Foy and fF’ — aap 


Thus form the differential equation and solve it as above. 


V. Solution by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, P. 0., 
University, Miss. 


Let P be the particle, S and H the fixed points: Denote PS, PH, and 


SH by h, s, and 2m, respectively. Take the origin of rectangular axes midway 
between S and H, the x-axis lying along the line SH. Let the resultant force 
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acting at P (x, y) intersect Oz at A, and make angles a, f, 6, with PS, PH, and 
AH, respectively. 


bg Nas e Vas ny ha e ha e ——— 7 e [ 
Since Sp 7p asin ek :sing, HP:SP=sinf:sina, 
sing h 
or inf Sot ttn tr rns eee er ene es (1). 
Also s.sinf _AH m—OA 


hsina AS m+0OA° 


Substitute from (1) and solve for OA, obtaining 
__ hs a y _ yr tatytmey 
OAS Tepe TOR aa a bxy me 
A? +s? 
Since PA is normal to the tube, the differential equation of the curve is 


dy sf ay®—m? x 
dx yB ta®ytmey’ 


Integrating, y4 +24+22?y2+2m*%y? —2m? x? =c. 
Adding m‘* to both members, and factoring, 


[y2+(m+2)? ][y? +(m—2z)?]=c+m‘4, or SP?.HP?=c+m‘==k4, 
from which SP.HP=k?. 


VI. Solution by R. E. GAINES, Professor of Mathematics, Richmond College, Riehmond, Va. 


Denote PS and PH by r and r’, respectively, and these may be taken as 
the ‘‘bipunctual codrdinates’’ of P. Then it is easy to show that 


dr’ dr 
Fe COs and “ds. COs Pp. 


dro cosy 


“dr cos@’ 


Now resolving forces along the tangent at P we have, 


1 1 cos’ 
 cosp——cosyp or ——— —— P =0. 
r r r 7’ COS@ 


1 1 dr’ 
. rn ae dr =0. 


r 


.. logr+logr’=logk?,  .°. rr’ =k?. 
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If the forces had been f(r) and wF(r’) we could get the form of the curve 
by integrating 


ik 
fOLFO) G0. 


76. Proposed by JAMES F. LAWRENCE, Classical Sophomore, Drury College, Springfield, Mo. 


An inclined plane of mass M is capable of moving freely on a smooth hor- 
izontal plane. A perfectly rough sphere of mass m is placed on its inclined face 
and rolls down under the action of gravity. If’ be the horizontal space advanc- 
ed by the incline plane, x the part of the plane rolled over by the sphere, prove 
that (M-+-m)a’==macosa, ix—x’cosa==tgt? sing, where a is the inclination of the 
plane. [From Routh’s Elementary Rigid Dynamics, page 126. ] 


I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


Let F=friction of the sphere and plane, R=their mutual reaction, 6=the 
angle through which the sphere has rotated from the beginning of motion, y=the 
vertical distance of the center of the sphere from the horizontal plane, 7,—=the 
corresponding abscissa, h and k the initial values of x and y, respectively, and a= 
the radius of the sphere. 

For the motion of the sphere, resolving horizontally and vertically, and 
taking moments about the center of the sphere, 


dx, , ad?y , 
mM a3 =Feosa—Rsina........ (1), m ae —Fsina+Reosa—mg..... .. (2), 
do 
2ma2 — 
2ma Te QF ........ (3). 
For the horizontal motion of the plane, 
da’ ; 
M ‘TE -==-—Feosa+Rsina........ (4). 
Also, %,==h+a’—adcosa@...........6..: (5), y==k—adsina......... 2.000. (6). 
2m! 24 
From (5) and (1), m=*—macosa-Ft-=Feosa—Rsina Lecce eens (7); 
; ad? 6 ; 
and from (6) and (2), —masina@ TE =Fsina+Reosa—mg...........006 (8). 


Eliminating F’ and F# from (8), (7) and (8), 


ad? a’ , d?0 . 
mCosa—so— == $ma—T —mgsina .....(9). 
; _ dx? do 
Integrating (9), noticing that when ¢—0, 8 Woe and «’—0, 0=0, 


d 
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mcosa.2’—=imad—tmgsina.t® ..... (10). 


Again, eliminating F' and Ff from (1) and (4), 


meet _ qty ; ad? 0 
Te +- moe a 0, ..(11). But from (5), m diz na COR aT . (12). 
/ . — (M+ imn)z’ 
(11)—(12) gives MaO————— bene (13). 
(13) in (10) gives a’==-—_omsinacosa__ gt” (14 
) ) 8IVES BF tm)—Bmeosta 2 ). 
{ g] 
(14) in (13) gives aé = d¢M-m)sina (15). 


7(M--m)—Smeos®a *** 


Since c<=al, 4x—az'cosa—tgt*sina..(16), and (13) is (M-+m)zxz’=mzcosa. .(17). 


II. Solution by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, Univeriity of Mississippi, P. 0., 
University, Miss. 


The horizontal component of the mutual action between the sphere and 
the inclined plane imparts to M the acceleration 2a’/t? and to m the acceleration 


2(wcosa—x') The forces producing these opposite motions being equal, 


t2 
Qe’ 2(xcosa—v«’) 
Min rr . 
From this (M+m)s’=mzcosa..... (1). 


The principal of vis viva gives 


pl 2. —7'\2 2 LO 
Imgrsina—M se $m Fe08t a’) tom Ants sin’ a@ mk? () 


in which the first member is twice the work done by gravity, the first term of 
the second member has reference to the plane, the second term to the horizontal 
motion of the sphere, the third to its vertical motion, and the last to its rotation, 
dé/dt being its angular velocity, and k? its radius of gyration about a diameter. 
The motion of the sphere down the plane being one of pure rolling, a(d6/dt) 
==2a/t. (a—radius of sphere). 
Substitute 2x/at for d0/dt, and 2a? for k?, and reduce, obtaining 


imgt?xsina==(M+m)a’? +im2z? —2mzrz'cosa, 


Using (1), this reduces to tgt?sina=ie—vz’cosa. 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and CHARLES E. MYERS, Canton, O. 


Take A as origin. Let (k, 1), (y, z) be the coddinates of the center of the 
sphere when t—0 and when t=, respectively, R, the reaction of the plane, P, 
the friction, a, the radius of the sphere, 7 DOE=4, Then AA’==2' and af=«z. 

For the sphere the equations of motion are 


3ma*(d?6/dt?)==aP.......... (1). m(d* y/dt? )=Pcosu— Rsina..........- (2). 
m(d®2/dt® )=Psina+ Reosa—mg.......... (3). 
For the plane, M(d?x’/dt? )\=—Pcosa+Rsina...... 0. ccc cee (4). 
By geometry, y=k-+«' —adcosa, z=1—AO8ind. 6. eee (5, 6). 
From (5) and (6) we get d®y/dt2=d?x'/dt? —acosa(d?6/dt?)........ (7). 
d?2/dt® =—asina(d?6/dt?)........ (8). 

(7)cosa+(8)sina gives 

cosa(d*?y/dt? )+sina(d2z/dt? )==cosa(d?a'/dt? )—a(d?6/dt?) 0.0... cece eee (9), 

(2)cosa+(3)sina gives mcosa(d?y/dt? )+msina(d?a/dt?)=P—mgsina...... (10), 
From (9) and (10), mcosa(d?a’/dt®?\ —ma(d? 6/dt? )=P—mgsina..... (11). 
(2)+(4) gives m(d?y/dt?)+M(d?a'/dt?)=0..... ccc ccc cece teens (12). 


From (12) and (7) we get (M-+m)(d?a’/dt?—=macosa(d? 6/dt?)... ..(18). 
The value of P from (1) in (11) gives 
| 4a(d? 6/dt?)\—cosa(d?x’/dt?)=gsina...... (14). 
Integrating (13) and (14) and remembering that when t=-0, x==0 and 6=0 
we get 
(M-+-m)x’=ma6cosa or (M+m)x’=mzcosa, 
ta0—x'cosa=jgtsina or 4x—2z'cosa==tgt* sina. 


DIOPHANTINE ANALYSIS. 
71. Proposed by A. H. BELL, Hillsboro, Ill. 
Find five numbers such that the product of any two plus 1 will equal a square. 


I. Solution by CHARLES C. CROSS, Libertytown, Md. 


On page 301, Vol. V, of Monrury I found four general numbers to be: 
m, n?—1+(m—1)(n—1)?, nOmn+2), and 4m(Onn? —mn+2n—1)2+4(mn? —ma+ 
2n—1). 

If we take m and m for the first two numbers, then m.m+1—0 =y?(say) 
=(y— 8)? ==y* —2sy+s?. 

*, y=(8? +1)/28 ; whence m=(s? —1)/2s. 

Let s=2, then m=}. Take n=2 and the numbers are 3, 3, 4,1, 7, and 245. 


87 


And the five numbers are vy=l?—1, x, y, 2lt+-e+y, 4l(l+x)(l+y), and 
_ 2r+2p(s+1) 
~~ (s—1y? 
r==LYy2ryu+ezu+yzu ; s=ayzu and p=xtytz+u. 
If [?=-4 then the five numbers—1, 3, 8, 120, and TTS 
(2879)? 
If /? 25 then the five numbers—1, 24, 35, 3480, not carried out. 
2, 12, 24, 2380, not carried out. 
d, 8, 21, 2080, not carried out. 


3822388020 
4, 6, 20, 1980, ~ (950399)? — 
The Hillsboro Mathematical Club have solved for an integral value by ex- 
tending the series, without result. A. H. BELL. 


AVERAGE AND PROBABILITY. 
65. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 
What is the average rate of the sun’s motion in declination from the equator to the 
solstices ? 


No solution of this problem has been received. 


66. Proposed by REV. W. ALLEN WHITWORTH, A. M. 


A rod 9 feet long is to be divided into three parts, of which A is to have the largest, 
B the next, and C the smallest. If the two fractures are made at random, A’s, B’s, and C’s 
expectations will be, respectively, 66, 30, and 12 inches. But, if one fracture be made at 
random and the larger portion of the rod be then divided at random, their expectations 
will be 64, 31, and 18 inches. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School,Ches- 
ter, Pa. 


Let AB=AD=108==a, AE=AF-==3a 

I. To find the mean value of the least part, we find 
the values or limits of 2, y by restricting the point to the 
area GOH. The limits for the denominator are given by 
restricting the point to GOB. 


c“ : edad u 

Jat yaw” 108 . 

DL - ; =4a=12 inches. 
{ if dedy tf {"" dndy 
“9a 3(G-~2) 3(@--2) 12 


For the mean value of the greatest part the limits are the same for both 
integrations : 
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BCA) x) 


nal lla? 
dndy+fo fo wdedy 55" 
J Sic. ~~ ” yr sa v « J ; _216 


a-==66 inches. 


5b a? 
“Sf f° dedy+ S., [0% dedy 
1q 1(qa-—-2) (a—@) 


', M=a--(la+13a)==;),a==80 inches. 
II. For the mean value of the least part, the limits for « are found by 
restricting the point to the area ADG, for y, by restricting the point to AEHG 
and doubling. | 


4a a—22 3a 3(a—y) wha (a —w) 
SS; S- rian J, Jr ydydx+ J ydxdy 
a-—22x 


—-11 
a! 


a3 7a3 jaz 13a 
=| grt get -sea | + og tog 28 inches. 


For the mean value of the greatest part, x is given by restricting the point 
o GOE, y, by DFGO and doubling. 


Sif star LS, sf dyad  ydyae | 


a— aa Oy 


la 
3 


a? a as 3a" 16a 
—| + 6 +3; |* g = 9 ” —-64 inches. 


13a 16a] | 3la 


'. M=a—| 40g t 977 | 408 


—81 inches. 


67. Proposed by B. F. FINKEL, A.M.,M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A person writes » letters and addresses n envelopes; if the letters are placed in the 
envelopes at random, what is the probability that every letter goes wrong ? [From Hall 
and Knight’s Higher Algebra. | 


Solution by G. B, M. ZERR, A.M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa. 
Let a, b, ¢, ...... n represent the letters. 
The number of all possible cases is 1.2.8..... n==n !=u, say. 
The number of cases, the first letter a, and envelope used is Un_1. 
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The number of cases, the second letter and envelope used (without the 
first @) 18 Un—1—Un—o. 
The number of cases, the third letter and envelope used (without the first 
having been a or the second D) is Upn_-1—-2Un_—2 +Un—s. 
Thus we have successively, 
Un—1, 
Un—1— Un—2, 
Un—1—2Un—2 + Un-3, 
Un—1— 8Un—2 +8Un -3— Un—4; 


The sum of these n lines is 


7 1 1 1 1 (—1)” 
s=u|—t--s¢+37-art noe om! |. 
C, the required chance, is 1—S/w,. 

yd 1° 1 (—1)" 

Ceara grt arto ty 


[Note. A solution of problem 61 will be published in the nextissue. If any one will send us a solu- 
tion of problem 65, it will also appear in the next number. Eb. F.| 


67a. Proposed by HENRY HEATON, M. Sc., Atlantic, Iowa. 


A witness in court who undertook to recognize the signature of an individual failed 
four times in succession. What is the probability that he was correct the fifth time? An 
actual occurance. 


I. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Let p represent the probability of his failing again the fifth time, then we 
have, 


7 1 
p= { nde wt da==%. 
e 0 a 


0 


.. The probability of his being correct the fifth time is { 


6 ° 
II. Solution by the PROPOSER. 


In the absence of other evidence we are compelled to judge of the credi- 
bility of the witness by his present testimony. 


If « represents his credibility, the apriori probability that he would have 
testified falsely four times in succession is (1—2)*. 


1 
- Hence the chance that « had any particular value is (—aytdx/ (1—x)4dzx 
0 


—5(1—x)4dx, and the chance of the event if x has this particular value is «. 
Hence the chance of the event through any particular value of «x is 


1 
50(1—x)4dx and the chance through all possible values ts f 5a(1—x) 4dr}. 
0 


That is, the chances are 5 to 1 against the correctness of his testimony. 
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MISCELLANEOUS. 


68. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


Find the locus of the vertex of the cone enveloping the ellipsoid a?/a? + 
y? /b? +2? /c? =1 so that the plane of contact will constantly touch 7? +y? +2? =r?, 


I. Solution by ELMER SCHUYLER, High Bridge, N. J. 
From Aldis’s Solid Geometry, equation of plane of contact to ellipsvid is 


Py Ve yey Zz  —1=0, 


= 


equation of tangent to circle, 7’ ?-+y'?+2"?#=r?. 
‘, Since the plane of contact is tangent to sphere, 


eo e@ YP # _ YY ag (2) (fe) ( yr Jars, 


re a?’ pe b2? v2 C2 2 b2 


or equation is 


(i) + (Ga) + C4 


which locus is an ellipsoid similar to the given one but with ratio of axes as ,/r:l. 


II. Solution by W. B. CARVER, Senior Class, Dickinson College, Carlisle, Pa. 
Let (a, y’, 2’) be a point. Then b?c?a’x+ac*y'y+a*b?2'z=a"b?c? is the 
equation of the plane of contact of the cone whose vertex is at (wv, y’, 2’) with the 
ellipsoid 


The condition that this plane touch the sphere x? +y?-+-2? =r? is 


a4tb4e4 


re 


btete’? +atety’?+atbte’? = 


Letting (v’, y’, 2’) move and wv’, y’, and z’ become variables, we have for 
the required locus 


ath4c4 2 y? 22 


a or ost 


b4 e402 Latety? Lath4e2 — 
+ yor at /7* 


b4 pet ctf pe) 


which is the equation of an ellipsoid. 


III. Solution by the PROPOSER. 


If (a, y’, 2’) be the vertex of the cone, the plane of contact is 


Vy te >—1=0 eee (1) ; 


D1 


and the sphere being x?-+y?+2?—r?=0...... (2), the condition that (2) is 
touched by (1) is 

ian | a aa | 
Gat pat aT Ga 8 see eo ae (3). 


a concentric ellipsoid. 


69. Proposed by WILLIAM SYMMONDS, A. M., Professor of Mathematics and Astronomy in Pacific College, 
Santa Rosa, P. 0., Sebastopol, Cal. 


Find the locus of a point equidistant from the circumferences of two fixed circles. 


Solution by ELMER SCHUYLER, High Bridge, N. J. 
Let radii be a and 6b, and OO’ ~c. 


OP==// (x? +y*) see eet ew ew ee (1), O'P= (Ly? +(e—2)*] sew we ww (2). 
By condition, O'.P—OP=—b—a. 
Viens)? ty ay [et +y?2 ba. ee. (3). 


Clearing of fractions gives us [c? —(b—a)*? —2cx]?—4(b—a)* (a7? +y?). .(4). 
This is a conic section and an ellipse, hyperbola, parabola (or particular 
case) according as (b—a)*[(6—a)?—c? ]>, <, or =0. 


NOTE ON RIGHT TRIANGLES. 

Every right-angled triangle has two concealed roots. By three different 
combinations of the two roots, the three sides are formed. The longest side is 
the sum of the squares of the two roots. The second side is the difference of the 
squares of the two roots. The third side is twice the product of the two roots. 

The perimeter is equal to twice the greater root multiplied by the sum of 
the two roots. The area is equal to the product of the two roots multiplied by 
the product of the sum and difference of the two roots. 

A prime right-angled triangle is one whose sides are integral and cannot 
all be divided by the same number without a remainder. A prime triangle is 
the result of having one of the roots odd and one even. Exception.—If the even 
root is just twice the odd root, the resulting triangle will not be prime, as its sides 
will all be divisible by the square of the odd root. 

If both the roots be odd or both even the sides of the triangle will be 
divisible by two and the triangle will not be prime. Any odd number may be 
one side of a prime triangle; in many cases the same odd number will serve as 
one side of several different prime triangles, as for example, 138, 12, 5, and 18, 
84.85. Any even number divisible by 4 can be one side of a prime triangle asa 
prime triangle has always one even side. The digit, 2, must be a factor twice, 
or both the roots will be odd numbers. The same even number may be a side of 
several prime triangles, as 12, 13, 5, and 12, 35, 37. 

A prime right-angled triangle has two of its sides expressed by odd num- 
bers. Find the sum and the difference of these. Each will] be the double of a 
perfect square. The square root of one-half the sum will be the greater root of 
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the triangle, and the square root of one-half the difference will be the lesser root 
of the triangle. 

Next take the hypotenuse and the even side of any prime right-angled tri- 
angle. The sum and the difference will each be a perfect square number, and 
their square roots will be the sum and the difference of the two roots of the 
triangle. 

A given area, or a given perimeter, can belong to but one prime right-an- 
gled triangle, and either the area or the perimeter being given it is easy to find 
the other dimensions. In case of one side only being given it has been shown 
that the given side may belong to several different triangles, but all of them are 
easily found. C. W. SHEDD. 


Columbus, Miss. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


110. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 


By measuring with a yard m=123% too short, my profits are n=25% of my sales. If 
my yard be p=10% too long, what per cent. of my sales will be my profits ? 


111. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 


By what per cent. of its original dimensions must a linear yard of steel rail, weigh- 
ing 60 pounds, be increased so that it may weigh 75 pounds ? 


xy Solutions of these problems should be sent to B. F. Finkel not later than May 10. 


ALGEBRA. 


98. Proposed by B. F. FINKEL, A.M.,M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 

A and B agreed to reap a field of grain for 90 shillings. A could reap itin 9days, and 
they promised to complete it in 5 days; but B, who did not work as quickly as he expect- 
ed, was obliged to call to his assistance ©, an inferior workman, who worked the last two 
days, in consequence of which B received 8s. 9d. less than would otherwise have been due 
him. In what time could B and C each reap the field ? From Milne’s High School Algebra. 


99. Proposed by C. H. JUDSON, Greenville, S. C. 


Seven persons met at a summer resort, and agreed to remain as many days as there 
are ways of sitting at a round table, so that no one shall sit twice between the same two 
companions. They remained fifteen dvys. It is required to show in what way they may 
have been seated. 


#*x Solutions of this problem should be sent to J. M. Colaw not later than May 10. 
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GEOMETRY. 


118. Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jack- 
son, La. 
A picture b feet long hangs on a wall at an inclination ® to the wall, with its base a 
feet from the floor. How far from the wall should an admirer sit to see it to the best ad- 
vantage, supposing the light to be equally distributed throughout the room ? 


119. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


A sphere touches each of two straight lines which are inclined to each other at a 
right angle but do not meet; show that the locus of its center is an hyperbolic paraboloid. 


#* Solutions of these problems should be sent to B. F. Finkel not later than May 10. 


CALCULUS. 


88. Proposed by JOHN M. ARNOLD, Crompton, R. I. 


When a watch is wound up, the mainspring is closely coiled around a cylindrical 
piece called the hub of the barrel-arbor. When entirely run down the spring forms an an- 
nulus against the inner circumference of the barrel. Show that if the width of the annn- 
lus is a little more than one-fourth of the radius of the barrel, the spring will run the 
watch the greatest number of hours at one winding, the diameter of the hub being one- 
third the inside diameter of the barrel. 


89. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


Integrate the equation, 


dy sin 2a 
Fat YoOst== 5 


Ay 


x" Solutions of these problems should be sent to J. M. Colaw not later than May 10. 


MECHANICS. 


87. Proposed by H. C. WHITAKER, M. E., Ph. D., Professor of Mathematics, Manual Training School, 
Philadelphia, Pa. 
‘*He on his impious foes onward drove, 
Drove them before him to the bounds 
And crystal walls of Heaven; which opening wide 
Rolled inward and a spacious gap disclosed 
Into the wasteful deep; headlong themselves they threw 
Down from the verge of Heaven. 
Nine days they fell; Hell at last 
Yawning received them whole and on them closed.’? 
Paradise Lost, Book VI. 
Assuming Hell to be the center of the earth and the only force acting on the lost 


spirits to be that of gravity due to the earth’s attraction,—How far is Heaven ? 


88. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 
Iowa. 


Show that the equation to the trajectory is 
ge" 
207 COS? a’ 


y=—atana— 
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and that v and a can be varied at pleasure, the projectile can in general be made 
to traverse any two given points in the same vertical plane with the point of pro- 
jection. [Ex. 83, page 244, Deschanel’s Natural Philosophy, Part I.] 


y*, Solutions of these problems should be sent to B. F. Finkel not later than May 10. 


MISCELLANEOUS. 


75. Proposed by J. C. NAGLE, Professor of Civil Engineering, Agricultural and Mechanical College, College 
Station, Texas. . 


The water tank at the Nacogdoches River on the H. E. & W. T. Ry. is filled by a 3- 
inch pipe from a reservoir in which the water level is 6 feet above water in tank when full. 
The top diameter of tank is 17 feet, the bottom diameter is 19 feet, 8 inches, and the pipe 
projects 10 inches through the bottom. The depth is 18 feet, 6 inches. Find the time re- 
quired to fill tank, taking the pipe as clean and free from sharp bends, except the right- 
angled one directly under tank. This bend is 12 feet below outlet of pipe, so that the to- 
tal length of pipe is 1972 feet. Compare the result with the time of filling if the inlet pipe 
projected over top of tank instead of entering at the bottom. 


76. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 
Show that 
/ b 
log[a—a—by//(— 1)|=#log[(a—a)? +b2]—7/(-1) tan wa, 


Lv 


Naperian logarithms being used. 


x*, Solutions of these problems should be sent to J. M. Colaw not later than May 10. 


EDITORIALS. 


Contributors are requested to send in select problems for the Departments 
of Arithmetic, Mechanics, and Average and Probability. 


The Annals of Mathematies, published for the past fifteen years at the 
University of Virginia, is to be transferred to Harvard University with the close 
of the present volume. 


Mathematics and the mathematical world have sustained a great loss in 
the death of Prof. Sophus Lie, which occured at Christiania, Monday, February 
18. He was Professor of Geometry at the University of Leipzig from 1886 to 
1898, and at the time of his death was Professor of Mathematics at the University 
of Christiania. We hope to be able to give a biographical sketch of Professor Lie 
in a future issue of the MONTHLY. 


Cornell University announces a Course of Instruction during the Summer, 
session to be held July 5 to August 16. The following courses in Advanced 
Mathematics are offered : Advanced Integral Calculus, Prof. Wait ; Differential 
Equations, Dr. Murray ; Projective Geometry, Prof. Wait ; Theory of Functions 
of a Complex Variable, Dr. G. A. Miller ; Theory of Groups of a Finite Order, 
Dr. G. A. Miller ; Theory of Numbers, Dr. G. A. Miller. 
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BOOKS AND PERIODICALS. 


Tables of Logarithms to Five Places of Decimals with Auxiliary Tables. 
Kdited by Edwin 8. Crawley, Ph. D., Assistant Professor of Mathematics in the 
University of Pennsylvania. 8vo. Cloth, xxxii+76 pages. Price, 75 cents. 
Published by the author. 


These tables have been prepared to accompany Dr. Crawley’s Elements of Trigonom- 
etry and we are told by the author that great care has been taken to secure accuracy.—the 
proof having been compared twice, number by number, with different standard tables, e. 
g. Vega’s seven-place tables, seventy-fourth edition edited by W. L. Fischer, and Gauss’s 
five-place tables, twentieth edition. In addition to this careful comparison, the method 
of differences was also applied as a further check. A table not usually found in a collec- 
tion of tables of this sort, and one which is quite useful in many lines of mathematical 
work, is table VI in which every degree, minute and second from 0 to 180° is expressed in 
Radians. B. EF. F. 


A Short History of Astronomy. By Arthur Berry, M. A., Fellow and As- 
sistant Tutor of King’s College, Cambridge ; Fellow of University College, Lon- 
don. 8vo. Cloth, xxxii+440 pages. Price, $1.50. New York: Charles Scrib- 
ner’s Sons. 

In this work we have an interesting account of the progress and development of As- 
tromomy from the earliest time down to the present day, and presented in a form intelli- 
gible to readers having no special knowledge of either mathematics or Astronomy. Only 
the essence is here preserved. Little mention is made of Astronomical Instruments, it 
being held by the author that little pleasure or profit is derived from a written description 
of scientific Instruments. A most valuable aud interesting feature of the work is the 
short biographical sketches of leading Astronomers, accompanied by an excellent portrait 
printed on heavy paper. Of the biographical sketches accompanied by portraits we men- 
tion Copernicus, Tycho Brahe, Galilei, Kepler, Newton, Bradley, Lagrange and William 
Herschel. The numerous illustrations throughout the work are very good and the repro- 
ductions from original photographs are first class. The book is one of great interest to 
the Astronomer as well as to the ordinary student and amateur. B. F. F. 


Mathematical Essays and Recreations. By Herman Schubert, Professor of 
Mathematics in the Johanneum, Hamburg, Germany. Translated from the 
German by Thomas J. McCormack. Red Cloth, 148 pages. Price, 75 cents. 
Chicago : The Open Court Publishing Co. 

The following subjects are discussed in a popular though scientific manner: (1) ‘‘The 
Definition and Notion of Number,’’ (2) ‘‘Monism in Arithmetic,’’ (8) ‘‘On the Nature of 
Mathematical Knowledge,”’ (4) ‘‘Magice Squares,’’ (5) “‘The Fourth Dimension,” (6) ‘‘The 
History of the Squaring of the Circle.’’ 

The first three articles of the book are concerned with the construction of arithme- 
tic as a monistie science. Number is defined as the result of counting. Fractional num- 
bers, complex numbers, negative numbers, irrational numbers, imaginary numbers are all 
extensions of primitive results, made according to what Hankel ealls ‘“‘the principle of 
permanence,” and Schubert the ‘‘principle of no exception.’’ Arithmetic thus takes the 
general shape of a system of logical forms having consistency and coherency among them- 
eelves. Professor Schubert being one of the most successful teachers in Germany, his 
sketch on monistic arithmetic will be found exceedingly interesting and suggestive. Any 
other theory of the number concept seems to me absolutely untenable. 
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The article on ‘Fourth Dimension” is a clear and easily understood exposition of 
the apparently mysterious subject. Professor Schubert clearly shows what is meant by 
dimensions as used in science and what is the legitimate function of a fourth dimension in 
mathematics. This article alone is worth the price of the book. The ‘‘History of the 
Squaring of the Circle’’ is full of interest from first to last, and is quite complete. 

B. F. F. 


The Elements of Physics. A Text-book for High Schools and Academies. 
By Alfred Payson Gage, Ph. D., Author of Principles of Physics, Introduction to 
Physics, etc. Revised Edition. 12mo. Half Leather, 881 pages. Introduction 
price, $1.12. New York and Chicago: Ginn & Co. 

In bringing out the revision of this book, all the excellencies of the original work 
have been retained while many improvements in method of presentation have been intro- 
duced. Recent advances in the industrial applications of physical principles have received 
due attention. A large number of problems and practical exercises are furnished through- 
out the book. B.F. F. 

A Text-book of General Astronomy for Colleges and Scientific Schools. By 
Charles A. Young, Ph. D., LL. L., Professor of Astronomy in Princeton Univer- 
sity. Revised kdition. 8vo. Half Leather, 630 pages. Price, $2.50. Boston, 
U.S. A., and London: Ginn & Co. 

In bringing out the revised edition of this book, the best book on astronomy has 
been improved. Our acquaintance with this work was made by its use for several years 
in the class-room, and we have found it very satisfactory in every particular. The revised 
edition embodies the new and important results which have been obtained during the last 
ten years, and thereby the continued popularity of the work is insured for sometime in the 
future. B. F. F. 

A Text-book of Physics. By G. A. Wentworth, Author of a Series of Text- 
books in Mathematics, formerly Professor of Mathematics in Phillips Exeter 
Academy, andG. A. Hill, Author of Geometry for Beginners, formerly Assistant 
Professor of Physics in Harvard University, 12mo. Half Leather, 440 pages. 
Price for Introduction, $1.15. Boston and Chicago: Ginn & Co. 

This work aims to give a rational explanation of the more important physical phe- 
nomena, and to prepare the way for further investigation and study of physical sciences. 
The book has many points of excellence to commend it to public favor. B. F. F. 


ERRATA. 

Page 42, line 9, for ‘‘7/CEM”’ read / CFM. 
line 12, for ‘‘A4—60°”’ read B—60°. 
line 22, for “tangle FCL”’ read angle FCM. 
line 23, for ‘tangle EMC”’ read angle FMC. 
line 24, for ‘‘e+A+C—60°”’ read ++B+C—60°. 
line 24, for ‘‘A+a+y’’ read B+aty. 

Vol. V., No. 10, page 231, line 7, of solution, for ‘*A ABO—aA CPB” read 

A ABC+ACPB. 


=” 


. rb T,C r.b T,C 
Same, line 8, for ‘‘—1- = 1° yeag —1 1 
, , 2 2 2 + 2 

ra T.0 

Same, line 11, for Seg” read + 5 , 
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SOPHUS LIE. 


BY GEORGE BRUCE HALSTED. 


\N the eighteenth of February, 1899, the greatest mathematician in the 
( ) world, Sophus Lie, died at Christiania in Norway. 
He was essentially a geometer, though applying his splendid powers of 
space creation to questions of analysis. From Lie comes the idea that 
every system of geometry is characterized by its group. 

In ordinary geometry a surface is a locus of points ; in Lie’s Kugel-geome- 
trie it is the aggregate of spheres touching this surface. By a simple correlation 
of this sphere-geometry with Pluecker’s line-geometry, Lie reached results as 
unexpected as elegant. The transition from this line-geometry to this sphere- 
geometry was an example of contact-transformations. 

Now contact-transformations find application in the theory of partial dif- 
ferential equations, whereby this theory is vastly clarified. Old problems were 
settled as sweepingly as new problems were created and solved. Again, with 
his Theorie der Transformationsgruppen, Lie changed the very face and fashion of 
modern mathematics. 

A magnificent application of his theory of continuous groups is to the gen- 
eral problem of nun-Euclidean geometry as formulated by Helmholtz. To this 
was awarded the great Lobachevski Prize. Not even this award could sufficient- 
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ly emphasize the epoch-making importance of Lie’s work in the evolution 
of geometry. 

Moreover, the foundations of all philosophy are involved. To know the 
non-Kuchdean geometry involves abandonment of the position that axioms as to 
their concrete content are necessities of the inner intuition ; likewise abandon- 
ment of the position that axioms are derivable from experience alone. 

Lie said that in the whole of modern mathematics the weightiest part is 
the theory of differential equations, and, true to this conviction, it has always 
been his aim to deepen and advance this theory. 

Now it may justly be maintained that in his theory of transformation 
groups Lie has himself created the most important of the newer departments of 
mathematics. 

By the introduction of his concept of continuous groups of transformations 
he put the isolated integration theories of former mathematicians upon a com- 
mon basis. 

The masterly reach of Lie’s genius is illustrated by his encompassment of 
the fundamentally important theory of differential invariants associated with the 
English names Cayley, Cockle, Sylvester, Forsyth. 

Thirteen years ago Sylvester announced his conception of ‘Reciprocants,’ 
a body of differential invariants not for a group, but for a mere interchange of 
variables. A number of Englishmen thereupon took up investigations about or- 
thogonal, linear and projective groups, groups in whose transformations inter- 
changes of variables occur as particular cases, and whose differential invariants 
are consequently classes of reciprocants, and of the analogues of reciprocants, 
when more variables than two are considered. 

Now all these investigations were long subsequent to Lie’s consideration 
of the groups in question as leading cases of a general conception. Thus they 
were merely secondary investigations ! 

Again the theory of complex numbers ee as a part of the great 
‘Theorie der Transformationsgruppen.’ Indeed, this continent of ‘transforma- 
tions’ opened up and penetrated with such giant steps by Lie represents 
the most remarkable advance which mathematics in all its entirety has made in 
this latter part of the century. 

Sophus Lie it was who made prominent the importance of the notion of 
group, and gave the present form to the theory of continuous groups. This idea, 
like a brilliant dye, has now so permeated the whole fabric of mathematics that 
Poincaré actually finds that in Euclid ‘the idea of the group was potentially pre- 
existent,’ and that he had ‘some obscure instinct for it, without reaching a dis- 
tinct notion of it.’ Thus the last shall be first and the first last. 

In personal character Lie was our ideal of a genius, approachable, out- 
spoken, unconventional, yet at times fierce, intractable. 

His work is cut short ; his influence, his fame, will broaden, will tower 
from day to day. 
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SOPHUS LIE.* 


BY PROFESSOR GASTON DARBODUX. 


Sophus Lie was born onthe 17th of December, 1842, at Nordfjordeid (near 
Floré) where his father, John Herman Lie, was pastor. The studies of his 
childhood and youth did not reveal in him that exceptional aptitude for mathe- 
matics which is signalized so early in the lives of the great geometers: Gauss, 
Abel, and many others. Even on leaving the University of Christiania in 1865, 
he still hesitated between philology and mathematics. It was the works 
of Pliicker on modern geometry which first made him fully conscious of 
his mathematical abilities and awakened within him an ardent desire to conse- 
crate himself to mathematical research. Surmounting all difficulties and work- 
ing with indomitable energy he published his first work in 1869, and we can say 
that from 1870 on he was in possession of the ideas which were to direct 
his whole career. 

At this time I frequently had the pleasure of meeting and conversing with 
him in Paris where he had come with his friend F. Klein. A course of lectures 
by Sylow revealed to Lie all the importance of the theory of substitution groups ; 
the two friends studied this theory in the great treatise of our colleague Jordan ; 
they saw fully the essential réle which it would be called upon to play in all the 
branches of mathematics to which it had then not been applied. They have both 
had the good fortune to contribute by their works to impressing upon mathemat- 
ical studies the direction which appeared to them to be the best. 

A short note of Lie ‘‘Sur une transformation géométrique,’’ presented to 
our Academy in October, 1870, contains an extremely original discovery. Noth- 
ing resembles a sphere less than a straight line and yet, by using the ideas of 
Pliicker, Lie found a singular transformation which makes a sphere correspond 
to a straight line, and which consequently makes possible the derivation of a 
theorem relative to an ensemble of spheres from every theorem relative to an ag- 
gregate of straight lines, and vice versa. It is true that if the lines are real, the 
corresponding spheres are imaginary. But such difficulties are not sufficient to 
deter geometers. In this curious method of transformation, each property rela- 
tive to asymptotic lines of a surface is transformed into a property relative to 
lines of curvature. The name of Lie will remain attached to these concealed re- 
lations which connect the two essential and fundamental elements of geometric 
investigation, the straight line and sphere. He has developed them in detail in 
a memoir full of new ideas which appeared in 1872 in the Mathematische Annalen. 

The works following this brilliant beginning fully confirmed all the hopes 
to which it gave birth. Since the year 1872 Lie has put fortha series of memoirs 
upon the most difficult and most advanced parts of the integral calculus. He 


*From the Bulletin of the American Mathematical Society. Translated by Edgar Odell Lovett from 
Comptes rendus. 
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commences by a profound study of the works of Jacobi on the partial differential 
equations of the first order and at first codperates with Mayer in perfecting this 
theory in an essential point. Then, by continuing the study of this beautiful 
subject, he is led to construct progressively that masterful theory of continuous 
transformation groups which constitutes his most important work and in which, 
at least at the start, he was aided by no one. The detailed analysis of this vast 
theory would require too much space here. It is proper, however, to point out 
particularly two elements wholly essential to these researches: first, the use of 
contact transformations which throws such a vivid and unexpected light upon 
the most difficult and obsure parts of the theories relative to the integration of 
partial differential equations; second, the use of infinitesimal transformations. 
The introduction of these transformations is due entirely to Lie; their use, like 
that of Lagrange’s variation, naturally greatly extends both the notion of differ- 
ential and the applications of the infinitesimal calculus. 

The construction of so extended a theory did not satisfy Lie’s activity. In 
order to show its importance he has applied it to a great number of particular 
subjects, and each time he has had the good fortune of meeting with new and el- 
egant properties. I find my preference in the researches which he has published 
since 1876 on minimal surfaces. The theory of these surfaces, the most attrac- 
tive perhaps that presents itself in geometry, still awaits, and may await a long 
time, the complete solution of the first problem to be proposed in it, namely, the 
determination of a minimal surface passing through a given contour. But, in re- 
turn, it has been enriched by a great number of interesting propositions due to a 
multitude of geometers. In 1866 Weierstrass made known a very precise and 
simple system of formule which has called forth a whole series of new studies on 
these surfaces. In his works Lie returns simply to the formule of Monge; he 
gives their geometric interpretation and shows how their use can lead to the 
most satisfactory theory of minimal surfaces. He makes known methods which 
permit of determining all algebraic minimal surfaces of given class and order. 
Finally, he studies the following problem: to determine all algebraic minimal 
surfaces inscribed in a given algebraical developable surface. He gives the com- 
plete solution for the case where only one of these surfaces inscribed in the de- 
velopable is known. 

Of great interest also are the researches which we owe to him on the sur- 
faces of constant curvature, in the study of which he makes use of a theorem of 
Bianchi on geodesic lines and circles, likewise those on surfaces of translation, on 
the surfaces of Weingarten, on the equations of the second order having two in- 
dependent variables, et cetera. I should reproach myself for forgetting, even in 
so rapid a résumé, the applications which Lie has made of his theory of groups 
to the non-Kuclidean geometry and to the profound study of the axioms which 
lie at the basis of our geometric knowledge. 

These extensive works quickly attracted to the great geometer the atten- 
tion of all those who cultivate science or are interested in its progress. In 1877 
a new chair of mathematics was created for him at the University of Christiania, 
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and the foundation of a Norwegian review enabled him to pursue his work and 
publish it in full. In 1886, he accepted the honor ofa call to the University of 
Leipzig; he taught in this university with the rank of ordinary professor from 
1886 to 1898. To this period of his life is to be referred the publication of his 
didactic works, in which he has codrdinated all his researches. Six months ago 
he returned to his native land to assume at Christiania the chair which had been 
especially reserved for him by the Norwegian parliament, with the exceptional 
salary of ten thousand crowns. Unfortunately, excess of work had exhausted 
his strength and he died of cerebal anzemia at the age of fifty-six years. 

Nowhere is his loss felt more keenly than in our country, where he had 
so many friends. True, in 1870 a misadventure befell him, whose consequences 
I was instrumental in averting. Surprised at Paris by the declaration of war, he 
took refuge at Fontainebleau. Occupied incessantly by the ideas fermenting in 
his brain, he would go every day into the forest, loitering in places most remote 
from the beaten path, taking notes and drawing figures. It took little at this 
time to awaken suspicion. Arrested and imprisioned at Fontainebleau, under 
conditions otherwise very comfortable, he called for the aid of Chasles, Bertrand, 
and others; I made the trip to Fontainebleau and had no trouble in convincing 
the procureur impérial ; all the notes which had been seized and in which figured 
complexes, orthogonal systems, and names of geometers, bore in no way upon 
the national defenses. Lie was released; his high and generous spirit bore no 
grudge against our country. Not only did he return voluntarily to visit it but 
he received with great kindness French students, scholars of our Ecole Normale 
who would go to Leipzig to follow his lectures. It is to the Ecole Normale that 
he dedicated his great work on the theory of transformation groups, A number 
of our thesis at the Sorbonne have been inspired by his teaching and dedicated 
to him. 

The admirable works of Sophus Lie enjoy the distinction, to-day quite 
rare, of commanding the common admiration of geometers as well as analysts. 
He has discovered fundamental propositions which will preserve his name from 
oblivion, he has created methods and theories which, for a long time to come, 
will exercise their fruitful influence on the development of mathematics. The 
land where he was born and which has known how to honor him can place with 
pride the name of Lie beside that of Abel, of whom he was a worthy rival and 
whose approaching centenary he would have been so happy in celebrating. 
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ON THE SIMPLE GROUPS WHICH CAN BE REPRESENTED AS 
SUBSTITUTION GROUPS THAT CONTAIN CYCLICAL 
SUBSTITUTIONS OF A PRIME DEGREE. 


By DR. G. A. MILLER. 


It is known that cyclical substitutions of a prime degree (p) cannot occur 
in any primitive group (if it is not alternating or symmetric) unless the degree of 
the primitive group (@) is one of the following three numbers, p, p+1, p+2. 
When G is of degree p all its substitutions of order p generate a simple group 
which is a selfconjugate subgroup of @ (if it does not coincide with G) and cor- 
responds to identity of a cyclical quotient group of G, the order of this quotient 
group being a divisor of p—1.* We proceed to consider the cases when G con- 
tains substitutions of order p and is either of degree p+1 or of degree p+2. 

If G is of degree p+2 and is not generated by its substitutions of order p 
it must contain a selfconjugate subgroup (G’) which is generated by these substi- 
tutions, G’ is at least triply transitive since it contains substitutions of order p.f 
We proceed to prove that it is a simple group when p exceeds 2. If it were com- 
pound each of its at least doubly transitive maximal subgroups of degree p+ 1 
would also be compound, since the substitutions of such a subgroup (G,) which 
would belong to the given selfconjugate subgroup of G, would form a selfconju- 
gate subgroup of G,. 

A maximal subgroup (G,) of degree » that is contained in G, must 
be transitive. Since every selfconjugate subgroup of a transitive group of degree 
p must contain substitutions of order p, G, could have only identity in common 
with the given self-conjugate subgroup of G. Hence the order of this selfconju- 
gate subgroup would be (p+1)(p+2), and the corresponding quotient group 
would be simply isomorphic to G,. To a subgroup of order p that is contained 
in G, there would correspond a subgroup of G, whose order would be p(p--1) 
(p+2). Since this is evidently impossible we have the important 

THEOREM. All the substitutions of order p (p being any odd prime number) 
that are contained in any primitive group of degree p or of degree p+2 generate a 
simple growp. If this simple group does not coincide with the entire group vt ts self- 
conjugate and the corresponding quotient group ts cyclical and has for its order a 
divisor of p—1.{ This simple group cannot be selfconjuyate subgroup of more than 
one growp of its own degree and of a grven order. 

We shall now consider the groups of degree p+1, » being any odd prime 
number, that contain substitutions of order p. Such groups are at least doubly 
transitive and their substitutions of order p generate a doubly transitive selfcon- 
jugate subgroup if they do not generate the entire group. Let H be such a sub- 


*Cf. Bulletin of the American Mathematical Society, Vol. 4, 1898, page 140. 

tJordan, Journal de Mathematiques, Vol. 16, 1871. 

tFrom this theorem it follows directly that the primitive group of degree 9 and of order 504 
is simple. 
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group. We see as in the preceding paragraph that H cannot contain any self- 
conjugate subgroup unless this subgroup is a regular group of order p+1. As 
this regular subgroup has to contain p subgroups that are conjugate in Hf it can- 
not involve any substitution whose order exceeds 2. Hence we have the 

THEorEM. Jf p+1 is not a power of 2 then the substitutions of order p (p 
being any odd prime number) that are contained in a group of degree p+-1 generate 
a simple group. If this simple group does not coincide with the entire growp it vs 
selfconjugate and the corresponding quotient group vs a cyclical and wits order 1s a 
divisor of p—1.* If p+ isa power of 2, the group generated by the substitutions 
of order » that are contained in a group of degree p+1 cannot contain any selfcon- 
jugate subgroup except perhaps the regular growp of order p+1 which contains no 
substitution whose order exceeds 2. 


Cornell University, April 3, 1899. 


*From this theorem it follows directly that the three primitive groups of degree 12 and orders 660, 
7920, and 95040, respectively, are simple. The last of these three groups is the well known five-fold 
transitive group of Mathien. 


ON SYMMETRIC FUNCTIONS. 


By E. D. ROE, Jr., Associate Professor of Mathematics in Oberlin College. 


{Continued from March Number. | 


B. FunpDAMENTAL RELATIONS FOR SYMMETRIC FUNCTIONS. 


1. FuNDAMENTAL RELATIONS BETWEEN COEFFICIENTS. 
(1). Derivation of the relatoons. 
In A, 4, (8) we have already obtained one of the relations, viz: 


(os ee ns) —(-] Tad CPN _ mr), 


Dm MB. wee BX” Ay"(ah,)"(ad, rt coe (ad,,\° 


If in the equations b,2#*+b,a"-!+....+b,=0, and ayx”+a,am—4+.... 
t+a,==-0 (ef. loc. cit.), we substitute s=1/y, b, becomes by_,, a, becomes am_r, 
and 6,23, %17,%..../7,*" becomes 


1 b m 
b,” > — n Di Mk BM Ke |, BM Kn 
, BP tee Buh” (7,2 Lae By)” ei , 
—=(— 1)""b "23m" [f,™—ke a » BQ . 
Similarly a,”2(a@,)"(a@a,)"™—-1....(a@a,)® becomes (—1)""a)"2(ad,)"(aAq_1)"} 


.(ai,)®. We have therefore, 
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OQrodar,..... nn (pm AM—-Li vee ee ee ee eee nro 
ben Elm Liye . and 
(5 mg eg eee Jes) ( ) bm, (3, Mk a jp maus | 
(Ore 2. (M— Hy ~(-1 yn a Lee nee *) 
a "(ar )*(a@d, yr. to. (ai,)° A) "(ARy "(Akg a1)". . (aA, )° 


The last relations correspond to reciprocal terms in the resultant theory. 
[Terms of the resultant like (a,,)P\(a,,)P2... (ap, Pm (bs, )U(bs,)%..-.(bs,)% and 
(Gm —r, )PH (Om—ry 4) eo} tee (Om-—r, )P1(On—s,,)?” (On—s,_,)27—-1- oe (Dn—s,) are called 
reciprocal terms.] Since one member in each is equal numerically to the terms 
of the relation already obtained, the four terms are numerically equal. Taken 
together we shall call them the fundamental relations for the coefficients of sym- 
metric functions. 

(2). Other notation for the fundamental relation. 

We will now re-write the relations given in (1), replacing such expressions 
as b,™3,*8, "82... 8k and ay"(ah,)"(a@A, PF... (aA)? Dy OM My Hy... Mn and 
O”’nr(n—1)....0%, respectively, (n—r)”, e. g., signifying, as before (a@/,)"~" 
signified, that 2, roots have the exponent (n—r). We may then write the fun- 
damental relations : 


QrodaAr.. i... M\ (My My o. ren. Hy —(—1)™ OM An—-1 .. 0... eee Lee TO 
O" Hy... Hm QO” QOr01A1. 2. nae O"(m— 2%, )(m— Hy)... (M—M,) 


_ _ —2 x 
—~(—1 "(Gi #,)(M— Hy)... .(m wn) 


OVOP AMT... eee no 


9. FUNDAMENTAL AND NECESSARY CONDITIONS OF COEFFICIENTS. 


We will next consider some relations of conditions of the coefficients 
themselves. 

(1). First condition. 

Since b,™2/3,%18%2...... Prt? ab (Bs By oe 6 By Ma Ba RMF KOT 
(Bp —1) & m—1> KY == (— 1)" BR Dk ST RMB KA Bin) Sm—-1-*", - SUPpoSing 
M1, Uy, ----¥, to be in order of descending magnitude, it follows that, at least, 
either 2,>>0, (and 4,2%,), or else 4,==0, and ”,=-0. This corresponds to the con- 
dition in the resultant Rmin, that, at least, one of the two factors 6, or a, must 
be present in every term. 

(2). Second condition. 

Again, since by 1, (2), 


*It might seem as if the distinction of a and b is lost by this notation. A little refiection shows that 
this distinction does not need to be kept. In fact the theory is clearer without it. 
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No 1Ay mkn An1 Am _ ° 
(5 1 ae "Vc = 1)(p | a ) 


O"(m— x, \(m— Hy ) we .(M— Hy) 


it follows by the previous proof, that, at least, either 4, >0, (and 4,2m--%,), or 
else 4,—=-0, m—1,=-0, 1. €., 4,==m. This corresponds to the condition in the re- 
sultant Rmn, that, at least of the two factors b, and a,, one must be present in 
every term. 

When these conditions are not satisfied, the coefficient is equal to zero. It 
will be shown later that if 2,==A,_1==....=4,==0. then %,=%y,1—=....—=0, and 
if Ay==A,==....=/,=0, then m—x,—=m—x,=....=m—x,=0, 1. €., 4, 4— 

...==M,—=m ; Otherwise the coefficient is zero (D, 3 and 4). 


3. FUNDAMENTAL EQUATIONS OF CONDITION CONNECTING THE SUBSCRIPTS AND 
EXPONENTS. 


From the theorems of order and weight of symmetric functions, and from 
the relations between the four coefficients given in 1, (2), we have the following 
equations of condition connecting the subscripts and exponents : 

(1). Ay+A, ==... -A,=m, 

(2). A, PQA HE... i. Mn, 

(3). Ap af@not....nk4y=mn—(4,+%,+....¢,), and by adding mn 
to both sides of (2) that equation may be written, 

(4). 2, +22, +....n4,+mn— (1, +%,+....%,)==mn, the same equations 
which we should have in the theory of the resultant, excepting (8) which can be 
derived from (1) by multiplying that equation by n, and then substituting the 
value of %,+%,+ ...%, from (2). 


“C. NORMAL FORMS AND REDUCIBLE FORMS. 


As in the theory of the resultant so also here we have normal forms and 
reducible forms. A normal form will be characterized by having 4,>0, 4,>0, 
H,==m, ¥,—=O0. All other forms, the completely reducible forms excepted, may 
be reduced to such as are normal forms having a lower m orn. As in the rerult- 
ant theory, so here there are four kinds of reduction, with the four correspond- 
ing kinds of derivation. In the next divisions we will briefly treat of these. 


D. REDUCTION. 
1. REDUCTION IN THE CASE WHERE Hy-=|=m. 


In this case 4, must be greater than zero [cf. B, 2, (2)]. It is evident that 
we may divide by the factor b) in the given term as well as in 6)” .2/9,%/*.... 
7, without affecting the value of the coefficient of the term, and that therefore, 


(0 Ar ee. me (a I a, rm) 


m ~~ 
O"%, Hy ss ee. Ky 
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and this reduction may be continued until the exponent of b, below is equal to 
x,. Wethen have 


oe, 
nan) 
= > 
~ © 
Lane — 
> > 
ran 
= 
vn . 
Aad 
> = 
—_” 


(Oe, ae ne ok ye ) 


OK1 Myo... My 


where m—A=, 4, --420. 
This reduction corresponds to the third kind of reduction in the theory of 
the resultant. 


2. REDUCTION IN THE CASE WHERE y= =0. 


Here we must have 4,>0. [Cf. B, 2, (1)], and the work already done in 
B, 2, shows that 


(Om one MY Cyne (MT eee ras ance om 


O" Hg... Hy OM" (9 — Hy) (tg — Un). © Ofn—1— Mn) 


or we may prove it otherwise as follows: By B, 1, (2), 


=(jm 1s 1... nr —(—1 (Om ee nro 
NO" 5 Hy... 1) ) O"(m—H#,(m—H,).... Gn) 
By 1, the right member of this can be reduced. We get 
(Onc es nro = (ine ( as nro 
O" (mM — Hy) (M— Ay)... -.(m— ny) Qm—k* (9 — Hy )(M— Uy_1)....(m—%, \): 
os QAr—Ke DT Am -Ll oe ee mo 
Again by B, 1, (2), (Ones ase, Um adem a). nny) 


—(— ] yOm—Kn)n (Om [A1 a - gy ru— ") | 


OM—k" (1, — My) (4 — Hy) 2 2. gi Hn) 


Substituting, we get 


( Dro... me) _ tyne (Om Dace cee cee mee) 


O" x1, | Hy) Qm—Kn (1, —Hy)\(Hy— Uy)... . (%n 1 Ly) 
as before. This corresponds to the first kind of reduction in the resultant theory. 


3. REDUCTION IN THE CASE WHERE /,—=0. 


We must have «,=—0 in this case. By B, 1, (2) we have 


(Or Is........ m\—(° Un 1 Un—2. - 75) 


O" 4, Hy .. 2. Un —10 QO” Qro Tar... n9 


By D, 1, the right member can be reduced, and 


( Un 1 Ung. e ee ves )=(o My —1 Up—g. se eevee Ht, 
O” Oro 145... (n—1)%n-1 n°) \O" Oro Tr... (n—1) 2a) 
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=(jn2 —1 Un. - vee ee eees M 
Or—1 Oro 14+... (n—1) A n— \). 
Again by B, 1], (2), 
(Ont a, HK, )=(Sm 1s. .(n—1)? 1) 


Or—1Nro JAr. .(n—1)An-17> \O™H, Hy 02... Un—1)” 
and by substituting, 
(On 1A, .(—1) ey =(om 1. ..(m—1) An-1 } 


OO" Hy oe Una O OM 14 My were eee Un—1])° 
In a similar way it will follow that if 4,—=A,y==... 6 ==4,==0, %y)==Mn—1—= 
..==,==0, and 
(Om Dar... .70(r+1)9....m°\ (0% Ar 2... (Gr) Art 
OM, My cece Mp OPtTE YD  \OM My Hg eee eee, Hy—1)- 


The meaning of this last formula is that a function of the roots of an equa- 
tion of the nth degree, which involves only (r—1) roots at a time, has the same 
coefficient of the term involving b,* b,* ....(by-1) 47-1, as the same function of 
the roots of an equation of the (r—1)st degree which involves all the roots ; and 
the reduction corresponds to the reduction of the second kind in the resultant 
theory. 


4. REDUCTION IN THE CASE WHERE 2,0. 


We must have here x,==m. By B, 1, (2), and D, 8, 


(i. 2re mr) = yen (Sec oe (n—1)s 
O81, My eee. HJ) ) OK1( 1, — My) (Hy — ni)... (%,— My ). 
Again by B, 1, (2), 
(Oe. LAm-1..... cL eee ee (1) my (o Tae 22. (n—1)*" 
OK: (4 — My) (4 —— Un—1)... . (1, — Hy, OX Hyg... e.. Un) 
Ay Ay An Az As __ An 
Therefore ( 2? rn vi? =(-(6 ]Az,, ..(n 1) . 
OK1 My 1... My OK1 MyMg... 2. Hy 
If 2 a — ..c=A,_1=0. 
(Gm (r+1)Ardi... v= (—1 (On (LT Am—-1..... 0.0... (n—r)*\ 
O" H, Myr ree esaee Hy» ) O"'(m — 4, )\(m— H#,).... Cm— 4, ) 


and the right member of this is either zero, or else 
M—M,==M— My ==... = — UM, =—O, HSH My LEH, —=M, 


and the reduction of this section gives 


(ner rtd. me) = —(— 1s ( QAv J Arad, an 


O" 4, My... e eee OK yy ns Leen Hy)’ 


This kind of reduction corresponds to reduction of the fourth kind in the 
resultant theory. 


|To be continued. | 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
107. Proposed by REBER V, ALLEN, Hooker Station, Ohio. 


A barn, ABCD, length AB=b feet, width A D=a feet, standing in an open field, has 
a horse tethered to a point, P, in the side, AB, distance A P=c feet, with a rope Ff feet 
long. Over what area can the horse graze ? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


We might consider six cases of which only the fifth and sixth are repre- 
sented in the figure. 

Case I. In every case ccb—c. R>cand 
<b—c, also <ate. 

Area==47R? + ta(R—c)?= it7(8h?— 2he 
+02). 

Case Il. R>c, R>b-—c, R<a+ec, K<a 
+b—c. 

Areaz=37R? + t2(R—c)*? + ta7(k—b+0}5° 
—=t7(4R? +2c*® +b? —2Rb—2bc). 

Case If]. Rocta, R<ath—e. 

Area==$7R® + t7(R—c)*? + t2(R—-—c—a)? 
+42(R—b+c)?*=12(5R? — 2Re+8c? +a* — 2ha 
+2actbh? —2Rb—--2be). 

Case IV. R>o>cta, R>a+b—c, Rath. 

Area—37R?+ tn( R—c)?+ $2( R—c—a)?+ ix( R—b+c)? +44(h—a—b 
+¢)?=$7(8R? +2c? +a? — Ra+b? —2hb—2be-ab). 

Case V. R>a-+b; intersection at L between AD, BC produced. 

Area—37R?2 +42(R—c)? +42(R—b+e)2+sector DTL+sector CIL-+tri- 
angle DLC. 

DL=R—a—c, DC=b, CL=(h—a—b-+e). 


- /LDC=b-=cos~! (Vern ao) nant") 


2b(h —a—c) 


/ DOL=p=cos( > TAP) a—c)* ) 


2b(R—a—b+c) 


_ Area-—i7(4R? + 2c? +b? — 2Rb — 2bc) + 4(R—a—c)? (37-0) +2(h—a 
bey? Gag) -+4b(R—a—e)sin8 


109 


Case VI. R>a-+b; intersection in angle KBM. 

Area--37k? +32(R—c)?+sector NDG+sector FLG+triangle CDG -+tri- 
angle CBG. 

DG=(R—a—c), DC=b, BC=a, BG=—(k~—b+0), DB=1/ (a? +b*). 


ae tht +(Rob-+0)'— (R= a9!) 


LDBO= f= 005 ay ED) 


a? -Lb2+(R—a—c)?— abt) 


- y—ene-l 
ZL GDB==y=cos ( 2)/ (a? +b? )(R-—a—c) 


} b 
J (5 == a(__* __) (2) 
/ CBD= f cos vy (a? ob) tan 7 


/ CDB=in—f'", 2GDC=yvy+f'—a7, Z OBG-=8—', triangle DCG 
triangle BCG=triangle DGB—triangle DCB. 
. Triangle DCG-+triangle BCG=}y)/ (a? +b?)(R—a—c)siny—2ab. 
+. Area=437(3R2—- 2Re+e?)+ 4(R—a—c)?(a—yv —f')+4(R—b +c)? (G— 
A) +4)/(a2 +b? )(R—a—c)siny—2ab. 
IJ. Solution by C. C. BEBOUT, Professor of Mathematics in Elgin High School, Elgin, Ill; CHARLES C. 
CROSS, Libertytown, Md., and ELMER SCHUYLER, High Bridge, N. J. 


As shown by the figure, the area grazed over is made up of one semi-cir- 
cle, two quadrants, two sectors, and a triangle. We must sum the areas of these. 


Area of semi-circle HPK=i7R?...... (1). 

Area of quadrant HAK=47(h—c}’...... (2). 

Area of quadrant KBI=t7(R—b+c)*..... (3). 

By using formula A= /[s(s—a)(s—b)(s—c)] we get area of triangle DLC 
—1/[c(R—a)(R—a—b)(b—c)]....-. (4). : 


To find the areas of the sectors we must find the angles 7DL and ICL. 
These angles are respectively the complements of angles LDC and DCL, which 
may be found as angles of the triangle LCD, whose sides are known. To find 
these angles use the trigonometric formula : 


4, L@=ne=9 
tang A= + s(¢—a) 
then tant 2 ED0= | @P=*—D and tang crop= [FOR 
Then tang Z LDC= (Ra) (b—0) and tang 7 LOD= e(R—a) 


| c(R—a—b) 


° —l[-e oe =—; o_ —1 ST 
oJ LDT=(90 / LDC)=90°—2tan (Ra) (b—0)' 
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(R—a—b)(b—c) 


and Z LCI==(90°— 2 LCD)=90°.—2tan~ Q 


c( R—a) 
360° 
.. Area of sector LDP > _ [| 7(R—a—c)?*] a (5), 
90°— 2tan7 c(h—a—b) 
(&—a) (b—c) 
360° 
and area of sector LC {————____ —._— [ 1(R-—a—b+c)?]. .(6). 
5 _, |(R—a—b)(b—c) 
90°—2tan—!. |~ 
c( R—a) 


Summing (1), (2), (8), (4), (5), and (6), we get the area grazed over, 


tn (AR® +b? +-2c? 2bR—2be) + Lo R—a)(R--a—b )(b—c)] 


+ Oe Rg 02 
90° —— tan! h—a-—?) 
(R—a) (b--c) 
+ ae [7 (R--a—b +e)? ]. 
90°—2tan—} (a0 (04) At) 6) 


c( R--a ) 


Solutions of problem 106 were received from P. S. Berg and Elmer Schuyler, and of problem 105 
from Sylvester Robins. These solutions came too late for credit in last issue. 


NOTE ON THE CALCULATION OF INTEREST AND DISCOUNT. 
BY JOSEPH V. COLLINS, PH. D., PROFESSOR OF MATHEMATICS, STATE NORMAL SCHOOL, 
STEVENS POINT, WIS. 


In the January number of the Monrurty, Hon. J. H. Drummond, after 
giving the answer to the problem, ‘What are the proceeds of a note discounted at 
a bank for 10 years at 10 per cent.,’ as nothing, says, ‘‘The method of caiculating 
discount used by banks was invented to evade the usury laws. I have thought 
that the court which first sustained the method could not have been well versed 
in mathematical principles.’’ 

A curious thing and commentary on the preceding is that all methods of 
calculating interest and discount are open to objection. Custom requires that 
interest be paid at the end of each year or specified fraction of a year. When it 
is not paid until the end of a period of two or more years, the lender is defraud- 
ed of the interest on his interest. If all interest payments are made promptly, 
it is equivalent to paying compound interest. The business world recognizes 
that compound interest is the only fair kind. Thus tables of bond values and 
the like are always made on a compound interest basis. But simple interest is 
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the only kind which can be collected unless annual or compound is called for in 
the contract. The courts have decided, probably because compound interest 
piles up su rapidly, that borrowers shall not be compelled to pay it unless they 
have agreed to. It isevident that if simple interest is unfair to a lender, so like- 
wise is its analogue in discount, viz., true discount. In bank discount the bank 
not only collects a certain rate of interest on the loan, but also on its own pay, 
which is theoretically an absurd proceeding. 

In partial payments we find the same difficulties presenting themselves. 
If payments are made within a year, according to the United States rule interest 
is collected and set at interest before it is due. The old so-called Connecticut 
rule tried to avoid this unfairness, but in so doing became too complicated for 
general use. Business men see that the mercantile rule is the only one which is 
fair to both parties when the whole transactions falls within a year. But the 
mercantile rule works injustice if the period covers more than a year, since by it 
the lender gets only simple interest, whereas the United States rule gives him a 
form of compound interest. The United States rule works injustice to the bor- 
rower whenever he pays less then the interest. Thus it is evident that the ele- 
ment of time and certain practical considerations have a great deal to do towards 
determining the appropriate method of counting interest. 

Looked at from a practical standpoint it is easy to see why the banker col- 
lects bank instead of true discount. True discount requires a long division after 
a preliminary calculation. Tables could not be made for computing true discount 
which would be at all convenient to use. The great bulk of the loans made by 
banks are for less than 3 mouths. The difference between the bank and true 
discount of say $500 for 80 days is only a little over one cent. It would 
be worth more than 5 cents of the cashier’s time to make the longer calculation. 
Of course the difference would not be so slight in every case, but it should be 
noted that one and sometimes more than one other person’s time besides the 
cashier’s is involved. Then liability to error is much greater in the longer cal- 
culation, and this is an important item. Hence it is plain that the method of 
discounting notes pursued by the banks was not adopted (as the writer once 
thought before he began making computations like the above) with the object of 
extorting more money from their customers, but for purely practical reasons. 


ALGEBRA. 


92. Proposed by W. F. BRADBURY, A. M., Head Master Latin School, Cambridge, Mass. 


Find the sum to n terms of 1+332+53-+.... [From Charles Smith’s El- 
ementary Algebra, page 403]. 


I. Solution by DR. E. D. ROE, Jr., Associate Professor of Mathematics in Oberlin College, P. 0., Norwood, 
Mass. 


2 
We have sg, n=1?+23+4... no (Pr)). (Todhunter’s Algebra, page 
263). 
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Now 83 on==2383, n +[12+38'?+5'?+....(2n—1)?]. 
Hence 1?+3%+53+.....(2n—1)3==83 on — 883, n= n? (2n? — 1). 


II. Solution by J. OWEN MAHONEY, B. E.,M.Sc., Master and Instructor in Mathematics and Science, 
Cooper Training School, Carthage, Tex.; COOPER D. SCHMITT, M. A., Professor of Mathematics, University of 
Tennessee, Knoxville, Tenn.; and J. SCHEFFER, A. M., Hagerstown, Md. 


Let 19+33+5384....(2N—1)3=A+BN+CN?+4DN?+EN4,. 
Then(2N+1)?=B+(2N+1)C+D(8N2+38N+1)+E(4N3+6N?44N+1). 
EKquating coefficients, we find H==2, D=—0, C=—1, B=—0. 
Therefore S=A—N?+2N4, 
But when N==1, A=0. .. S==N?(2N?—1). 
III. Solution by T. W. PALMER, A. M., Professor of Mathematics, University of Alabama, University, Ala- 
bama;G. B. M. ZEER, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Chester, Pa.; 


CHARLES C. CROSS, Libertytown, Md.; J. SCHEFFER, A. M., Hagerstown, Md.; and ELMER SCHUYLER, A. M., 
High Bridge, N. J. 


The general term of the series is (2n—1)?. 


oo. 2(2n—-1)3? =82n3 —122n*+62n—21 


a 19 np ee) pet) ne On? —1). 


IV. Solution by J. SCHEFFER, A. M., Hagerstown, Md., and ELMER SCHUYLER, High Bridge, N. J. 
— n?(n+1)? 
7 4 


From the well known formula 18+23+8?+....n*: we have 


13 +23433+4434 ....(2n—2)?+(Qn—1)?==(2n—1)? n°. 
Denoting the required sum by S, we have, 
S123 1481463 +....(2n—2)3 =(2n—1)?n?, 
or S+23[1+23+33+....(n—1)?]=(2n—1)?n?2, 


==(2n—1)?n?, whence S=n?(2n?—1). 


V. Solution by M. A. GRUBER, A. M., War Department, Washington. D. 0.; H.C. WHITAKER, A. M., Ph. 
D., Professor of Mathematics, Manual Training School, Philadelphia, Pa.; 0.8. WESTCOTT, A. M., North Division 
High School. Chicago, Ill.; ELMER SCHUYLER, High Bridge, N. J.; A.H.BELL, Hillsboro. Ill.; JOSIAH H. DRUM- 
MOND, LL. D., Portland, Me.; P. S. BERG, Principal of Schools, Larimore, N. D.; W. L. HARVEY, Portland, Me.. 
CHARLES E. MEYERS, Canton, 0.; ALOIS F. KOVARIK, Decorah Institute, Decorah, Ia.; HAROLD C. FISKE, 
Union College, Schenectady, N. Y.; and J. SCHEFFER, A. M., Hagerstown, Md. 


Solving by the Differential Method, the general formula for the sum of the 
n terms of a series Is 


n(n—1 n(n—1)(n—2 n(rv—1) (n—2) (n—38 
Sum=-na-" Da, $e ts ee ay + sect 


in which a=first term of series, and a,, 45, @3, @,, ete., are the respective first 
terms of the successive orders of differences. 
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Then 1] 27 125 3483 729....(2n—1)3==given series. 


26 98 218 B86.......04. ....-=—first order of differences. 
72 120 168 .. oe. eee ee ee eee =second order of differences. 
48 AS Lecce ee eee -=third order of differences. 
Qo ce eee eee —fourth order of differences. 


Therefore a1, a,-=26, a,=72, a,—48, a,—0. 
Substituting these values in the general formula, we obtain 


Sum=—n+ 138n(n— 1) +12n(n—1)(n—2)+2n(n—1)(n—2)(n— 838) 


=2n4—n? =n? (2n*? —1) 


==the swin of the cubes of the first n odd numbers. 
When n=4, n?(2n? —1)—496. 
When n=), n?(2n? —1)—1225=— 0. 


COROLLARIES BY M. A. GRUBER. 


CoroLLaRY 1. In a similar manner we find 23+43+63....+(2n)3= 
2n?(m+1)? =the sum of the cubes of the first n even numbers. 
CoRoLLARy 2. By asimilar process we obtain 1+2%8+3?+43+....+n3 


a(n+l)y]? . , 
=| ——g— J3 0 the sum of the cubes of the first n natural numbers rs equal to 


the square of the sum of thenumbers. For 1+2+8+4+.... pnt Th) 
Corotiary 8. 14+383+5'3+... 4+(2n—1)? =n? (2n? —1)=—0, whenn=—1, 
5, 29, 169. 985, 5741, etc., or when n-=the integral hypothenuse of a right trian- 
gle whose legs are consecutive integers. [See AMERICAN MATHEMATICAL MoNTH- 
ty, Vol. IV., No. 1, pages 24-27]. 
CoRoLLARy 4. 2?+443+63+....+(2n)? can never be a square; for 
2n?(n+1)* is tweee a square. 


GEOMETRY. 


109. Proposed by CHARLES CARROLL CROSS, Libertytown, Md. 


Two circles, radii in ratio 8:1, centers 4 and O, respectively, are drawn 
tangent externally to each other and internally to a given circle O, and on the 
same diameter ; O, and O,’ are drawn tangent externally to O and internally to 
A and O,; O, and O,’ are drawn tangent internally to O and externally to A 
and O,; O, and O,’ are drawn tangent internally to O and externally to A and 
O,, A and O,’, respectively, and so on. Prove O,. O, 0O,'; 0;, A, O,'; O,, A. 
O,’ and O,,, O, O,' are collinear. [The letters apply to the centers of the 
circles]. 

I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Construct the figure as indicated by the problem, and let B be the point of 
tangency of the circles A and O. 
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We will solve generally by taking m:1 as the ratio of the radii of circles 


A and O,. 
Put m=—radius of circle A. Then 1=radius of circle O,, m+1—radius of 


; m(m+1) ,; ; ; ; 
circle O, and m(m-p1)(n—1)2 radius of circle O,,in which n=-the number o 
the smaller circle, beginning with circle O,. 

(a). In AAO, 0O, taking AO as base, 


am pm) On)? F177] 
AOW=™ EL) Fay? mmf 1)-H(n— 1)?” 

monet MD) (m1) [rm? (n= 1°] 
00,=m+1 mim+1)+(n—1)? - m(em+1)+(n—1)? ’ 
AO=1, area= mem Fm 1) and altitude= Zm(m +1)(n—1) 


m(m-+1)+(n—1)? ? m(m+1)+(n—1)2° 


(b). We shall now find the value of n when centers O,, O and OQ,’ are 


collinear. 
Then 40,00, 2Z0,0OB; also OO,’ : sine Z O,/00,=O0, : sine 7 0,OB. 
By substituting values as found in (a), and by using r and v in the proper 


places, we have 


(m+1) [mP +r 1)? J, 2m(m+1)r—1) 
mim+1)F@—1)? * mim+I)+(r—1)? 


—_ (m+1) [m?+(n—1)?] 2 2m(m+1)(n—1) 
nD FD? * mGEL)-HO 


W hence.m? +(r—1)? 2 r—1=m?+(n—1)? : n—-1; 
m2+(r—1)? : m—1)?-—(r— 1)? =r—1 i n—-r; 


m? +(7—1)? : ntr—-2=r—1: 1. 


2 m2 

, m m, 

From this we find n= i +1; also r= i +1. 
r— n— 


When r=n, (n—1)*=m?; whence n=m-+1. 
r==1, n= &. 
y=2, n=m? +1. 


m?* 


2 


+1, m=even number. 


7==3, N= 
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1 


r—4, n= gt, m—=multiple of 3. 


2 
m 
r=od, oe m-=even number. 


etc., etc. 


(c). We shall next find the value of » when centers O,, A and O,' are 
collinear. 
Following a similar reasoning and substitution as in (b), we obtain 


eee 


1; al == 
tl. also r " 


When r=n, nti whence n==m-+2.. 


yo-l,n— oe 
r=2, n=(m+1)?+1. 
2 
ro=38, N= mee) ~_—*-1+1, m==odd number. 
r= 4. n= nity +]. m=8p—l1, as 2, 5, 8, 11, ete. 


3 
m+1 
78, ne 41, m=odd number. 
etc., etc. 


From (b) and (¢) we obtain the following groups of collinear centers, when 
m3: 0O,,0, A, Oz; Oo’, O, O19; O2', A, O15; O3', A, Og; O4', O, O,; and 
O,', A, O;. 

It will be observed that where a center, in any of the above groups, has a 
prime mark, the mark may be transferred from the first to the last center of the 
eroup ; as, for group O,', O,O,,, we havsO,,0,0,,'. This is evident from an 
inspection of the figure. 

CoroLLARY 1. The figure presents three varieties of triangles, which, 
general forms, may be represented as AO,O, AOn410n, and OOn+410n, whose areas 
are rational. Area of triangle AO,O is shown in (a). 

CoRoLLARY 2. The curve passing trout the centers of the smaller cir- 
cles, (i. ¢. through O,, O,, O,....O0.[==B].---O3', O02’, 01), is an ellipse whose 
foci are A and go. For, 00, +40, ==002 +A 0>=00n-+4 On=0; B. 

The general values of the focal radii and ordinate of center 0, are shown 


in (a). 
[Nore. Mr. Charles C. Cross furnished me with the value 3 pntn— 3) 
-—radius of circle 0,, which I found correct according to his notation, and from 


mim+1) 
m(im+1)+(n—1)? | 
Excellent solutions with diagrams were received from G. B. M. ZERR, CHARLES C. CROSS, and 
J. SCHEFFER. 


which I deduced the general value 
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DISCUSSION OF INVERSE FUNCTIONS. 


BY COOPER D. SCHMITT, A. M., PROFESSOR OF MATHEMATICS, UNIVERSITY OF TENNES- 
SEE, KNOXVILLE, TENN. 


1°. Noration. Ifsinx=a, we know that can be found, and hence in order 
to express this value of x explicitly we write it r=sin-'a. The first expression 
means, the sine of the arc, x, is a, and ‘‘sine’’ is the subject, that ts, our atten- 
tion is called to that as being equal to a. The second expression has the are, 2, 
for its subject, and the second member of the equation is algebraic short hand, 
telling what arc we mean. 

We read it, ‘‘x equals the arc whose sine is a,’’ or more briefly, ‘‘arc-sine 
> 4, e. © equals arc-sine a. 
The expression is sometimes read ‘‘x equals the inverse sine of a,’’ or ‘‘the 
anti-sine of a.”’ 
Similarly, tan45°=-1, becomes 45°—47==tan“11, 
cos60°=-4, becomes 60° -==47==cos~!4. 

Also, y==tan—1z can be written tany=2z, and so on. The convention is, 
that what is inverse on one side is written direct on the other ; thus sec-la—z 
becomes sectw—a. 

2°, Since tanv—tanz we can say tan~'(tanz)=z or tan(tan-!)¢=«. This 
becomes self-evident when expressed at length. Thus, the tangent of the arc 
whose tangent is @ is @. 

Similarly, cos~1(cosa)==a, sinsin~'b=b. The two symbols are not said to 
cancel each other but to annul or neutralize each other. 

3°. There are always two angles less than 860° whose functions equal a 
certain quantity, but for simplicity, we will always mean the smaller of the two. 
Thus tan-11-=45° or 225°, since the tangent of either of these angles is 1. But 
45° is taken unless for some special reason the larger angle is desired. 

4°, Any inverse function can be converted into all the other inverse 
functions. 

Thus sin-!% becomes tan~! ? by constructing a triangle with hypotenuse 
5 and perpendicular 38. From this we see that sin—! 3—tan—! #—cos~! 4—cot—14, 
etc., etc. 


a 


y] 


VP tan? 
3 2” 

Similarly tan? =§;=cot—! +-2—sin—! ;°;—cos7} 13. 

5°. Any formula of trigonometry expressed in direct notation can be con- 
verted into a corresponding formula in the inverse notation. 

Thus to convert sin2de=2sinzcosx ...(1). 

Let sinv==a. Then cosx=)/1l—a? and x=sin—a. 

(1) can be written according to the convention agreed upon in 1°. 

Qe==sin—1(2sinzcosx). Whence 2sin—a—sin-1(2a,/1—a?). 

Similarly cos(a#+y)=cosxcosy— sinzsiny....(2). 

Let cosv=a, then v==cos—ta. Let cosy=b, then y=cos~—b. 


Similarly cos~'$=—sin7} etc., etc. 
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And (2) can be written «+y=cos—l(cosxcosy—singsiny) 
Whence cos—ta-+cos—!b==cos—l(ab+ y/ 1—a?1/1—6?)....(8), 


which is a formula for adding two inverse cosines and getting the result as 


single inverse cosine. 
tanz—-+tan2a 
rtany ) .. (4). 


any _ =( 
Again tan(e@+-y)= —tanctany or x y—tan ]—tanatany 


Let tanz=a, tany=tanb, and (4) becomes 


tan~ta+tan—!b= tan 1 22.8). 


—b 
Similarly,tan~ta—tan—!b=tan—1_—_—___ ii a . (6). 
From 4° we see that any inverse function can be expressed as an in- 


6°. 
verse tangent, and by these last two formulae, (5) and (6), we can add or sub- 
hence these two formulae are all that are neces- 


tract any two inverse tangents 
sary for combining any number of inverse functions 


Thus, tan~!4+tan-! tan v 213 stan! 2 ; 
—y' 1 


3414 
tan-14-+tan—! 4=—tan-1 cr —=tan—!o =—90°=$7 ; 


a413 
2tan—-! 3—tan-!3-+tan—! 3=tan71 i. 7 —tan—! #4, 
16 


To add cos—! 4+cos—! 1% we might use (38), but it is better to convert the 


eos! into tan~! as in 4°. 


r —l 4 —1 12 —13 —1 5 —_— —l 
Thus cos! $-+cos—! +3—tan—! 4-+tan! ;°5=-tan ae 
16 


. If fractional coefficients occur they must be gotten rid of 
Thus tan—t }+tan—! § —4cos—! 2 becomes 
4(2tan—! $+-2tan—! §—cos~1 2) 


tan-!4+tan—! {+tan—! 4+ tan! ¢—tan! 4 


=H 


AL. 212 
==1(tan—! art +tan—! ors —tan—! 4) 
16 81 


==$(tan—! 58 +tan—1!36—tan7! 4) 
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1 —14__tan—}4)— 
—H(tan—! $—tan—! $)—0. 


4tan—14 can be written tan~*4+tan™ t+tan-1i4+tan-!4 and now the ad- 
dition formulae can be used at once. 
Similarly, for any integral coefficients. 
Suppose we are to show that cos $5 2tan~* f—sin~ 4. 
We proceed as follows: cos! §3—tan—!4§, sin? 3—tan—' #, and now we 
have to show that tan—! 1§+2tan—!}—tan—!#, which is done at once as in pre- 
vious example. 


f 


db, 
lab will apply to 


most if not ali of the examples as given in our text-books and that the work is 
done entirely in the inverse notation. 


It is thus seen that the formulae tan—!a+tan—!b=—tan—! 


CALCULUS. 
84. Proposed by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 
Find the equation to the curve upon which a given ellipse must roll in order that 
one of its foci may describe a straight line. 


No solution of this problem has yet been received. 
It can be easily shown that ds-—-(1+—)ds' where p and p’ are the radii of 
pv 


curvature of the rolling and fixed curves, and ds and ds’ arcs of the roulette (the 
curve generated by the focus of the ellipse) and the pedal curve, the origin of 
which is the generating point. Finding expressions for ds and ds’ and substitut- 
ing in the above equation and solving for p, we have an expression for the curva- 
ture of the fixed curve. By substituting for p, the general value for the radius 
of curvature, we derive a very complicated differential equation of the curve. I 
am not aware that the problem has ever been solved. If any of our contributors 
will send us a complete solution we shall be pleased to publish it. Ep. F. 


85. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A line of double curvature, beginning at some point in the circumference of the base 
circle of a right cone, windsitself under the constant inclination # to the base circle around 
the curved surface of the cone. Find its length and that of its projection upon the base 


circle. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let ABC be the cone, CPG the line of curvature, o its length, C# its pro- 
jection on base, s the length of this projection, BO the z-axis. Also let DO=CO 
—q, PF==-r, £ DPE=semi-vertical angle of cone==~, ZPCD=§. Let P, C be 
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two consecutive points on the curve. Draw PE perpendicular to DO. Then 
PC=do, CHK=ds, PE=dz, DE=dr, /£COE=dé, 
Z DPE= 2 DBO=y. 


Then DE=PDsiny==PCsinysin£. 
'. dr=sinysinfdo. 
ro 
siny sin?’ siny sin,?’ 


PE=PDcosy==P Ceosysin§é. 


where a=r. 


J. dz=cosysinfdo, .*. z==ocosysinf. 
CH=\/(CP? —PE?), 
', ds=1/ (do? —dz?)=do71/ (1 —cos?ysin?/), 


‘, s=0)/(1—cos*ysin?/) = ay (1—cos?*ysin*/) 


sinysin/ 
yr PFH—PH=PCcos). 
. rdé==cossde. 
cosida cots do cot? 
+ dO se . O=——_logo. 
r siny 6 siny 


a—reosd, y=rsind, z—=<ocosysingj—rcoty are the equations to the curve 
go and s as given above are the values asked for in the problem 


MECHANICS. 


—etes 


77. Proposed by ELMER SCHUYLER, High Bridge, N. J. 


At what elevation must a shell be projected with a velocity of 400 feet that it may 
range 7500 feet on a plane which descends at an angle of 380°? 


I, Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 


Chester, Pa.; J. SCHEFFER, A. M., Hagerstown, Md., and the PROPOSER. 


Let OR=7500 feet—R, V=400 feet, “ POS=e=angle of elevation, and 
/ ROS=1=380°. 


*, PR: OP=sin(e+17) : cost. 

But OP=vt, and PkR=3gt?. 

‘, t=2vsin(e+7)/geost. OR : PR=cose : sin(e+1). 
‘, R= gt? cose/2sin(e+7)—=2v* sin(e+2)cose/gcos*2. 


tang Ot Qu? gRsini—g? R* cos*i-+v4) _ 160000 + 143848.62575 
7 vanes gRcost ~~ 908928.62775 


- tane—1.451925 or .079699. 
| e==55° 26’ 36” or 4° 33’ 24”. 
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II. Solution by J. C. NAGLE, M. A., M. C. E., Professor of Civil Engineering and Physics, Agricultural and 
Mechanical College, College Station, Texas. 


If the point of projection be origin and the path be regarded as a parabola 
its equation will be 


_ gx" 
Y = tana se oa oe (1), 


where a-=angle of elevation. 
At the point where the shell is to strike the plane, y=—3750 feet and x= 
6495 feet. Inserting these values in equation (1) there results 


— 3750 x 400cos* a—6495 x 200 x sinacosa— (1299)?. 


For cos?@ write 1-+cos2¥%, and for 2sinacosa@ write sin2a, and as sin2a= 
\/(1—cos?2a@), we get 


V (1— cos? 2a@)=.722— .577cos2a,...(2). 


Solving (2) we get cos2a= 314+.676. 
. 2a—8° 48’ or 111° 12’ and ~a=4°? 24’ or 55° 386’, which values satisfy 


the condition 


a” — 3(37—380)=3(47—380)—a’, 


See Tait and Steele’s Dynamics of a Particle, page 90. 
Also solved by P. H. PHILBRICK. 


78. Proposed by ALOIS F. KOVARIK, Professor of Mathematics, Decorah Institute, Decorah, Iowa. 


A cone and a cylinder having equal heights and equal circular bases are filled with 
water; if they have equal holes in the bases, respectively, how many times as long will it 
take the cylinder to empty as the cone ? 


I. Solution by P. H. PHILBRICK, C. E., Lake Charles, La. 

Let r=radius of base, h==altitude, k=area of orifice, and «=height of the 
water at the time ¢. 

I. For the cylinder, the discharge in time dt is, k)/(2gx)dt; and since in 
the same time the surface of the water descends a distance dx, the quantity in 
the vessel is lessened zr? dx. 

. ky/(2gx)dt=rr? dx, and 


mr? dx Qrarr? Qrr? , 
ht — x ). 


TRV Og) Ve 7 Fyn” 7 Ry Gy 


II. For the cone, we have y=(r/h)(h—«x), and the area of section 


, «ar 
Ty? == (h—2)*, 
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ar (h—a)* 4 


7 2 
- iy / r4 4 — 
by Cge)dt=— hk y/ (gq) xh 


-dv, and t=— 


es ea 
ar bo 55 


TT 2 
APR YY (29)  (2hP as — Ah + $x? )-be. 
But t=O for v=h a ° 16 he 
d Je ° ° s— h? ky (: q) 15 ~ . 
; —-- 3 +2 +. 16}, 
ence {= -TEOO (Ah? a uv 2) EC q) isll 
ar? 


For x=0, the time of emptying vessel==t, = igh. 


ky (2g) 
This is 5% of the time of emptying the cylinder. 


II. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 

Let A-—the area of the descending surface, O=the area of the orifice, and 
a==the depth of the water at the end of any time €. 

The quantity of water discharged through the orifice in the infinitely smal] 
time dt is O.dt(2gz)?, the velocity of discharge being (29x)? ; but in the same 
time the surface has descended through the distance dx and the quantity 
discharged is Adz. 

ok —  Adx 
. O.dt(2gx)? == Adz, or dt= 0.(agu)! 


, as general formula for any shape 


of vessel. 
Now for the cylinder A=7r? and therefore di — 2 _ and 
O(2gx)3 
1 my? f da omrth® mr? (2h)F 
2 — 2 
and for the cone A u *) and 
4 oar (h—a)P dx _ may? { (h—«)? da 
TOR MEI ORGS 1 


my? 16he ; mr? (2h)s 


Oh? (2q)# lo dS! O.g% 
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Comparing the two results we see that the cone empties in ,8 of the time 
it takes the cylinder, or the cylinder takes 1% as long as the cone to empty. The 
minus sign is prefixed because x decreases as ¢ increases. 

Also solved by G. B. M. ZERR, ELMER SCHUYLER, J. SCHEFFER, and J. C. NAGLE. 


Nore. In reference to problem 63, Dr. Arnold Emch says: ‘'‘I had the 
problem solved by my class in graphic statics by a purely graphical method and 
the following values (approximations) were obtained: /ABE=46°, 7 BAD= 
56°, tension in BE=56.8, tension in AD=71. This shows that the solution 
in the MontHLy is correct.”’ 


DIOPHANTINE ANALYSIS. 


71. Proposed by A. H. BELL, Hillsboro, Il. 
Find five numbers such that the product of any two plus 1 will equal a square. 


III. Solution by M. A. GRUBER, A. M., War Department, Washington. D. C. 
By using (s—1)?, the denominator of Euler’s fifth number, where s= 
An(n—1)(r1+1)[4n(2n—1)(2n+1)], I have found five numbers in terms of n: 
e—n—1, y=n+1, 2z—4n, w= 4n(2n—1)(2n+1), and 


— An(2n—1)(2n+1)[2n(Q2n—1)—1][2n(2n+1)—1](8n? —-1) 
v= {4n(n—1)(n+1)[4n(2n—1)(2n+1)]—1}? . 


The numerator of v is four times the product of the roots of the six squares 
wy +1, az+l, y+1, ew], yw+l1, and zw+1. 

The denominator of v is the square of (wyzw—1). 

Take n—1, 2, 3, 4, 5, 6, etc. We then obtain the following sets of five 
numbers : 


0, 2, 4, 12, 420; 


1, 8, 8, 120, arty: 

2, 4, 12, 420, “FOBT sy2 3 

5. 5, 10, 1008, SSR 

4, 6, 20, 1980, Sa 

5, 7, 24, 38482, TBesgarne etc., ete., etc. 


We also find 
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vol _—{Qn—1Qn+1)[2n(Qn—1)—1][2n(2n+1)— 1] —2n(8n? —1)}?- 
| 7 (s—1)? 5 


yo pin DAn+D2nQn— I pe 1]+2n(8n? 19}? 


wti— LENE EIS USS, and 


— {24n? (2n? —1)(2n—1)(2n+1)— 1}2 
wo-tl= =) | 


74. Proposed by 0. W. ANTHONY, M. Sc., Instructor in Mathematics, Boys’ High School, New York City. 
Solve a? ty?=O, 2?+w?=o, yt+w?=oO. 
I. Solution by M. A. GRUBER. A. M., War Department, Washington, D. C. 


Take any two integral equations in which the sum of two squares equals 


a square, as 
a®*+6?—c?, and a?2-+b/=c,. 

Multiply the terms of the first equation bv the first term and the second 
term, respectively, of the second equation. Also multiply the terms of the sec- 
ond equation by the first term and the second term, respectively, of the first 
equation. We then have 


(aa,)*+(a,b)?=(a,c)®....(1), 
(ab,)?-+(bb,)? ==(b, 6)? ....(2), 
(aa,)*>+(ab,)?=(ae,)?....(8), 
(4,6)? +(bb,)? =(be, )?... (4). 


Now put t=aa,, y=a,b, z=ab,, and w=bb, ; then equations (1), (2), and 
(4) are the three required by the problem, there being added, in the solution, 


ow? +2? =O ....(3). 
By means of the formula (2mn)? +(m?2—n?)?=(m? +n?)?, find a few in- 
tegral numerical equations. 


Take m==2, n=1; then 47+3?==5?....(1). 

Take m=8, n=2; then 12°+5°—138"....(2). 

Take m==4, n==1; then 8°+15?=17?....(3). 

Take m==5, n=2; then 20?+217==29?----(4), etc. 
From (1) and (2), #==48, y==86, z=20, w==15. 
From (1) and (8), w==32, y=24, z=60, w—45. 
From (1) and (4), «=80, y=60, z=84, w=63. 
From (2) and (8), z=96, y=40, z=180, w=78, etc. 
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IV. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

In problems where #?+y?=1, 2? +w?=O, v? +2? 1, and y?+w?=— oO, 
we have the proportion « : y=z : w. 

Now take two integers the sum of whose squares equals a square, and ar- 
range them in an identical proportion. 

Then take two integers of the same kind and arrange them, underneath 
the first proportion, in an identical proportion of alternation as compared with 
the first proportion. 

Then find the products, term by term, of these two proportions ; and the 
four products will be the required numbers. 

Take 5? +4?=5", and 5?-+12?=-12?. 


Cl y=2:w 
o:4=38:4 
3: 0-12: 12 
15 : 20—36 : 48 
15? +202? —25" , 86” +48?—60", 15° +36? =—89", 20" +48" 52°. 


y] 


V. Solution by J. H. DRUMMOND, LL. D., Portland, Me. 
Manifestly « and y, and z and w, are the bases and perpendiculars of two 
different right-angled triangles. Hence v==m?—n?, and y=2mn; and z=p(m? 
—n*), and w=2pmn. But y?+we=o. Or 4p?m?n?+4m?n?—O, or p?+1= 


2q _ 2q(m? —n*) 
1 Then z== gal 


O =(say) (pq—1)?. From which p= , and w= 


2qmn 


gal 


in which m, n, and q may be any numbers, q>1, and m>n. 


Also solved by A. H. BELL, CHARLES (©. CROSS, ELMER SCHUYLER, and G. B. M. ZERR. 


PROBLEMS FOR SOLUTION. 


ee 


ARITHMETIC. 


112. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, Pa. 
1g, 2297 . i, 
The cost of an article is $4. -. The selling price is $6.34°,°.°,, What 
1.008 


is the gain % ? 


113. Proposed by B. F. SINE, Principal of Normal School, Capon Bridge, W. Va. 


In what time can a note of $5280, bearing 6% interest, be paid by paying $600 a year ? 
[Solve by arithmetic]. 


z*y Solutions of these problems should be sent to B. F. Finkel not later than June 10. 
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ALGEBRA. 


100. Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jack- 
son, La. 


Solve, etry y4e, yXt+y= ve . 


101. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, Pa. 


Prove that (1+2-+5+.. EMT oy ($22 $82 + oe tn?) bh 3 


154254384... pms) $M 2 egpepgece. Cnty bce eee. 


n(n—1)\(n—2 
4! 


n a 1) 


+ IERIE BE SL tnt) 4.— ——__-(]7—2_L.9n— 21 gn—2 


+... eet _— ml) (1% Qt Qn + oe. + n”) 
—=(n+1)”"—1, and cubstitute for n==2, 3, 4, 5, and 6. 


x*y Solutions of these problems should be sent to J. M. Colaw not later than June 10. 


GEOMETRY. 


120. Proposed by P. C. CULLEN, Principal Public Schools, Indianola, Neb. 


Draw a circle tangent to a givencirele and tangent to a given chord at a given point. 


121. Proposed by AUGUSTUS J. REEF, Carbondale, Ind. 


Construct a triangle having given its three medians. [From Wentworth’s Plane and 
Solid Geometry]. 


122. Proposed by G. I. HOPKINS, A. M., Professor of Mathematics and Physics, Manchester High School, 
Manchester, N. H. 


If perpendiculars are dropped from the vertices of a regular polygon upon any diam- 
eter of the circumscribed circle, the sum of the perpendiculars which fall on one side of 
this diameter is equal to the sum of those which fall on the opposite side. [From Chauv- 
enet’s Treatise on Elementury Geometry. 


x*, Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


CALCULUS. 


90. Proposed by ELMER SCHUYLER, High Bridge, N. J. 


Prove that the evolute of the logarithmic spiral is an equal logarithmic spiral. 
[From Byerly’s Jntegral Calculus]. 


91. Proposed by GUY B. COLLIER, Schenectady, N. Y. 


Find the area of a loop of the curve r?cosé=a’?sin34. [From Hall’s Dif- 
ferential and Integral Calculus]. 


y*y Solutions of these problems should he sent to J. M. Colaw not later than June 10. 


MECHANICS. 


89. Proposed by GUY B. COLLIER, Schenectady, N. Y. 

Assuming that the Northern Pacific R. R. tracks between Fargo and Bismark (North 
Dakota) to lie on the 47th parallel of latitude; also that the Limited Express weighs 300 
tons, and that a speed of 60 miles per hour is maintained between the two places; find the 
difference between the vertical pressures on the rails of the Express east and the Express 
west. 


90. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


Adopting the hypothesis that the planets were originally all one mass revolving 
about a fixed center and were formed by an explosion of this mass at some point in its 
path ; prove that, if the law of nature were that force varies directly as the distance, the 
planets would all have collided again simultaneously, and find an expression for the time 
between the explosion and collision. 


xy Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


DIOPHANTINE ANALYSIS. 


80. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Find three square numbers whose reciprocals form an arithmetical progression. 
x“ Solutions of this problem should be sent to J. M. Colaw not later than June 10. 


AVERAGE AND PROBABILITY. 


73. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, Pa. 


On an average | vessel out of every x is wrecked. Find the chance that out of m 
vessels expected p at least will arrive safely. 


74, Proposed by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


From a point in the circumference of a circular field a projectile is thrown at ran- 
dom with a given velocity which is such that the diameter of the field is equal to 
the greatest range of the projectile. Find the chance of its falling into the field. [From 
Byerly’s Integral Calculus, page 209]. 


x*y Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


MISCELLANEOUS. 


77. Proposed by T. E. COLE, Columbus, Ohio. 


It is said that a base-ball pitcher throws curves. Give a scientific explanation 
of how it is done. 


78. Proposed by WALTER H. DRANK, Graduate Student, Harvard University, Cambridge, Mass. 


The center of a regular polygon of » sides moves along a diameter of a given circle, 
the plane of the polygon being perpendicular to the diameter, and its magnitude varying 
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in such a manner that one of its diagonals always coincides with a chord of the circle: find 
the surface and the volume generated, and thence deduce the formulae for the surface and 
the volume of a sphere. 


g*y Solutions of these problems should be sent to J. M. Colaw not later than June 10. 


EDITORIALS. 


Kditor Finkel was elected a member of the London Mathematical Society 
on April 18th. 

THE UNIVERSITY oF CHIcaGo, SUMMER, 1899. The following Mathemati- 
cal Courses will be offered: By Professor Maschke, Theory of Functions of a 
Complex Variable, Abstract Groups; Professor Hathaway, Quaternions, Plane 
Analytics ; Assistant Professor Young, Conferences on the Pedagogy of Mathe- 
matics, Determinants; Assistant Professor Skinner, College Algebra; Dr. Slaught, 
Differential Equations, Differential Calculus; Dr. Boyd, Twisted Curves, Solid 
Geometry. | 


BOOKS. 


An Introduction to the Differential and Integral Caleulus and Differential 
Equations. By F. Granville Taylor, M. A., B. Se., Mathematical Lecturer at 
University College, Nottingham. 8vo. Cloth, 592 pages. Price, 8s. London 
and New York: Longmans, Green & Co. 


This work comprises three sections, in the first of which is given a very thorough 
treatment of the Differential Calculus and its applications; the second is devoted to 
treatment of the Integral Calculus; and the third deals with the elementary methods of 
solving Ordinary Differential Equations of the first and second orders. In the Differential 
and Integral Calculus, the author has given a few practical applications as early as possi- 
ble, in order that the beginner may have some notion of the uses to which the Caleulus 
may be put. Curve Tracing receives a good deal of attention; Hyperbolic Functions and 
their differentiation has received due consideration. Throughout the work, numerous ex- 
amples are given, these being well selected and graded in a way to stimulate and inspire 
the student. The subject of the Calculus as presented in this work is clear and simple, and 
is a worthy rival of the many valuable works on this subject. B.F.F. 


A Text-book of General Physics for the use of Colleges and Scientific Schools, 
By Charles 8. Hastings, Ph. D., and Frederic E. Beach, Ph. D., of Yale Uni- 
versity. 8vo. Half Leather Back, v+768 pages. Price, $2.95. Boston: Ginn 
& Co. 


In this book, the fact is emphasized that a knowledge of Elementary Mechanics is 
the logical basis of the whole science of Physics. With this in view, we find here a more 
complete treatment of Mechanics than is ordinarily the case, especially in the physical no- 
tions which attach to the simplest cases of the action of force. Numerous problems are 
appended to the various chapters, the solutions of which will go far towards impressing 
the principles upon the mind of the student. The method of presenting the subject of 
Physies as here given is very good. B. EF. F. 
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ON SYMMETRIC FUNCTIONS. 


By E. D. ROE, Jr., Associate Professor of Mathematics in Oberlin College. 


|Continued from April Number. | 


5. KFoRMULAS FOR THE Four KINDs OF REDUCTION. 


We will place here together the four formulas of reduction. They are: 


vis Le mM) mes 7 
Qn SO DM Omen (%,— M,)(%y — (%n—1— Mn) )? 
My Ug... My 4 n)( Io n).+++(Hn—1— An) 


pars . Au Arf A,r — v\An 
(6 (rl) Ard... .n J=(- Lye (5 1 Arti....(n—7r) ), My say =. = Hp ==M. 


O” H, My..es- My OK1 Hpi y Mp pgeee en. Hy 


EK. DERIVATION. 


We will next give the four formulas of derivation, corresponding in order 
to those of reduction. 
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1. THe Frrst FormMvu.La. 


The first formula of derivation is 
Oro Tar, a | OrotA Trl, nr 
(i U, Uy... = (oma HM, Uy... na) 
and is seen to be true in that we can multiply both the term and b,”“= by by. 
2. THE SEcoND FoRMULA. 
By B, 1, (2), 


(0 Io... m\ | yaar ae nro 
O” 1, Uy... My) O"(m— Hy)(M—Un1.... (M— Hy) ] 


By the first formula of derivation 1, and by B, 1, (2), 


Ome TP Am a Le eee nro 


CS a ae No =( 
( ) LOM Kn Hy) (M— Ay_1).... (mM— 1, ) 


0" (m— y,)(M— My_1)....(m—H,) 


—=(—1])(™+«) "(Om JA: Cone et et te ne mo): 


Om rea, +H)... . (+) 


Therefore by substitution, 


Qo In. ll... an pynn(U% Us eee eee mere 
(6, Hy Hy.... Ge ) (oma, + Kk )(%y + %) ss bse tn) 


and this is the second formula of derivation. 


3. THe Turrp FormMuna. 


The third formula of derivation comes from the third formula of reduction 
in that we turn the latter about, and write »' instead of 7, n1-+-x instead of 1 
and consequently % instead of n—r. We then have, dropping accents, 


] 


(Om | m*\ (0% Is... md (n+1)9.. . (m+)? 
O” 1, My... My) \OM My Ho ccc eee ee nx, O« )° 
4. THE FourtH Formuta. 


We can obtain the fourth formula of derivation from the fourth of reduc- 
tion by turning the latter about. Remembering that %,:-=",==....==",—m, the 
fourth formula of reduction may be written 


(7 (P+) Artie. .e.. wl =( 4 "(Om |r ae 


\O" MN? Hp e eee. H,) Ol” nip iccec cn uccces M,, 


we may now put, 


1o5l 
Aah} 


0 Hy 42H |! 
1 __. 
Ap ti=hy Mp 9 =H y| 
. 3 _ 1 . , 
hy chy» Hyn~-H' yn»; We get, 
(Act TAY le, (n—r) **n-r 
Q™ || H | 


pro })* 
—(— yy @ (7 
re n! ™) ( ) 


wee ae nN a} n—?r 
Q” m1) Ho’ ’ 


Finally putting n—r=n', n==-n'+r, and dropping all accents, 


a rer rn —( __ 1 a eo eee ee aie") 
LOM ty My My QO” an” 1, 1, ’ 


and this is the fourth formula of derivation. 


5. THE Four FormMtuLas or DERIVATION. 
We collect the four formulas of derivation. 


They are: 


(im 1 nan (Om PATA LL .. nn 
OQ" 4) My... NOMA Hy. ) 
Qao TAr Ln ==( (Om Dr eee cee eee ee Op) 
(6 U, Uy... ae —) OM "(9 ,+1)(%y +H)... (y+) 
(Gin | re nan =(qm Ars nt (n+l). 
O” MW, My... )= 


...(n+x)° 
Hy, OM MW, My vec e cece ee cena n,, OK 
Oro 14) J... ye —~( | "(Gna oe. a wee ery, 
QO” 1, My... Hy Om! %, Maire eee. My 


These four kinds of derivation here correspond to the third, first, second, 
and fourth kinds of derivation, respectively, in the resultant theory. 


KF. THE CONJUGATE PRODUCT AND FUNCTION. 
1. DEFINITIONS. 
With respect to the product (a,,)?:(a,, )?2 


..(a, ’n, the function 
ve 
a "a(ar, PtP: 


lar 7) |’ 


=a,"2(a,a, oe  Ay)/P1(A~Ag... Ay, )P2( 4 Ay Looe Ay, )Ps 
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is called the conjugate symmetric function, and with respect to the function, the 
product is called the conjugate product. 

The number n is the order of the function andn=p,+p,+....p,. If the 
function is given as 


A ty Ay, _ AK ==A "1 Dah Kea, A, )Re— (a, Wg Ws, Ka Ka a (@1 ay tae Aye", 
it is clear that the conjugate product is, 


a 


i Ko Ay “2 Ks A “3 Ky, an AyK", 


2. THE COEFFICIENT OF THE CONJUGATE PRODUCT IN A SYMMETRIC FuNcTIoN. 
COMPLETELY REDUCIBLE Forms. 


It will next be proved that the coefficient of the conjugate product in a 
symmetric function is completely reducible, and is equal to (—1)”, where w is 
the weight of the function. According to 1, this coefficient may be written : 


(oe. Ko OKy— Ky ee (n—1) K »--] Ku m 


OK Hy Hy cee cece ee eee eee H,)° 
By D, 2 (second reduction), we may reduce this, as follows: 


(On, Ko DK Ko, (n—1) K m—]—Kn m 


OK Wy My cece cece ecw eee eee My, 
(4) (eos Wem, (n—1) i 
. Oei-- "Hy — Hy) (Ay —Hy).... (Hy _1— Hy) 
==(— 1) nxn +(n—1) (Kk nan) ( Oy — Ke Qk KB Lc ew ww ewe wee (n—2) Kn—27* )): 
OK kn l(t — Aq 1) (Hy — Un—1). . . - (Hn—2— Un —1) 


We have made here two reductions, one after the other. Proceeding in 
this way, we can now see that after n reductions of the same kind, we obtain, 


(an ke Oe Ra ms) 


OK HM, Ug. e ee eeee. Hy, 
—(—1 yen FM TW) Ola Ha) + (2) ln -2— Una)... (ty — Hy )() 
==(— 1) t*, Poses mG)=(— 1)”. 


This is the completely reducible form in the theory of symmetric func- 
tions. It may also be written as 


(fm Dr cc ec ec ee ne eee ee nee eee cneeeeeeeee mr 
OCA, +4. + ae An Ay +4, ce Ans +44 + ve An) mee Oia: ): 
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3. CORRESPONDENCE OF THE CONJUGATE PRODUCT WITH THE COMPLETELY REDUC- 
IBLE TERM OF Rin in. 


It will yet be shown more in detail that the conjugate product in a sym- 
metric function corresponds to the completely reducible term in the resultant 
theory. According to the method of A, 5, the resultant of f and ¢ may be ex- 
pressed as 


2 (1) FTNCAy, PCy, Pe. Cay, Pm (Dy "C5, YM C5 yy". CFP Me 
where g; is the weight of (a,,)P:(ay,P2....(@r Pe. [11, T2e--+--T. are supposed to 


be arranged in the order of ascending magnitude]. A group of terms will be 
represented by 


(— 1)™™*9:(a,, )P1(a,,, )P2 ses (a, Pe (b,)"2C3p, yan tek (FDu ym Ty 


Among these terms will be the one containing the conjugate product of the 
symmetric function involved. It will be 


— ]\mn—9, 
(—1)" M91 (Oy, )P1( Oy, )P2 eee (a, Pu (b, ns 5 = (dp, yr (Dp, -p,)?27 
oe Op tae Py) "# = (Gr, PCy, PP... (a, Pu (by )" (Bp, "27 (Op, +p," 


see (Dp, +p, + beeee Py) "ph, 


But this by A, 1, (2) is the completely reducible term of Rin in. 
G. RECURRENCE FORMULA FOR THE COEFFICIENT 


(Om 1A: Qre ee eee nin 
O"'m*o(m— 1) (m—2)#2... “Onn 
1. STATEMENT OF REQUIREMENT. 


Since all the coefficients of terms in symmetric functions can be reduced 
to such as are normal forms, or else are completely reducible and have the coef- 
ficient (—1)”, we require farther only a means of calculating the normal forms. 
We will obtain a recurrence formula for the normal form 


( Oro Tar ve, ne 


= 
0” mHo(m— 1 )Hi oo. Gum) where Ma. 


2. DERIVATION OF THE FORMULA. 


From the equation ¢=0, we have 


Dy Oat Og gM FO =O. 
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We multiply this equation by 
(Dy) 598g. Buy) Buy pte Fuga ete CF ggg the Bayt at oe Hm) | 
Ca rT re un? and get (b, "C3 Hy "G34, Y™ ECF Hy)" . 
(Fim) +(By)™ 1b [Fy — DI LIGA) . Gn) Oe 
(Bg YB, LC oy KD)" 5g YE 5g Yo LIM FI) Fm PO. 


We will next take the sum of all such equations, using all possible substi- 
tutions in the summation. We obtain a series of symmetric functions, of which 


| 
the first contains ee terms, and the (r-+1)st 
Mo! My) Mel .. Mn! 
m ! 
—_________________________ terms. These numbers can be written as 
(My—l)! wy! My!.-GG4tl))!.- en! 
1 1 m } 
A, and 1, where 4==-—___ 
But by this mode of summation, the first function will be repeated 

lo. ; lo 
= fy times, and the (r+1)st function (M,-+1)——times. 

A 
Mo 


We get therefore, by our summation, dividing by the common factor n!/A, 


Hod Z(BMy CFM, YM (Fg Mm? GF My ML Mn) 


r=Nn 
(by) SbF My) SEH My VY YE eg YF LH FLY - Hn) =O 
r=1 
If in this equation we pick out the coefficient of b)4b,*by*2....b,*" we get, 
(A OA A ane (A y) A 
o [Ar Dre... nen , o [Ar 2re geo tol, man 
Ho (Oommen Ap.On) = 2 1+ Hr) (m—tyyte An Ty Cm—ryertt, ‘Ons ) 
r=zl 
mn (aot 1Ai QA Ar— 1 N 
__s 0 A ae nav 
=— 2 +) (om mol" m— 1). .(m—ryertt, ‘Sun 
rl 


2 (CORRESPONDENCE OF THE FORMULA WITH THE RECURRENCE FORMULA IN THE 
RESULTANT THEORY. 


The preceding formula of 2 corresponds to the recurrence formula of A, 4, 
in the resultant theory. The identity of the two can be shown by eliminating 
the coefficients of the resultant from the latter formula by means of the relation 


[A, 5, (2)] 
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(m—%,)(mM— Hy)... ..CM— H,) | Oo LAr Qe. mre 
—=( — 1 yer kar 77 Ur» 1 see eee ru 
O” 4, Hy Hy, 


after suitably changing the notation, or we may first write the formula of 2 as 


O” (4, —1) Mg... Hy 


r=-n 
, (0% Tres... ae : Oort a... nn 
(: H; ) =— 2 (1+¢,) ( ), 
=] 


— 
where at least *,==m, ™,==0, and c, is the number of #’s which have the expon- 
ent m—r7. 

4. THE CASE WHERE n>”. 


In case n>m we may use one of the relations 


(( 1.000., nN (00 a mn) 


O” 1, Hy... Hyd \O”" Oro 1910. ae 


—(— 1" (ron 72) Lee ee im =n) 


O70, n° 


of B, 1, (2), and then compute as before by the reduction formula of 2. 
{To be Concluded. | 
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NOTE ON THE LOXODROMIC LINES OF THE TORUS.* 


By Dr. ARNOLD EMCH, Professor of Graphic Mathematics, Kansas State Agricultural College, Manhattan, Kas. 


1. Designating by wu and v the angles, which, in Fig. 1, determine the 
position of a point B on the surface of a torus, the square of a linear element on 


the surface has the form, 


ds*==(R-+-rsinv)?(du~tdv?) .....(1), 
where w,==u and vf 7 dv tenes (2). 
. os +sinv 


(C)=Revolved Meridian. 
Fig. 1. Fig. 2, 

f& and r are respectively the radii of the axial circle and of a meridian of 
the torus. As it is well known, by means of the expressions (2), the points of 
the torus are conformally transformed into the points of a rectangle. Consider- 
ing exclusively the case where k>r the integral v, has the value 


Rk, 
1 +-——--s3inv 
r ; r - 
Vv, r=: are §1n - a (3). 
| / R? — 72 
L ———-+sinv 


7 


The values of wu and v can each vary from 0 to 27. In this interval u, 
varies from 0 to 27 and according to the expression (3), v, from 


Tr 


. 
are sin ——to 


. Rk 
care — | ATC SIN — 27 . 
Vv ke? —r? Rk Vv Re-r | r T 


*A preliminary statement concerning orthographic loxodromics on a torus was made by the author 
in a paper, ‘‘Ueber orthogonale Systeme und einige technische Anwendungen,’’ which appeared in the 


program of the Polytechnic of Biel, 1898. 
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The sides of the primitive rectangle are therefore 


w—=27 and w,= rer (4). 


vy Rear —r? 


To the lines wu,;—=const., v,;—=const., respectively, parallel to the sides of 
the rectangle (w, w,), correspond on the torus the meridians and parallels, and 
vice versa to the meridians and parallels u==const. and v=const., correspond in 
the rectangle lines, respectively, parallel to the sides w and wy. 

2. Evidently these lines form isothermal systems. If we now put u,+1, 
==z, and if aw and 3 designate two complex quantities a=p—iq, 8=r(1+1), the 
monogenic function 


ptw=azt+f 


represents also an isothermal system in the (w,, v;)-plane. There is 


p=au,tby,te...... (5), 
aa—bu, tav,te...... (6), 


which represent two perpendicular pencils of parallel rays. Interpreted by 
means of formulae (2) they represent two systems of orthographic loxodromic 
lines on the torus. 

3. Among the loxodromic lines of the torus we shall consider those that 
close after a certain number of revolutions around the axis and the axial circle of 
the torus. For this purpose it will be well to refer to the integral 


Z—J, = pee 


by which the positive part of the cae transformed into the rectangle of the 
z-plane whose sides correspond to the periods of the elliptic function 


eok(Z) ... .(8), 


as defined by the elliptic integral (7).* 

In order that the sides of the rectangle assume the values w and w,, the 
modulus & of integral (7) must be chosen in such a manner that according to a 
well-known formula 


ped, gf (EMAL GA+4%) TE 


(1+) +q8)(1+95) 2... 


where q:=e— (27) ©, 
*See F. Klein, Ueber Riemann’s Theorie der Algebraische Funktionen und ihrer Integrale, pages 50 
—55,. 


Supposing that z=/(Z) has been determined in this way, it is possible to 
transform the surface of the torus conformally upon the positive part of the <- 
plane and to express the periodic character of this transformation. The general 
period of z=/(Z) has the form 


W=mw+niw, 
or also 


VW = 2m(m-+ni i) wee CD), 


yo fer" 


By means of this expression for the period it is easy to show an interesting 
relation which exists between two orthographic loxodromic lines of a torus. 
From the origin O of the system of parallelograms of periods draw two lines, one 


to the point (2m, 2nin_—"___] : other to point (2m 7, ~2n,in—__7 _.] 
V hk? — r? J fhe— r 
of the system, (Fig. 2). The trigonometric tangents of these lines with the pos- 


itive part of the w,-axis are 


n 7 4 7 

U= Sse, US —S ==, 
¢ o ra é *) 
moy/ Re 7? my RP 


and the tangent of the angle included by the two lines is 


In this case the corresponding loxodromic lines on the torus are ortho- 
graphic and since in the plane (u,, v,) the lines end in points of periods, it is 
clear that the two orthographic loxodromic lines close. Ifthe numbers m and 
are given, and provided F#/r is a rational fraction, then it is always possible to 
find two integers m, and », so that relation (10) is satisfied. Kvidently a gives 
the number of revolutions around the axis (perpendicular to the parallels) and 
the number of revolutions around the axial circle of the torus. Thus we are led 
to the theorem : 

If the ratio R/r of a torus is a rational fraction and vf a loxodromic line of 
the torus closes after m revolutions around the aris and n revolutions around the 
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axial circle of the torus, then every orthographic loxodromic line closes after m, and 
n, revolutions around the same axes, so that 


Mm Ny r 


mm, VRP 


4, Among the great number of special cases, which arise from this rela- 
tion, we shall simply mention the case where m==n=-1. The following theorem 
is easily found: 

The loxodromic lines of a torus, which turn once around the axis and once 
around the axial circle of the torus, are the circles formed by the intersection of the 
double-tangent planes with the torus. 

The results found about loxudromic lines of a torus may immediately be 
generalized for those cyclides which arise from the torus by circular 
transformations. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
108. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A man who feels his death approach bequeaths to his young wife one-third of his 
fortune, and the remaining two-thirds to his son, if such should be born; but one-half of 
it to the widow and the other half to his daughter, if such should be born. After his 
death, twins are born, a son and a daughter. IJITow should the fortune be divided amongst 
the three ? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa.; P. S. BERG, B. S., Principal of Schools, Larimore, N. D.; SYLVESTER ROBINS, North Branch, N. J.; 
JOSIAH H. DRUMMOND, LL. D.. Portland, Me.; ELMER SCHUYLER, High Bridge, N. J.; and ALOIS F, KOVAR- 
IK, Professor of Mathematics and Physics, Decorah Institute, Decorah, Ia. 


By the conditions of the problem, the wife is to have as much as the 
daughter and half as much as the son. 
. son: wife: daughter=2: 1: 1. 
-. son should receive } the fortune, wife should receive } the fortune, and 
daughter should receive | the fortune. 


II. Solution by D, G. DORRANCE, Camden, N. Y. 


Consider the fortune (a) divided into two fortunes each of one-half the 
value of the whole, viz: $aand ha. 
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Then widow’s share of first ta would be } of }a=j{a, and the son’s share 
would be 3 of 4a=2a/6 or 3a. 

Widow’s share of second $a would be 4} of a==ja, and the daughter’s share 
would be § of ja=ja. 

.. Widow should receive ta+ja=5a/12. Son should receive 4a/12. 
Daughter should receive 3a/12. 


[See Vol. I., page 127, for solution of a similar problem. Also see Cajori’s History of Mathematics, 
page 79. Ep. F.| 


109. Proposed by B. F. FINKEL, A. M., M. S., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 


Why do fences and telegraph poles appear to move rapidly in an opposite direction 
to one traveling in a railway car? [From Moore’s Grammar School Arithmetic, page 150. ] 


I. Answer by the PROPOSER. 


When we are at rest and observing a moving object, a line from our eye to 
the object projects the object in different points on the landscape, or, if the ob- 
ject is in the sky, as, for example, a cloud, the line from our eye to the cloud 
projects the cloud in different points of the sky. By noticing the different pro- 
jected positions of the object, we become conscious of its motion. Now if we are 
moving and are looking at some stationary object, the line from our eye to the 
object again projects the object in different points of the landscape, the appear- 
ance being the same as in the case where the object moved and we were station- 
ary. But in this case the apparent motion of the object is opposite to our real 
motion. 

When we are unconscious of our own motion, as, for example, when rid- 
ing in a car over a smooth road, we attribute the appearance of an object pro- 
jected in different positions on the landscape to the motion of the object, and 
since our motion is direct, the apparent motion of the object is retrograde. This 
motion is more striking as the object upon which our attention is fixed is the 
nearer, for the reason that the angle of parallax is greater. 


II. Answer by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 


When we are standing on the street watching a moving object, the line 
from the eye to the object is constantly changing its direction causing us to turn 
our head in order to follow the object with our eye. When we are sitting in a 
railway train, the train is moving with us in it and seems to us as if it were still 
and the objects passing the same as when we were standing on the street. In 
either case we must turn the head, hence we seem to see the objects passing us 
instead of our passing the objects. 


III. Answer by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 
Iowa. 


On the train we are stationary with respect to the cars, but in motion with 
respect to the earth. Noticing the things next to us not to be in motion, while 
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the posts, etc., outside the car seem passing by on account that we judge mostly 
by what is near our eyes. It is this that being stationary with respect to the 
earth, the ancients imagined the sun and stars to move around the earth instead 
of the opposite. 


GEOMETRY. 
110. Proposed by P.S. BERG, A. M., Principal of Schools, Larimore, N. D. 
If the three face angles of the vertical triedral angle of a tetraedron are 
right angles, and the lengths of the lateral edges are represented by a, b, and ¢, 
and of the altitude by p, then 1/p?==1/a?+1/b2+1/c?. [Chauvenet’s Geometry. | 


I. Solution by GEORGE R. DEAN, Professor of Mathematics, School of Mines and Metallurgy, University of 
Missouri, Rolla, Mo.; P. H. PHILBRICK, C. E., Lake Charles, La.; and CHAS. C. CROSS, Libertytown, Md. 
Let OC, OB, OA be the edges mutually at right angles; OP the perpen- 
dicular. Join 4P and produce to meet CB at D ; join BP and produce to meet 
AC at £ ; join CP and produce to meet AB at F. 


A APC A BPC AAPB 


Phen “Tapa + xaBe + AaBO TO! 


APAC PE A BPC DP 


But Tape > BE = aAABO ™ AD" 
ABPA PR 

NABC CF? 

Therefore Ph DP PP 1. 


BE + AD + CF 


| b? PE PExBP OP? 
? = r2.—f2- If, $ ae —— om ———~— 
BEX BP=OB?=b ; BE=a5- 3 aye oa 


a DB APxDP _ OP 


ADX AP=—OA* =a* ; AD=—7 5 ; AN — ae ae 


CFx CP—OC?==c? ; CFr= C . PF _ Pk x PC _ OP 


CP ”’ CF c* ee 
OP? OP? OP? 1 1 1 1 
Hence “AP Re “a =i, or p> a ae + 52 + oe Q. K. D. 
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II. Solution by P. S. BERG, B.Sc., Superintendent of Schools, Larimore, N. D.; WALTER H. DRANE, Grad- 
uate Student, Harvard University, Cambridge, Mass.; ELMER SCHUYLER, High Bridge, N. J.; W. H. WILSON, 
Professor of Mathematics, Geneva College. Beaver Falls, Pa.; and G, B. M. ZERR, A. M., Ph.D., Professor of Math- 
ematics and Science, Chester High School, Chester, Pa. 


Let OP=p, OC=a, OA==b, OB=c, OI=-l, [H=m, PH=n. 

The triangles (right angled) OPA and OPT are similar, having Z POA in 
common, 

. p/b=l/p, or p?/b? ==? /p*, or pt/b? =P. 

Similarly, p4/a?=n*, pt+/c?=m?. 

J. pt/a?+pt/b® +p4/e? =n* +E +m? ==p?. 

. V/at+1/b2+1/e=1/p?. 


Also solved by J. SCHEFFER, and E. D. SCALES. 


~~ 


111. Proposed by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Given that the area of a triangle is equal to half the product of two sides 
and the sine of the included angle, prove that sin(w+y) ==sinxcosy+coszsiny. 


I. Solutfon by W. F. BRADBURY, A. M., Head Master, Cambridge Latin School, Cambridge, Mass., and B. 
F, YANNEY, A. M., Professsor of Mathematics, Mount Union College, Alliance, O. 


Given area A=dacsinb.... .(1). 
sinB—sin[180°—(A+C)]=sin(A+C). 

~, Area A=sac[sin(A+C)]...... (2), 

Draw BD perpendicular to AC. 

Area A=?BD(AD+DC). 

But BD=csinA—=asinC, and AD=recosA, and )C==acosC, 


csinA 
Area A=$ or (ecosA-+acosC)=3(acsinCcosA +acsin AcosC)...(3). 
asinC 


Putting (2)=(8), 4ac[sin(4+C)]-=2ac(sinAcosC+cosAsinC) or sin(A+C) 
==sinAcosC+cosAsinC. 


II, Solution by J. OWEN MAHONEY, B. E., Professor of Mathematics and Science, Carthage High School, 
Carthage, Tex.; J. W. YOUNG, Columbus, 0.; J. SCHEFFER, A. M., Hagerstown, Md ; E. L. SHERWOOD, A. M., 
Professor of Mathematics, Whiteworth College, Miss; WALTER H. DRANE, Graduate Student, Harvard Universi- 
ty, Cambridge, Mass.; B, F. SINE, Principal of Normal School, Capon Bridge, W. Va.; G. B. M. ZERR, A. M., Ph. 
D., Professor of Mathematics and Science, Chester High School, Chester, Pa.; JOHN MACHNIE, A. M., Professor of 
Latin, University of North Dakota ; H. F. STRATTON, Student in Heidelberg University, Tiffin, 0.; J. C. NAGLE, 
C.E., Professor of Civil Engineering and Physics in the Agricultural and Mechanical College of Texas, College 
Station, Tex.; CHARLES C. CROSS, Libertytown, Md.; and ELMER SCHUYLER, High Bridge, N. J. 


Proor. Consider the triangle ACB. 
The area of ACB:--=3acsinB=sacsin(A+C)>-thb=3h(AD+ DC), or 
sin(A+(C)== " AD |- fe DC 


C C a 


-=sinCcosA+sinAcosC. 


*, sin(w+y)==sinacosy+cosrsiny. 
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III. Solution by the PROPOSER. 


Let ABC and CBD be the two angles # and y. Draw any line perpendic- 
ular to BC meeting AB, BC, BD at P, Q, R. 

Then A BPR=A BPQ+ A BQR. 

2A\ BPR=—BPXBRXxsinPBR=BP.BR.sin(a+y). 

2A BPR=-BP x BQ XxsinPBQ=BP.BQ. sine. 

2A DQR=—BQ.RB.siny. 

Hence EEL IDET BQsine+BbQ.PRsiny. 
BQ BQ 
I? 


Dividing by BP.BR, sin(a+4)— -sinw —siny==cosysine«+cosasiny. 


BI BP 


CALCULUS. 


84. Proposed by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, Ohio. 


Find the equation of the earve upon which a given ellipse must roll in order that 
one of its foei may deseribe a straight line. 


Solution by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and Metal- 
lurgy, Rolla, Mo. 


Let # be the angle between the major axis of the ellipse and the radius 
vector from the focus to the point of contact; 7 the length of this radius, a, b, 
seml-axes, é eccentricity. Then 


1—ecos4 * 


Let the axis of x be taken parallel to the given line. Then since the point 
of contact is the instantaneous center, the radius vector will always be perpen- 
dicular to the axis of «, and hence r-+y--a(1—e), y being the ordinate'of a point 
on the required curve. We have also 


da dav 
{c= . 
dr dy 


Kliminating 7 and (, we find 


= hoe (“ ny 7 a? ae, 


_ , r ae a 
Whence ——" — sin ( ; + sina! ) ), or y'- sbsin(=-), 


86. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, 65 Hammond Street, Cam- 
bridge, Mass. 
Prove that the curve whose normal equals its radius of curvature drawn in an oppo- 
site direction, is the eatenary y=ceosh(e “). 
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I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


We should have 


(14 dy? y dy dy? 
dic* dy? \3 du dx? 2dy 
=y(1 5 ): whence SEES 
d?y dx ' dy? y dx 

di? Fae 


dy? _ y* 
I dx? oe? 
This gives dz = y ody =} whence integrating and correcting again, 
V ye 


é 2 pe 
r—elog( TV ty" =e") 


; ), or y=ccosh(xz/c). 


II. Solution by MARY M. BLAINE, B. Sc., Graduate Student, Drury College, Springfield, Mo. 


Our differential equation, formed by substituting the values of normal and 
p, the radius of curvature is 


2, 
Now let pa ey th dey _ dp _adp dy dp 


da" dee da dyd« dy? 


Substituting, y p qe +p") Lee (3). 
pdp dy ; 
we -==—. Integrating, 
Il-p* y . 
logy=slog(p* +1)+loge,, or log(y/c,)=logy/(p?+1)...... (4) 
2 Y¥/C, =p (p?+1)...... (5). 


Squaring and clearing, c,p?—y?—c,”...... (6). 


p® = 57+, or p eR ttt (7). 
1 1 
Then, substituting for p, and separating, 
d d ; 
SS Lees (8). Integrating, logly+1/(y2—e¢,2)]=—s +loge, ....(9). 
Vvy—e 1 Cy 
—p 2 
EOE) ee. 00 
Transposing and squaring, y?—¢,? ==c.?¢% ¢:—c, et “yty?...... (11). 
_ Co er@/Cite? _ C2 et te Pe We) 
= bere .(12), or —— veces (18). 


e/C, —(x,’e,) 
Let c,—c,, thus moving the origin to the right. Then yale tee 


.(14), or y=c,cosh(z/c;), which is the equation of the catenary. 

Also solved by J. W. YOUNG. 

87. Proposed by MARY M. BLAINE, B. Sc., Graduate Student, Drury College, Springfield, Mo. 
Integrate (pxr—y)(py+a)==h?p, where p—dy/dz. 


I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


We have (px—y)(py+2)=h?p...... (1), or 
p®xy—py? +px? —xy=h?p...... (2). 
Multiplying by y and arranging, 
_ aah (4 hey ou . 
Yy =( Y da —_ re dt cece ee (3) 


Putting y? =y', 7° =a", 


,_ fay \? dy’, dy’ dy',, 
Y =v (S") — Y dv’ 7 + a’ da’ — Gy! sec eee (4), 
2a! 2 
or yap’ vines (5), Clairaut’s Form, giving y? —cx?=— a eeee (6). 


II. Solution by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Divide by p, differentiate and reduce to 


d 
cys +(pa—y)p=0. 
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This may be written 


pr—y yan 


the integral of which is pry—y?—c. 
Eliminating p between this and the given equation, 


C 
0 
y* +-—-=—C. 
y + 


, c 
Putting an 

This solution may also be obtained by solving pry--y*?-c, obtaining 
y? +a? =e. 


,/ 


This gives p=——, which substituted in the given equation makes 
— ch? 
— Jt+e’ 


Also solved by the PROPOSER. 


MECHANICS. 
79. Proposed by WALTER H. DRANE, Graduate Student, Harvard University. Cambridge, Mass. 


The four wheels of a street car are rigidly fixed to their axles so that axles and 
wheels turn together. Is it more advantageous to apply the brakes to the front or to the 
rear wheels, supposing the brakes to block the wheels in each case ? 


Solution by the PROPOSER. 


The question may be answered by treating the problem as a statical one, 
thus: Suppose the car placed upon an inclined plane and let us inquire 
in which case may the plane be raised to the greater angle before slipping begins. 
Let 2a be the distance between the centers of the wheels, each of radius c, b the 
distance of the center of gravity, G of the car above (or below) this line of cen- 
ters, w the weight of each of the trucks, w, the weight of car. 

Take the case first when brakes are applied to rear wheels, there being in 
this case, of course, no friction between the front wheels and plane. Consider 
the figure as consisting of two rigid bodies, viz, the front trucks, and the car with 
the rear trucks. The forces acting upon the front trucks are their weight w, the 
reaction R of the plane, and a force, P, at O obliquely downward, which is the 
resultant of w and the backward pull of the car and rear wheels. Upon the car 
at this point O there will also be an equal and opposite force to P, the resultant 
of R and w. 
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The forces on car and rear wheels are, this force P at O, w, at G, w at O’, 
#, the reaction of the plane, and F’ the force of friction. 
From forces on front trucks we have, 


(1). wsind=Pcos¢ ¢’ being the angle between P and the line of cen- 
ters OO’. 


(2). weos6=R— Psin¢ 


From forces on car and rear wheels, letting 
Mt be coefficient of friction, taking moments about 
O’ and resolving horizontally and vertically, 


(3). 2aPsing=w,(a+btanf)cosh— wR, ¢. 
(4). wR, =(w+w, )sind+Peos¢. 
(5). #, +2’sin’=(w+w, )cosh. 


From these five equations we get, 


7 ap(2w+w,): 
aw, b+(2a—cpn)(2w+w,) 


tan Ae = 


Next take the case when brakes are applied to front wheels, considering 
in this case, the rear trucks as one rigid body, and the car with front trucks as 
the other. The two oblique forces P now act at O’ one upon the car and one up- 
on rear wheels (lettered /” to avoid confusion). 

From forces on rear wheels we get, 


(a), wsin#—P' cose a eon P’ and 00’ 
(b). weos-=R, — P’sing" d” being the angle between P’ and OO. 


From forces on car and front wheels, taking moments ahout O, resolving 
horiz nally and vertically. 


(c). 2aP’sing’ =w, (a— btan#)cos#— uRe. 
(d). wle=(w+w,)sind+P'’cos¢”. 
(e). R+P’sin¢g"’==(w+w, )cosé, 


From these five equations we get 


an A= - 
fan (2a—pe) Qw+w,)—pyw,b 


ap 2w+wy,) (B) 


Comparing (3) with (A) we see that in the latter case tan#, and hence 4, 
is the greater, and hence we infer it is more advantageous to apply the brakes to 
the front wheels. 

80. Proposed by B. F. FINKEL, A. M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A eireular board is placed on a smooth horizontal plane and a boy runs with uniform 
speed around on the board close to the edge. Find the motion of the center of the board. 
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I. Solution by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 

The system is not acted upon by any external force. Hence the center of 
gravity is stationary. Let J be the moment of inertia of the board about its cen- 
ter, m the mass of the board, m’ that of the boy, 7 the distance of center of sys- 
tem from center of board, » the angular velocity of board. Then Jw?+mr?w? 
—=m'v", 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let AC=a be the radius of board, A the starting point of the boy, m his 
mass, P the mass of the board, G the center of gravity of the system at starting. 
Since there are no horizontal forces external to the system, by D’Alem- 
bert’s principle, the center of gravity of the system must move downwards ; but 


this is impossible. 
| _ 
... The equation of motion of the center of gravity is, met —(), 


dt® 
dx 


dt 
‘,@—=aconstant. .°. The center of gravity of the system remains unal- 
tered throughout the motion. 

Hence since the distance between the center of the board and boy remain 
constant, the distances of the center of gravity from the boy and the center of 
the board respectively will remain constant. 

ma 


m+P 


=, since both boy and board start from rest. 


.. C describes a circle with GC=— as radius. 


.. A deseribes a circle with AG— 1%. as radius. 
m+ P 


.. both center of board and boy describe circles. If m-P these circles 
will be equal and have AC for diameter. 


MISCELLANEOUS. 


— 


69. Proposed by WILLIAM SYMMONDS, A. M., Professor of Mathematics and Astronomy, Pacific College, 
Santa Rosa, P. 0., Sebastopol, Cal. 


Find the locus of a point equi-distant from the circumferences of two fixed circles. 


I, Solution by H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics, Manual Training School, Phila- 
delphia, Pa. 


Denote the two given circumferences by AK, and K,; take their centers at 
(—2a, 0) and (4a, 0); denote their radii by 7, and r,, r, not being less than r,. 
Let (x, y) denote a point in the desired locus. 

Then if (2, y) is inside AK, and inside k,, 


ry —V [e+3a)?+y?]—{ro— yy [a— 3a)? +4? ] }=-0...... (1). 
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Or if (x, y) is outside A, and outside K,, 


V [@e+4a)?+y?]J—7,—{V L@— ta)? +y?J]—r, f=9, 


which is the same as (1). 
Similarly, if (x, y) is inside A’, and outside K,, or if (@, y) is outside K, 
and inside K,, 


ry —yV/[rt3ay? ty] —{y/[@— 4a)? +42] —ry } 0... 2). 


The desired locus is represented by the equation obtained by taking the 
product of (1) and (2). [I am not aware of any general criterion as to the nature 
and limiting points of curves (or pieces of curve) whose equations are irrational. 
If either variable in the equation is an explicit function of the other, the nature 
of the curve, as well as the limiting points, can usually be detected by inspection ; 
but considerable difficulty may be experienced in finding the nature and limiting 
points of the curve represented by an irrational equation in which z and y are 
implicit functions of each other. 

Although aware that the method is exceedingly unsatisfactory, I will first 
include the curves or pieces of curve represented by the equations congeneric to 
(1) and (2) and afterward exclude such pieces thus incorrectly dragged in by the 
process of rationalization. 

The equations, whose product make (1) rational, are: 


ry —p Lotsa)? +y2J—(re— 1p Leda? Fy? J} 0. CD. 
rimy Lo+day? +y?]— {re ty Lo bay? ty? ]j=A...-. (3). 
ry by [etday? ty? ]— fro —y/ [e—da)? hy} aB. ee. (4). 
ry ty (otha? +y2]— fre ty Today? $y ]p=0.... (5). 


The equations, whose product make (2) rational, are 
ry—y [ort+4a)?+y2]—{1 [— 2a)? +y?]—re}=0...... (2). 
ry (lotba)? +9244) Le 4ay?+y2]4+re}=D .... (6). 
mty(o+say+y]—{V[@— say +y?]—r, p= B...... (7). 
ry ty [atday? ty) +1y Coda)? +y2]+re}=F......(8). 


The product of (1), (8), (4), and (5) will represent all lines or parts of 
lines the points of which satisfy any one of them with rts right hand member put 
equal to zero ; for if the right hand member of any of them, say (8) was zero, and 
the right hand member of (1) was, say G, precisely the same product would be 
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obtained ; a similar statement may be made with reference to the product of (2), 
(6), (7), and (8), although in the case of (8) no points would be obtained by mak- 
ing the right hand member equal to zero, since the sum of two pbsitive distances 
cannot equal zero. 

Denote the difference of the radii (r,—7,) by d, and the sum (7,+7,) by 
s. The product of the first four equations is 


4(a*® —d? )x? —4d* y?=d?(a?—d?)......(9). 
And the product of the second four equations is 
4(a?—s8*)x2*— 48" y* =8? (a? —82)...... (10). 


It will be remembered that a is the distance between the centers of the two 
given circles, d the difference, and s the sum of their radii. In eliminating from 
(9) the points not satisfying (1), and from (10) the points not satisfying (2), I 
will consider a to vary. 

I. a<d<s or K, is wholly inside A, ; in this case both (9) and (10) are 
equations of ellipses ; (9) is the locus of centers of circles tangent internally to K, 
and enclosing K, ; these points satisfy (8) put equal to zero. HKquation (10) is 
the locus of centers of circles tangent internally to K, and externally to K,; all 
such points satisfy (2) and hence (10) is the equation of the desired locus. 

It. If a=d and a<s, K, is inside K, and internally tangent to it; in 
this case, equation (9) reduces to y—0 or the axis of Y. From «=-+o to «= 
+a, the points satisfy (1); from <=-+2a to r=— 3a, the points satisfy (3) put 
equal to zero; from z=—za to x=—o, the points satisfy (5) put equal to zero. 
Equation (10) asin Case I. The locus consists then of (9), from w+ o to r== 
+4d, and of (10). 

III. If a>d and a<s, K, and Ky, intersect; in this case equation (9) 
represents a hyperbola, all the points on the right hand branch satisfying (1), 
and the points on the left hand branch satisfying (5) put equal to zero. Kqua- 
tion (10) as in Cases I and II. The locus consists of (9), ex==+0 to =—+4d, 
and of (10). 

IV. Ifa<d and a=s, K, and Ky are tangent externally. Equation (9) 
as in Case III. Equation (10) reduces to y=0, or the axis of X¥. From g=+oa 
to x=-+4a, the points satisfy (6); from ++ 3a to —#a, the points satisfy (2); 
and from z==— 3a to —o@, the points satisfy (7). The locus consists of (9) from 
g==to to r—+4d, and of (10) from t=+ 2a to x=— fa. 

V. If a>d and ads, K, and K, are exterior to each other. Equation 
(9) as in Cases III and IV. Equation (10) also represents a hyperbola, the 
points on the right hand branch satisfying (6) put equal to zero, and the points 
on the left hand branch satisfying (7) put equal to zero. The locus consists of 
(9) from x==-+ ow to ~=+ 2d. 

In many cases the limiting points may be found by equating the radical to 
zero if it is of the second degree as in this case. But this is not true as a gener- 


151 
al proposition. For the right hand branch of the hyperbola (9) in III, IV, and 
V crosses the circle at x—-+-4a and is inside from x=+3a to x=+3d. The left 
hand branch begins at x—#d and leaves the circle at z——4a. Between the 
limits suggested by equating the radicals to zero (v=+4a and x—— 4a) there are 
two pieces of curve, one of which contains points filling the given conditions, the 
other containing points violating them. That the tentative methods adopted by 
me are wholly unsatisfactory I freely admit, and yet I feel sure that graphical 
methods will be of great aid in establishing a theory of irrational equations. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let AF=kh, BE=r, CF=CH=t. 

Then when B is inside of circle A we have BC+ AC=r+i+R—it=R-yr. 

... The locus of C, the point equidistant from both circumferences, is an 
ellipse, foci A, B. 

When 6 is without A we have AC— BC 
—=R+tt—-r—t—R—-r. 

.. The locus of Cis a hyperbola, foci 
A, B. Also as follows : 

Let the mid-point O, between A and B 
be origin, AB=2a, OD=x, CD=y. 


ow. BCP=(r+t)?*=(at2)?+y?....C1). 
AC? =(RFt)?=(aFa)?+y?...(2). 
Eliminating ¢ between (1) and (2) we get 


Ax? dy? 
. /{e 2 2 ]— : 2 2 — YE 
rth y [eFa)y?+y ] Vl@+a)?+y J, or (R+r)? T (Riny—4a I. 


This equation shows that when one circle is within the other (2-+7)>2a 
and the locus is an ellipse with semi-axes 4(#-+-7) and },/[(R-+7)* —4a?]. 

When circles are external the locus is an hyperbola with semi-axes 
t(R—r) and $1, [4a?—(Rk—r)?]. 

If the circles intersect, for internal contact to one circle and external to 
the other we have the same ellipse; for both internal and both external we have 
the same hyperbola as above. 


Also solved by GUY B. COLLIER, CHARLES C. CROSS, WALTER H. DRANE, ALOIS F. KOVAR- 
IK, W. W. LANDIS, J, SHEFFER, and COOPER D. SCHMITT. 


DIOPHANTINE ANALYSIS. 


73. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


202 — yy? == a) 


Find integral values for x and y in (oy2 = - 
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Discussion by W. T. KING, Ottawa, Canada. 


We may suppose a and y to have no common factor ; for if they have one 
it will also be a common factor of a and b, and its square may be divided out of 
both equations, leaving equations of the same form. For the same reason no two 
of x, y, a, or of z, y, b can have a common factor, nor can a and b, without its 
being common to all. We therefore suppose that z, y, a and b are all prime to 
one another. Also we may assume without loss of generality that «>y. Then 
it is evident that a>za, b<y. 

From the first equation we have 


2(a® —2*)==a?—y?. 


Suppose when reduced to its lowest terms to be equal to p/q, so 


2(a— x) 
a—Y 

that p and q are prime to one another. 

Then 2q(a—x)==p(a—y) and p(a+x)=qla+y). 

Whence (p? +2q? )a+(p?—2q? )x—=2pqa or a/a Pe . 

The numerator being evidently positive, the denominator (2q*—p*) must 
be also. 
p* +2q° —2pq 

2q* —p* 

to its lowest terms, must have its numerator equal to 7, and its denominator to 
a. But it is evident that p and q being prime to one another, the numerator and 
denominator can have no common factor, unless it be 2, in the event of p being 
even. Therefore if p be odd, 


Since «/a is in its lowest terms, the fraction , when reduced 


e==p? pq? —Qpy...... (1). 
yu=2g?—p?......(2). 
Whence by the equation qg(a+y)—p(a-+7) we get 


y==4pq—2q?—p? ... .(8). 
If p be even, 
a—=$(p? +24? —2pq)=2(2p)*? +9 —2p)4q, 
a==2(29q°—p*)=9?—2ap)’*, 
y—=2(4pq—2q* —p* )==4(2p)q—9? — 2Up)?. 


These equations are of the same form as the preceding, except in the case 
of a. Fora and y we may take them in all cases, 


x==p®? +29? —2pq i oleae. (4). 
y=4pq—2q° —p* 


Now from the equation 2y?—a?==b?, we have 
2(y? --b?2)==a? —b?*. 
Whence as before we have, 
2s(y—b)=r(a—b), rly+b)=s@+d), 


rand s being prime to one another. Whence as before, 


y=2s? +r2— ars when + 18 even, 


e-=4rs—2s*—r? f or quantities of the same form 
b==2s?—r?, or = s*—2(3r)*, when r is even, 


Kquating the two values of x and y we have 2pq=2rs. 
o. tpg =-a—rs or p? +29? —8nq= 3rs—28?—r* or (2a—p)(q—p)=(28s— Tr) (rs). 


Now from the equation p(a+2)=q(a+y) we see that q>p, for r>y. 
Then q—p and 2q—p are both positive. 

Similarly from the equation r(y+b)=s(a+)), we see that r>s. 

And since (2s—r)(r—s) is positive, 2s—r is also positive. 

', r>s<2s. Now we may write 


n(q—p)=m(r—s) 
m(2q—p)=n(2s—r) rf tienes (6). 


where m and » are positive integers, prime to one another. 


J. (2m? +n*)q—(n? +n? )p==mns, 
2(m? +n? )qg—(m? +2n? )\p=mnr. 
J. [(Qm? +7 )q—(m? +n? )p][20m? +n? aq— (m? +2? )\p|—mF? n2rs=m? n* pq, or 
2(m? +n? )(2m? +n? )q? —2(2m? +n? )(m? +2n? )pq+(m? +n? )(2n? +m? p? =0., 


Since the value of q/p derived from this equation must be rational, 
(2m? +n? )?(m? +2n?)—2(m? +n?)(2m? +n? )\(m? +27?) 


must be a square, 7. e€.. (Q2m?-+n?)(m?+2n?)m?n* must be a square, and 
(Q2Qm2-+n? )(n? +2n?) must be a square. 

Therefore either 2m?-+n? and m?+2n? are both squares, or when divid- 
ed by a common factor, the quotients are squares. 

In the first case let 2m? +n?=-h?, m? +2n?==k?, then m? +n?—4(h? Lk?). 

Now the sum of two squares is not divisible by 3, unless each square is 
divisible by 8, and therefore by 9. Hence }(h?-+k£*) is an integer, whence 
i(m?-+n?®) is an integer ; whence m and 7 are both divisible by 3, which is con- 
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trary to the hypothesis that m and n have no common factor. Therefore 2m? +n? 
and m?+2n? have a common factor. This factor must be a factor also of their 
sum, 2. €. 3(m?+n?), 

But m?-+n2 is prime to 2m?-+ n°, since if they have a common factor it is 
also a factor of m?+n? and (2m?-+n?)—(m?+n?), or of m?-+n? and m?, or of 
n? and m2, which is again contrary to hypothesis. 

Therefore the common factor of 2m2-+n2 and m? +2n?==8, and we may put 


2m? +n? =s8h? (7 
m*+2n?=d8k? fo ). 


From the first of these, 2(m?—h?)=h*?—n?, me may now take a 


in its lowest terms==//y, so that 


24(m—h)==m(h—n), em+h)=Ah+n), 


Qiut222 — py? 


whence (Qi? + pe? )m—- (22% — we? \h==2i uh, and m/h== D2? 


Whence as before, 


ma=QAU+22? — ue? 


h=2/? 4+ pu? 
N==DQAM— 227 + yu? 


or the halves of these, respectively, which will have the same form, except that 
m and n are transposed. 
Similarly from the equation m?+2n?=-3k?, we get 


m?—k? ==-2(k® —n”) and 24, (k—n) =, (m— k). 


Whence k==24 7 +h? 
M==24,M,—2AF tu? eo... (9), 
N=2A, My QAP — we? 
or the halves of these, respectively, which will have the same form except that 
the expressions for m and n will be interchanged. 
From the first set m+n=4/,,, and from the second m-+n=—4, ,. 
J. AMA, HM, 
Also 2iu+22? — uw? =2/, hu, —2P tye, 
or ==24, 4, +24°— MY. 
In the first case, 24°? —w?—=—2A? +y,?. 
1. 202A?) =P + ey, 
DPA AALZ)=A Pw 44 2 ued pr ta pe +A 2). 


4? +A? cannot be zero. 
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", 24? —y?*, or 1/24,==m, which is impossible since 4, and mu are integers. 
We must now therefore try the second case, 


2A 22? — pw? —= 24, wu, +2 P —p,?. 


Whence 2(4? —42)==.? — pw, 
Qh P21 PAP wr —A Pu PHA Pky F—72 yp?. 
1. (QAP +p? yA? —4?)—0. 
22,7 +? cannot be zero. 
.. the only solution is 4?—4,==0, or A4=A,. 
Hence from A4u==4,/4,, M==H,. 
Now h==2/? 4 pw? =-24 2 +u,==k [from (8) and (9)]. 
. 2m?+n? =m? +2n? [from (7)]. 
m=’, 
But m and » have by hypothesis no common factor (greater than unity). 


o.Mm==n=1. 

“.@—p=r—s [from (6)], and pq==rs. 

'.Q+p=—r-+s, and q=—r, p=s. Also 2q—p=2s—r=2p—4q. 
*. @=p, and as they have no common measure, each= 1. 

. p=q—r-——s—1, and 


w=p* +29q* —2pq—1 
y—=4pq—292 —p?—=1 from (4). 


a=y (22*—y?)=1 
b=1/ (2y?—a?)=1. 


(These values of r and y are also derivable from the equations 


w=4rs—2s*—r? 
y==28*? +r? —2rs, 


so that all the equations are consistent.) 

', t=y—a—b=—1 is the only solution in integers of the two equations 
when « and y are prime to one another. 

Of course an infinite number of solutions may be obtained by multiplying 
z, y, a, and b by a common factor, C, so that 


2C2—C?®=C? for 2x? —y?=a?, 
2C®—C?—C? for 2y? —x?=b?. 
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PROBLEMS FOR SOLUTION. 


nd 


ARITHMETIC. 


114. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 


Does it pay a $4-carpenter using a dozen four-penny nails per minute, to pick up a 
dropped nail? At this rate, should twenty-penny nails be picked up ? 


115. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decor- 
ah, Ia. 


Where shall a pole 120 feet high be broken so that the top may rest on the ground 40 
feet from the foot ? (Solve by arithmetic. ) ) 


y*y Solutions of these problems should be sent to B. F. Finkel not later than August 10. 


ALGEBRA. 


102. Proposed by J. MARCUS BOORMAN, Woodmere, N. Y. 
Solve 24+ 4/(a?—7)=-5. [See Hind’s Algebra, page 447.] 


103. Proposed by WALTER H. DRANE, Graduate Student, Harvard University. Cambridge, Mass. 


Given the equation o”+p,¢™—+p,a™ + 02. 2m t+ Pn =O freed from 
multiple roots. Prove that its discriminant is positive or negative according as 
the number of pairs of complex roots is even or odd. 


y*y Solutions of these problems should be sent to J. M. Colaw not later than August 10. 


104. Prize Problem. $2.50 for the best solution. 
Compute to three decimal places each of the roots of the equation 
ry ==2, ry? 6. 
y*y Solutions of this problem should be sent to B. F. Finkel not later than September 1. 


GEOMETRY. 


123. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics. Decorah Institute, Decor- 
ah, Ia. 


A étant le point d’ intersection des médianes d’ un triangle ABC, démon- 
trerque AB2+BC2+CA?=3(GA?+GBR?+GC*), Ex. 84, Geométrie. No. 2, 
1” Anne 1’ Hducation Mathématique. | 


xy Solutions of this problem should be sent to B. F. Finkel not later than August 10. 


CALCULUS. 


92. Proposed by B. F. SINE, Principal of Capon Bridge Normal School, Capon Bridge, W. Va. 


How much wood is taken from a log 12 inches in diameter, by boring a two-ineh hole 
through the center, the axis of hole being perpendicular to axis of log ? 


93. Proposed by JOHN R. JEFFREY, Student in Ohio State University, Columbus, Ohio. 
Solve the following differential equation : 

a” 4 d 4 

(1—2a*) a J 


v 


da” dx 


+y=-2x, when <1. 


94, Proposed by ALOIS F, KOVARIK. Instructor in Mathematics and Physics, Decorah Institute, Decor- 
ah, Ia. 


Find the minimum isosceles triangle that can be described about a given ellipse, 
having its base parallel to the major axis. [Ex. 16, page 166, Rice and Johuson’s Differen- 
tial Caleulas. 


x*y Solutions of these problems should be sent to J. M. Colaw not later than August 10. 


MECHANICS. 


91, Proposed by CHARLES C. CROSS, Whaleyville, Va. 


The bow of a boat which is a inches wide is inclined at an angle @, When in motion 
in perfectly calm water the water was found to rise 6 inches on the bow. Required the 
‘velocity of the boat. 


92. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge. Mass. 


A particle, starting at the vertex, slides down a smooth parabolic curve. Prove that 
in order to leave the curve at the extremity of the latus rectum, the initial velocity of the 
particle must be pg[|’ 2—1] where p is semi-latus rectum. 


yx*y Solutions of these problems should be sent to B. F. Finkel not later than August 10. 


AVERAGE AND PROBABILITY. 


75. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


Find the mean area of all plane rectilineal right triangles having a constant perime- 
ter p. 


76. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


In a given ellipse, the extremities of a focal chord are joined with the center. Find 
the average area of the triangle thus formed. 


y*y Solutions of these problems should be sent to B. F. Finkel not later than August 10. 


MISCELLANEOUS. 


79. Proposed by S. HART WRIGHT, A. M., Ph. D.. Penn Yan, N, Y. 


In latitude 42° 80’ N.==4, a tree 100 feet long—a, leans in the direction S. 
60° W.=%, with an angle of elevation with the level ground, of 30°=;~. The 
sun’s declination being 1° 36’ 24" N.==6, in what direction will the shadow of the 
tree point, when the sun is on the meridian ? 
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80. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 


Exhibit ten initials in that infinite series of integral, rational rhombuses wherein 
the area of every term is one unit less than the square of its side. 


x*, Solutions of these problems should be sent to J. M. Colaw not later than August 10. 


EDITORIALS. 


It should have been stated in our last issue that the excellent portrait of 
Sophus Lie was furnished us through the kindness of Dr. Halsted. 


The University of Wisconsin is offering for the Academic year beginning 
1899, a very excellent course of Graduate Study in Electrical Engineering. 


We offer again in this issue a prize of $2.50 for the best solution of prob- 
lem 104 in algebra. Any person under twenty-one years of age is eligible to 
compete for the prize. 


Advanced sheets of a School Algebra, by Drs. Fisher and Schwatt of the 
University of Pennsylvania have just reached us. A further notice of the book 
will be given in the June number of the MonrHLy. 


Dr. George Bruce Halsted has been invited to present a Report on Prog- 
ress in non-Huclidean Geometry at the coming Columbus meeting of the Ameri- 
can Association for the Advancement of Science. Dr. Halsted has accepted the 
invitation and will commence soon the preparation of the report, which is to be 
quite exhaustive. 


During the year 1899-1900, Drury College will offer the following electives 
in Mathematics: Advanced Integral Calculus, Differential Equations, Projec- 
tive Geometry, Analytical Mechanics, and Theory of Functions. 


The Register and Eleventh Official Announcement of Clark University has 
just reached us. The following are some of the Courses offered in Mathematics 
for the year 1899-1900: Differential Geometry, Algebraic Invariants, Analytical 
Geometry of Higher Surfaces and Twisted Curves, Elliptic Functions, Differen- 
tial equations, and Calculus of Variations, Finite Continuous Groups, and The- 
ory of Numbers. 


The following are some of the advanced courses of Mathematics offered for 
the year 1899-1900 at the University of Chicago: Twisted Curves and Surfaces, 
Associate Professor Maschke ; Projective Geometry, Professor Moore ; Theory of 
Invariants, Professor Bolza; Continuous Groups, Professor Bolza; Theory of 
Functions of a Complex Variable, Professor Moore and Associate Professor 
Maschke; Elliptic Functions, Professor Bolza; Hyperelliptic Functions, Pro- 
fessor Bolza ; Abstract Groups, Associate Professor Maschke; Elliptic Modular 
Functions, Professor Moore ; Theory of Substitution, Professor Moore ; Theory of 
Numbers, Assistant Professor Young, etc., etc. 
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Harvard University has just issued its Course of Study in Mathematics for 
the year 1899-1900. Among the courses offered in advanced Mathematics are the 
following: General Theory of Surface, Prof. J. M. Peirce ; Dynamics of a Rigid 
Body, Professor Byerly ; Quaternions with Applications to Geometry and Mechan- 
ics, Prof. J. M. Peirce ; Trigonometric Series, Introduction to Spherical Har- 
monics, Potential Functions, Professors Byerly and B. O. Peirce ; Theory 
of Functions (Second Course), Riemann’s Theory of Functions, Professor Osgood ; 
Algebra—Galois’s Theory of Equations, Professor Osgood ; Lie’s Theories as 
Applied to Differential Equations, Dr. Bouton ; etc., etc. The courses offered at 
Harvard are sufficiently varied and extensive to meet the wants of any student of 
mathematics. 


BOOKS AND PERIODICALS. 


A Text-Book of Physics.—Sound. By J. H. Poynting, Sc. D., F. R.S., 
Late Fellow of Trinity College, Cambridge, Professor of Physics in Mason Uni- 
versity College, Birmingham ; and J. J. Thomson, M. A., F. R. 8., Sc. D., Dub- 
lin; Hon. D. L., Princeton ; Fellow of Trinity College, Cambridge; Cavendish 
Professor of Experimental Physics in the University of Cambridge. Royal 8vo. 
Cloth, 174 pages. Price 8s. 6d. London: Charles Griffin & Co., and Phila- 
delphia: J. B. Lippincott & Co. 


The authors are preparing a Text-book of Physics of which the account of the phen- 
omena of sound and the the theory of these phenomena as presented in this book forms 
only one part. The presentation of the subject of sound as here given is such as to enable 
the student who has no knowledge of advanced mathematics to obtain a good understand- 
ing of this branch of physics. The book is well printed, the quality of paper used is very 
good, but the illustrations of some pieces of apparatus are poor. B. F. ¥F. 


The Elements of Graphic Statics. A Text-book for Students of Engineer- 
ing. By L. M. Hoskins, Professor of Applied Mechanics in the Leland Stanford 
Junior University. Revised Edition. 8vo. Cloth, 200 pages. Price, $2.25. 
New York: The Macmillan Co. 


In this book is found not only that which meets the needs of the student, but also 
that which is useful to the structural engineer as well. B. F. F. 


Rontgen Rays. Memoirs by Rontgen, Stokes, and J. J. Thomson. Trans- 
lated and edited by George F. Barker, LL. D., Professor of Physics in the Uni- 
versity of Pennsylvania. 8vo. Cloth, 76 pages. Price, 60 cents. New York : 


Harper & Bros. 

This is volume III of Harper’s Scientific Memoirs, edited by J. 8. Ames, Ph. D., Pro- 
fessor of Physics in Johns Hopkins University. This little book contains Professor R6nt- 
gen’s paper in which he announced to the world his wonderful discovery ; a biography of 
Professor R6ntgen; a paper On the Nature of the Réntgen Rays, by Sir G. G. Stokes; a 
biographical sketch of Stokes; a paper On the Theory of the Connection between Cathode 
and Roéntgen Rays, by J. J. Thomson; and a biographical sketch of Thomson. This little 
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volume makes very interesting reading for any one interested in one of the most wonder- 
ful discoveries of the nineteenth century. B EK. F. 


A History of Physics in its Klementary Branches, including the Evolnu- 
tion of Physical Laboratories. By Florian Cajori, Ph. D., Professor of Physics 
in Colorado College. 8vo. Cloth, 822 pages. Price, $1.60. New York: The 


Macmillan Co. 

This History of Physics is in line of exeellenee and interest with the History 
of Mathematics by Dr. Cajori. Such an account of the progress and development of Phys- 
ies, as well as a short sketch of the investigators who have enlarged and enriched its do- 
main by careful research and discovery, has long been found desirable. Every teacher and 
student of Physics should read this book, as the history of any science has a stimulating 
effect and helps to make it attractive. De Morgan said, ‘‘No man should think it a waste 
of time to learn something of the history of his own subject; nor is the investigation of la- 
borious methods now fallen into disuse, or errors once commonly accepted the least valua- 
ble of mental disciplines.’’ B. F. F. 


The Modern Theory of Solution. Memoirs by Pfeffer, Van’t Hoff, Arrhen- 
ius, and Raoult. Translated and edited by Harry C. Jones, Ph. D., Associate in 
Physical Chemistry in Johns Hopkins University. 8vo. Cloth, 128 pages. 
Price, $1.00. New York: Harper & Bros. 

This is the fourth volume of Harper’s Scientifie Memoirs. It contains Pfeffer’s Os- 
motic Investigations; biography of Pfeffer; Van’t Hoff’s The Role of Osmotic Pressure in 
the Analogy between Solutions and Gases; biography of Van’t Hoff; Arrhenics’s On the 
Dissociation of Substances Dissolved in Water; biography of Arrhenius; Raoult’s The Gen- 
eral Law of the Freezing of Solvent and On the Vapor-Pressure of Etheriel Solutions; The 
General Law of the Vapor-Pressure of Solvents; and a biography of Raoult. B. F. F. 


Algebra Elementare Ad Uso Dei Licei e Degli Instituti Feenici (1° Bien- 
nio) Secondo I Programmi Governativi con Copiose Note Storiche Molte Consig- 
li Pratici Per Indirizzare L’ Allunno Alla Resoluzione Degli KEsercizi Piuw’ di 2000 
Ksercizi e Problemi Graduati da Risolvere e Circa 400 Ksercizi e Problemi Minuta- 


ments Risolti. Pages 428. 

This is an elementary algebra of unusual value, as the definition of all algebraic op- 
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ON SYMMETRIC FUNCTIONS. 


By E. D. ROE, Jr., Associate Professor of Mathematics in Oberlin College. 


[Concluded from May Number. | 


H. APPLICATION OF THE THEORY TO COMPUTATION. 


The limits of the present article do not’ permit of thoroughgoing applica- 
tion in the calculation of coefficients of terms of symmetric functions. The writ- 
er has used the present theory and the formula of G, 2, in such calculations, and 
by means of the parallel theory for the resultant, and the equivalent formula of 
A, 4, he has calculated all the coefficients of the normal forms of all resultants up 
to and including the resultant As, 4.* By means of these methods the calculation 
is very easy. The advantages of the theory and formulas here developed in the 
calculation of tables of symmetric functions may be stated to be as follows: Not 
only is the symmetry of the table established by the fundamental reiations, 
whereby half the coefficients are repeated, but also by the same relations the nu- 
merical equality of certain other coefficients in the same table and of others in 
different tables is immediately established. In addition to this many coefficients 
of a table which are not normal forms are easily reduced to such as are normal 
forms of a lower table and have been previously calculated. Also the coefficients 
of the completely reducible forms, which have the form of the general formula 
obtained for them in F, 2, are the values of (—1)”. To this may be added cer- 
tain coefficients whose value is zero by the fundamental conditions. [We might 


*The results are published in the before-mentioned thesis. 
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also add the general formula, for the normal forms where n—2, which can 
be proved without difficulty, viz: 


OA 1 2) m(Ay +4, —1)! 
(G» m y= hee Ltag! 


|. 


When all these means of obtaining coefficients have been applied, the ac- 
tual number of normal forms in a table requiring calculation is comparatively 
very small, and by means of the formula of F, 2, the calculation is easily made, 
giving the coefficient at once as the sum of earlier calculated coefficients. 


NOTE ON ELIMINATION BY MEANS OF SYMMETRIC FUNCTIONS. 


In behalf of the extension of the method given under I, B, the following 
details may be added : 


1. ON THE RESOLUTION oF ARONHOLD’S OPERATOR INTO THREE OPERATORS. 


The term containing (a, )*(a;)*....(a,)*”" in Om» must have come from 
Ail, roa, Ar... 6 Cam) A" | WO%01% 22. ma” | by the use of b;Dg; in as many ways as 
there are operators of this kind when 7 takes all values from 1=—0, toi=n. 0D;Da; 
applied to a,(ag)(a,)*....Ca,)4" | 20%14 2.2m” | gives 


(A; +1)b, | 1Qro01a1. 2. mae | (a, )*eCa,; )* te (a ,,)*" 


= (A; +1)b; | Oro. aE md | Cay AoCany Aa... Cam)”, 


and the coefficient of (a,)*(a,*....(an)" In OR» 18 
=n | 
2 (A; +1)b; | 10%14%. 2. maw | =0. 
i=0 


Thus Aronhold’s operator is resolved into three operators : 

(1). 0,1, 2, ....n applied to | Orolr:. 2. .man | 

(2). The literal operators b,, b,, ... by, applied to the preceding. 

(83). The numerical operators 4, +1, 4, +1,°... Ann. 

Here 1;-+1 associated with 6; is the exponent of 7 in the associated stroked 
form which results from the first operation. Of course 4,+4,+....4m—=n—1, 
and there will be 


mim+-1)....(m+-n—1) | 
1.2....(m—1) Es 


(the number of homogeneous products of m elements to n—1 dimensions) such 
identical equations of the form 
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=n . 
2 (A; +1)b; | wO%1AL 2. mda” | SO. 


i=0 


The reader will observe the identity of this equation with the one from 
which the recurrence formula for the normal forms of symmetric functions was 
derived. 


2. On THE NuMBER oF FuNcTIONS REQUIRING CALCULATION IN mn, AND THE 
SUFFICIENCY OF ARONHOLD’S OPERATOR. 


It is evident that every symmetric function of the form 
by M23, eC Fy Re... UI)", 
in Rinn, Where 2, 2%,2....2¢,>0, can be reduced to the form 
(1 yMeH By Dy) ZR IWR y em (Baa) 1 


Hence only those functions require calculation which contain in any term 
less than all the n roots; and of these we know’ all the fundamental symmetric 
functions, 


b, 27 b 


02710, ee ee by 23,39... 63n—1.- 


1) 

Let N denote the number of functions requiring calculation. All the terms 
in Raa» in which a,, is not a factor, contain functions in which m roots enter, and 
are therefore of the before mentioned reducible form, and are dependent upon 
such forms as do not contain n roots ina term. These latter irreducible (in this 
sense) forms are all found among the terms of Ry,» which contain a power of a», 
and among these are none which contain n roots in aterm. We may note that 
the terms of the form (b,)”(an)"~"(am-—1)" 273,79... .3, from 7-0, to r=n—1, n 
in number are found among them and are known. We have N+ n==the number 
of terms in Ry.» containing a, The whole number of terms or functions, f, im 
the resultant Ry» 1S 


~ (m+i)(m+2)....0m+n) 
I 1.2 : 

The number of them not containing a,, could be found by putting a,,—0. 
It is the same as the number of terms in A,»_1,n, and is 


mom-+1)....¢m+n—1) 
1.2....0 


Therefore, 


; — (m+1)(n+2).... (a+) _ mim+1)....dm+-n—1) __ Mm 
Nn 1.2....7 1.2....” =I ° 
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— (m+1)(m+2)....(m+n—1) 
7 1.2....(n—1) 


—=e¢, or 


1a 


“4 a 
SUE 
mand =F 


N+n=f-—e=e, and N+-n=e= 


and we see: 

(1). The number of identical linear equations furnished by Aronhold’s op- 
erator, and containing the N unknown functions together with n others, 18 just 
equal to the number N-+-n, and therefore jast sufficient to compute both the unknown 
N as well as also the n other functions, if we regard the iatter as unknown. This 
proves the sufficiency of Aronhold’s operator for calculating the resultant 
by means of symmetric functions. | 

(2). Certainly less than one-half of the whole number of symmetric functions 
which enter nto the resultant require calculation. 


If m=n, N+n==3f, 
n=1, N=O, e=1, f=2, 
n=2, N=1, e=3, f=6, 
n==8, N=7, e=10, f=20, etc., 


which agrees with the fact that we found 7 functions requiring calculation in fg, 3. 


3d. FARTHER REMARKS ON CALCULATING Ryn. 


(1). Recurrence methods. 
Since the sum of all the terms which do not contain a, 1s equal 


to b,Am—1,n, We have 


i=n 
Rinyn= bn Rm1,n +2 & ala, rola, rs... (dmv | WADA man | 
i=0 
where the exponent of a, must not be zero, and where 4,+4,+....Am=n—1. 


The second portion of the right hand expression contains all the unknown func- 
tions while the first term 1s a previously calculated resultant. By giving m and 
n Special values, or requiring them to satisfy certain relations, like m==n-+1, etc., 
various recurrence formulas may be obtained and used. 

(2). Direct calculation of Rin. 

If one does not choose to proceed by recurrence formulas we have shown 
that Aronhold’s operator furnishes a sufficient number of equations that are writ- 
ten down by an easy rule, to calculate Ry» m directly and independently. From 
Rinzm We can obtain Ry» where n=m—r, at once by the formula 


Rin m—r=( — ne mom 
Am! by=by 1= tees bm —r41==0. 


To this may be added the relation, Ry »==(—1)""Ram- 
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Bruno, loc. cit. Anhang, s. 302 et seq. 

For tables of symmetric functions. Ibid. s. 311 et seq. 

For a pretty complete bibliography of the literature up to 1881, of sym- 
metric functions, resultants, and related subjects, see Fada di Bruno, Anhang.  s. 
d/o et seq. 
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For proof of the proposition that Aronhold’s operator applied to the re- 
sultant gives identically zero, or that OR»,,,=0, see Fad di Bruno, loc. cit. s. 79, 
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URKUNDEN ZUR GESCHICHTE DER NICHTEUKLIDISCHEN 
GEOMETRIE VON F. ENGEL UND P. STAECKEL. 


By GEORGE BRUCE HALSTED, University of Texas, Austin, Texas. 


I. Nikolai Ivanovitsch Lobatschefski. Leipzig. B.G.-Teubner. 1899. 
8vo. pp. 476. 

The name of Lobachévski is inseperably connected with a scientific 
advance so fundamental as actually to have changed the accepted conception of 
the universe. 

Yet his first published work and his greatest work have both remained 
for over sixty years inaccessible, locked up in Russian, and are now for the first 
time given to the world in this monumental volume by Professor Engel. 

As to the precise time at which Lobachévski shook himself free from 
Euclid’s two thousand years of authority there is still room for a most interest- 
ing doubt. 

The first of the two treatises given in this book, ‘‘On the Elements of Ge- 
ometry,’’ was published in 1829, with this note at the foot of the first page : 

“Extracted by the author himself from a paper which he read February 
12, 1826 in the meeting of the Section for physico-mathematic sciences, with the 
title ‘Exposition succincte des principes de la Géometrie etc.’ ”’ 

Again, when the four equations are reached which really contain the 
essence of the non-Euclidean Geometry, Lobachévski subjoins this note: ‘‘The 
equations (17) and all that follows these the author had already appended to the 
paper which he presented in 1826 to the Section for physico-mathematic 
sciences.”’ 

In the introduction to the second of the two treatises here given, the ‘‘New 
Elements of Geometry,’’ the author says, ‘‘Kveryone knows, that in geometry 
the theory of parallels has remained, even to the present day, incomplete. 

“The futility of the efforts which have been made since Kuclid’s time dur- 
ing the lapse of two thousand years to perfect it awoke in me the suspicion that 
the ideas employed might not contain the truth sought to be demonstrated, and 
for whose verification, as with other natural laws, only experiments could serve, 
as for example, astronomic observations. 

‘When finally I had convinced myself of the correctness of my supposi- 
tion, and believed myself to have completely solved the difficult question, 
I wrote a paper on it in the year 1826: Exposition succincte des principes de la 
Géométrie, avec une démonstration rigoureuse du théoreme des paralléles, read 
February 12, 1826, in the séance of the physico-mathematic Faculty of the Uni- 
versity of Kazan, but never printed.” 

No part of this French manuscript has ever been found. The latter half 
of the title is ominous. | 

For centuries the world has been deluged with rigorous demonstrations of 
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the theorem of parallels. We know that three years later Lobachévski himself 
proved it absolutely indemonstrable. Yet the paper said to contain material to 
stop forever this twenty-centuries-old striving still was headed ‘démonstration 
rigoureuse,’ just as Saccheri’s book of 1783 containing a coherent treatise on non- 
Kuclidean geometry ended by one more pitiful proof of the parallel postulate. 

If Saccheri had lived three years longer and realized the pear! in his net, 
with the new meaning he could have retained-his old title ‘Huclides ab omni 
naevo vindicatus,’ since the non-KHuclidean geometry is a perfect vindication and 
explanation of Euclid. But Lobachévski’s title is made wholly indefensible. A 
new geometry founded on the contradictory opposite of the theorem of parallels 
and so proving every demonstration of that theorem fallacious, could not very 
well pose under Lobachévski’s old title. Least said, soonest mended. He 
never tells what he meant byit, never tries to explain it. Yet HKngel thinks that 
under this two-thousand-years stale title ‘‘avec une démonstration rigoureuse du 
théoréme des paralléles,’’ ‘‘Lobatschefskij sprach es klipp und klar aus, dass das 
EKuklidische Parallelenaxiom niemals werde bewiesen werden koennen, weil es 
unbeweisbar sei.’’ 

At the international mathematical congress, 1893, I maintained in his 
presence that Felix Klein was utterly in error where in his Nicht-Kuklidische 
Geometrie, I. p. 174, he says of the letter from Gauss to Bolyai Farkas, 1799, 
‘‘In this last letter is particularly said, that in the hyperbolic geometry there is 
a maximum for triangle-area’’; aud again where he says, p. 175, ‘‘There can be 
no doubt that Lobachévski as well as Bolyai owe to Gauss’s prompting the ini- 
tiative of their researches.’’ 

Klein’s only answer was that his position would be sustained when the 
the public got access to Gauss’s correspondence. Staeckel and Engel have now 
had complete access to these papers, and this is what Hngel says, pp. 428, 9: 
‘But at all events in Gauss’s letters there is nowhere a support for this tradi- 
tion ; at no point of these letters can be found even the slightest intimation that 
Gauss connected the discoveries of Lobachévski and J. Bolyai with any direct or 
roundabout prompting from him. On the contrary the letters show (see p. 482 
f. and Math. Ann. 49, p. 162, Briefwechsel G. B. p. 109), that Gauss throughout 
recognized the independence of both, exactly as he recognized that of Schweikart 
whose independence of Gauss is subject to no doubt. With Staeckel Iam at one 
herein, that exactly this circumstance is particularly weighty for the decision of 
the whole question.”’ 

The whole scientific world will breath a sigh of relief that Klein’s Goettin- 
gen legend, wounded in 1893, is in 1899 annihilated forever. More inexplicable 
is Klein’s misinterpretation of Gauss’s letter of 1799 to Bolyat Farkas. 

I gave this letter in my Bolyai as demonstrative evidence that in 1799 
Gauss was still trying to prove EKuclid’s the only non-contradictory system 
of geometry, and also the system regnant in the external space of our physical 
experience. 

The first is false ; the second can never be proven. 
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Summing up this same letter, Engel, p. 879, instead of finding in it the 
hypothetical white elephant of Klein’s fairy tale, gives the utmost that can be 
attributed to it in the following sentence: ‘‘Hier ist er also ganz nahe daran, an 
der Richtigkeit der Geometrie, das heisst, des Euklidischen Parallelenaxioms 
zweifelhaft zu werden.’’ 

Five years later, in a letter of November 25, 1804, Gauss speaks of a 
‘‘sroup of rocks’’ on which his attempts had always been wrecked, and adds, ‘‘I 
have indeed still ever the hope that those rocks sometime, and indeed before my 
death, will permit a passage. Meanwhile I have now so many other affairs on 
hand, that at present I cannot think on it, and believe me, I shall heartily re- 
joice if you forestall me, and if you succeed in surmounting all obstacles.’’ 
‘‘Surely,’’ says Engel, ‘‘that does not sound as if the authority of Kuclid had di- 
minished in power since the year 1799; on the contrary, one gets the impression 
that Gauss in 1804 rather stood more completely under its ban than before.”’ 

This was clearly the view of Bolyai Janos, whose autobiography, after 
quoting Gauss’s letter of 1832, says: ‘‘In a previous letter Gauss writes: 
He hopes sometime to be able to circumnavigate these rocks—so then he hopes! !”’ 
‘‘These last words,’’ say Staeckel and Engel in the Mathematische Annalen, 
‘‘show a certain suspicion on the part of John against Gauss.’’ - But the mention 
of this earlier letter was highly natural. Janos had known of it from boyhood. 
The joy of his triumph in solving what had baffled all the world for two thousand 
years was intensified by his knowing that even Gauss had tried and was hoping 
the impossible. 

His splendid trumpet call of glory announcing his creation of a new uni- 
verse, scientiam spatil absolute veram exhibens, is answered how? Gauss ans- 
wers, that method and results coincide with his own meditations instituted in part 
since 30—385 years. But of these meditations Gauss had published never 
a word! How natural then for Janos to refer to his previous letter where he 
still was hoping to prove Kuclid’s parallel postulate. 

The equally complete freedom of Lobachévski from the slightest idea that 
Gauss had ever meditated anything different from the rest of the world on the 
matter of parallels is demonstrated most happily. 

Bartels, the teacher of Lobachévski, never saw Gauss after 1807, received 
at Kazan one letter from him in 1808, probably a mere friendly epistle contain- 
ing nothing mathematical, and not another word during his entire stay there. 

But in November, 1808, Schumacher in Goettingen writes in his dairy 
that Gauss has reduced the theory of parallels to this, that if the accepted theory 
were not true there must be a constant a priort of length, ‘‘welches absurd ist.’’ 
Yet that Gauss himself considers this work not yet completed. 

Thus in 1808 Gauss still vacillates. The proposition about the a priori 
given unit for length is due to Lambert 1766, and on the supposed absurdity 
Legendre in 1794 had founded a pseudo-proof of the parallel postulate. 

Thus until after 1808 Gauss had made no advance beyond the ordinary 
text-books. 


169 


A most fortunate piece of personal testimony from the distinguished 
astronomer Otto Struve finishes the whole matter. 

When at Dorpat in 1835 and 1836 Struve was attending his lectures, Bar- 
tels repeatedly spoke of Lobachévski as one of his first and most gifted scholars 
in Kazan. Lobachévski had then already sent his first works on non-Euclidean 
geometry to Bartels, but, as Struve writes, Bartels looked upon these works ‘‘more 
as interesting, ingenious speculations, than as a work advancing science.’’ Struve 
adds, he does not recall that Bartels ever spoke of any accordant ideas of Gauss. 

Such misconception of the import of non-Euclidean geometry was due in 
part to that lack of grit or slip in judgment which let Lobachévski damn this 
child of his genius with the name ‘‘Imaginary Geometry.”’ 

If Lobachévski had possessed the magnificent Magyar mettle of Bolyai 
Janos, and dared to name his creation the Science Absolute of Space, he would 
not have taught mathematics with ability throughout his life without making a 
single disciple. 

His New Elements of Geometry, here at last made accessible to the world, 
is such a masterpriece that it remains to-day the completest and most satisfactory 
text book of non-Kuclidean geometry. Written at the flood of hope and confi- 
dence, with ardor still undampened, it is in his ‘New Elements’ preéminently 
that the great Russian allows free expression to his profound philosophic insight, 
which on the one hand shatters forever Kant’s doctrine of our absolute a priori 
knowledge of all fundamental spatial properties, while on the other hand empha- 
sizing the essential relativity of space, and the element of human construction, 
human creation in it. : 

| Lobacheévski’s position is still after sixty years the necessary philosophy 
for science. No one has succeeded in finding any escape from its cogency. No 
one has gone beyond it. 

Our hereditary geometry, the Huclidean, is underivable from real exper- 
lence alone, and can never be proved by experience, Not only can the truth or 
falsity of Huclid’s parallel postulate never be proved a priori ; not even a poste- 
vrord can ever its truth be proved. 

Therefore Euclidean geometry, in so far as Euclidean, must ever remain a 
creation of the human mind. 

The introduction to the New Elements contains a piercing critique of Le- 
gendre’s attempts on the parallel postulate. Here at times Lobachévski almost 
condescends to be humorous. For example, he says: ‘Although Legendre des- 
Ignates his demonstration as completely rigorous, he without doubt thought 
otherwise, for he adds the proviso, that a difficulty which one would perhaps 
still find can always be removed. For this, he has recourse to calculations 
founded on the first familiar equations of rectilinear trigonometry, which 
it would be necessary previously to establish, and which just in this case are use- 
less and lead to no result.”’ 

Here for the word Trigonometry in the Russian of the Collected Works, p. 
222, Engel has substituted, p. 70, by some slip, the word geometry. Further on 
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Lobachévski continues: ‘‘but Legendre has not noticed here, that EJ’ may pos- 
sibly not meet AC. To overcome this little difficulty, you have only to suppose 
that EF is the perpendicular from F on BD; but then how can we conclude 
therefrom that FE—AB and the angle EFC=i7? It is not possible to mend 
the false deduction, wherein Legendre’s inadvertence was so gross that without 
remarking this grave error, he considered his demonstration as very simple and 
perfectly rigorous.’’ 

Now for a specimen of Lobachévski’s philosophizing. ‘‘Strictly we cog- 
nize in nature only motion, without which sense-impressions are not possible. 
Consequently all other ideas, for example, geometric, are artificial products of 
our mind, since they are taken from the properties of motion ; and therefore space 
in itself, for itself alone, for us does not exist. Accordingly it can have nothing 
contradictory for our mind, if we admit that some forces in nature follow the one, 
others another special geometry. 

To illustrate this thought, assume, as many believe, that the attractive 
forces diminish because their action spreads on a sphere. In the ordinary 
geometry we find 4zr2 as magnitude of a sphere of radius r, whence the force 
must diminish in the squared ratio of the distance. 

In the imaginary (sic) geometry I have found the surface of the sphere 
equal to z(e"—e—*)?, and possibly such a geometry the molecular forces may fol- 
low, whose whole diversity would depend, consequently, on the number e, al- 
ways very great.”’ 

How far Lobochévski was not only from Riemann’s geometry, with closed 
finite straight line, but also from the perspective point of view where the straight 
is closed by having only one point at infinity, is illustrated by the following sen- 
tences of the introduction: ‘‘I consider it not necessary to analyze in detail other 
assumptions, too artificial or too arbitrary. Only one of them yet merits some 
attention ; the passing over of the circle into a straight line. However, the fault 
is here visible beforehand in the violation of continuity, when a curve which does 
not cease to be closed howsoever great it may be, transforms itself directly into 
the infinite straight, losing in this way an essential property. In this regard the 
imaginary geometry fills in the interval much better, In it if we increase a cir- 
cle all of whose diameters come together at a point, we finally attain to a line 
such that its normals approach each other indefinitely, even though they can no 
longer cut one another. This property, however, does not appertain to the 
straight but to the curve which in my paper ‘‘On the Elements of Geometry’’ I 
have designated as circle-limit.’’ 

Lobachévski anticipated in 1835 all that was said not long ago in the col- 
umns of Science on the length of acurve. For example: ‘‘In fact, however lit- 
tle may be the parts of a curve, they do not cease to be curves; consequently 
they can never be measured by the aid of a straight. Lagrange takes as founda- 
tion the assumption of Archimedes that on a curve one can always take two 
points so near that the arc between them may be considered greater than 
its chord but smaller than the two tangents from its extremities. Such an as- 
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sumption is actually necessary, but by it is destroyed the primitive idea of meas- 
uring curve with straights. 

Thus the evaluation of the length of a curve represents not at all the rec- 
tification of the curvature ; but it seeks a wholly different aim: the finding of a 
limit which the actual measure would approach the more as this measure was 
made the more exact. But measuring is considered more exact the smaller the 
links of the chain employed. This is why in geometry one must show that the 
sum of tangents decreases while the sum of chords increases until the two sums 
differ indefinitely little from the limit both approach, which geometry assumes 
as length of the curve.”’ 

In the splendid treatise which follows this interesting introduction 
Lobachévski has given a complete coherent development and exposition of the 
non-Kuclidean geometry. 

Until I visited Maros-Vasdrhely it was not known that Bolyai Janos had 
actually commenced and made remarkable progress in an even greater, more 
masterful treatinent of the whole matter. | 

From the mass of John’s papers tumbled in a big chest, I singled out es- 
pecially a manuscript in German entitled ‘‘Raumlehre,’’ and on pointing out to 
Professor Bedohazi Janos some of the striking passages in it, he promised 
its publication. 

In Science for September 24, 1897, I mentioned these treasures as ‘‘ex- 
tended researches anticipating the discoveries of Cayley and Klein.’’ Engel 
now says of them, p. 393: ‘J. Bolyai had also commenced to work out a great 
and consecutive presentation of geometry, but what he had written down 
remained entombed in his papers and has never been published.  Staeckel will 
before long make generally accessible so much of it as is suitable for publication, 
and it will then appear, that J. Bolyai in his exposition set to work according to 
principles similar to those Lobachévski actually followed.’’ But though 
Lobachévski has given his complete message to the ages, yet is perceptible a 
touch more masterful in even the brief two dozen pages of the young Magyar. 

Through a given point to draw a parallel to a given straight; to draw to 
one side of an acute angle the perpendicular parallel to the other side; to square 
the circle ; these problems would be sought in vain in the two quarto volumes of 
Lobachévski. 

Bolyai Janos gives solutions of them startling in their elegance. For ex- 
ample, (Halsted’s Bolyai, §34), ‘‘Through D we may draw DM parallel to AN 
in the following manner. From D drop DB perpendicular to AN; from any 
point A of the straight AB erect 4C perpendicular to AN (in DBA), and let fall 
DC perpendicular to AC. A quadrant described from the center A in BAC, with 
aradius=DC, will have a point B or Oin common with ray BD. In the first 
case the angle of parallelism manifestly is right ; but in the second case it equals 
AOB. If therefore we make LDM=AOB, then DM will be parallel to BN.” 

About 100 pages of Engel’s book are devoted to a life of Lobachévski, vet 
no word is said of his wife, his children, his family life, his home fortunes and 
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misfortunes, nor is mentioned the biography by E. F. Letvenov (St. Petersburg, 
1894, p. 79) containing romantic pictures of these eternal interests. 


Austin, Texas. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


———— 


ARITHMETIC. 


110. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 


By measuring with a yard m=123% too short, my profits are n—=25% of my sales. If 
my yard be p=10% too long, what per cent. of my sales will be my profits ? 


I. Solution by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa., and B. F. SINE, Principal 
of Capon Bridge Normal School, Capon Bridge, W. Va. 


(1—m) yards cost # of sale price. 


| a _0U+P) 
(1+-p) yards cost (1+-p) x 1-7 * 3 =F —m) 
3(1 8x1.1 | 
Tiny} Tae sty we Of sales, the profit 


II, Solution by JOHN F, TRAVIS, Student in Ohio State University, Columbus, Ohio. 


1. 100%==the sales. Then 
2. %75%==cost price of the part sold in terms of the selling price. 


1. 100%=correct length of a yard. 
2. 874%==length used. 
3. 874%=75% the cost of this part in terms of its selling price. 


3. 4.1% = of T=, and 


4 
5. 100% =100 times 2, % == 852%. 
2 
.. The cost of the part sold in terms of its selling price, is 853%. 


(2 100% ==855 %. 
4. 


2, 1% = zh, of 853% =.853%, and 
3. 10%=10 times .855%=8.52%. 
5. 853%+8.55%=94.28%, cost of a yard in terms of its selling price, 
when the measure is 10% too long. 
6. 100% —94.28 %==-53 % gain. 
... In the latter case my gain will be 52% of the selling price. 
Also solved by COOPER D. SCHMITT, ALOIS F. KOVARIK, and P, H, PHILBRICK. 
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111. Proposed by F. P. MATZ, D. Se., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me-’ 
chanicsburg, Pa. 


By what per cent. of its original dimensions musta linear yard of steel rail, weighing 
60 pounds, be increased so that it may weigh 75 pounds ? 


Solution by P. H. PHILBRICK, C. E., Lake Charles, La.; SYLVESTER ROBINS, North Branch, N. J., and 
ELMER SCHUYLER, Annapolis, Md. 


The dimensions of the enlarged rail would be (78)§ = (42)! —2-1§44— 
1.0772 times those of the original rail, or an increase of 7.72 per cent. 


Also solved by G. B. M. ZERR, B. F. SINE, and J. F. TRAVIS. 


ALGEBRA. 


93. Proposed by ELMER SCHUYLER, High Bridge, N. J. 
Given x? —yz—=1 3 y®—x2==2 5 22? -—2y=8. Find a, y, and z. 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0. 
Subtracting the first equation from the second, the second from the third, 


. ; 1 . 
and factoring, we get r+y+2— y’ respectively ; whence 


1 
— and «+y+2= _ 


Y === a Substituting this value of y in the equations we get from the first 


and third z? —a?=-4 and from the second (t—z)?==8. From these two equations 
x and zare easily found to be $ §)/2 and + 41/2, respectively ; whence y=+}7/2. 


II. Solution by R. E. GAINES, A. M., Professor of Mathematics, Richmond College, Richmond, Va. 
Squaring the first and subtracting the product of the other two, we have 


a(ae +-y3 +23 —3ay2)==— 
Similarly, y(a* +-y3 +23 —32yz)=1. 
2(v8 +y3 +238 —8xyz)==7. 


. we _ op = ‘A oad, 
TES = (4 057 tYVayg=+th1 2. 
a. €. =F8/2, y=+ty2, t= +77 2. 


[See Charles Smith’s Treatise on Algebra, page 167]. 


III. Solution by A. H. BELL, Hillsboro, Ill., and J. SCHEFFER, A. M., Hagerstown, Md. 


(1) (2) 4(38) =a? +y? $2? —(ryfaztyzye6 ... (4+. 
(4)* (a® + y? +27)? —(aytazt yz)? —12(ay+azt yz) =86...... (5). 
(1)? -+(2)? +(3)2, EEE! eybae tan) Loe (6). 
(6)—(5), (a@+y+2)(aytazty)=—age ce. (7). 


3X (7)+(4), (@+y+2)? =¢ or ef ytemy/t—F7/2...... (8). 
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2x (7)+(4), ety? +22 +ay+taetye=F......09). 


(1) —(2)— (8), w?—y? —2?@ +ry+ta2—ye=—4..... (10) 
(9)+-(10), a(x-+y+2)=—@ by (8) t= FRY 2...-.. (11) 
(2)—(1)—(8)-+(9) -ete., y= 47/2... . C12) 
(8)—(1) —(2) + (9) ete., z==+7)/2....8. (13) 


IV. Solution by G. I. HOPKINS, Manchester, N. H. 


Subtract (1) from (2) and (8). 


y®—xtyt—a—l......- (4). 

2°>— er? +yz—cy=2...... (5). 

Factoring (y—«)(yta¢+z)=—1...... (6). 
(z—a)(ztaty)=2...... (7). Whence y= a . 


Substituting in (1) and (8) and letting z=vz, 


Whence v==1 or —#}..... (9). 
For v—1, leads to indeterminate results. 
For v=—$, (=L0V 2, y= thy 2, 2th 2. 


V. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let y=az, 2=bz. 

* ¢?--abx?—1, a®x® —ba? =2, b? x? —ax*? =. 

*, 2? ==-1/(1—ab)=2/(a? —b)=3(b? —a). 

- a? —b=2—2ab, b? —a=3—3dab. 

*, b=(a® —2)/(1— 2a). 

‘, Satta? —d5a—1=—0. 

*, (5a*+1)(a?—1)==0. 

‘ax —t, a=1, a=—- 3(1 Fp —3), b= —F, D=1, b=—3(1 +p —8). 

The second and third values of a and 6 give r=y=z=o and are therefore 


not admissible. 
5 x 1 _ 7 
a Ys + aA ee Tt 
By/ 2’ y BY 2’ oy 2 
Also solved by P. S. BERG, J. M. BOORMAN, W. H. DRANE, ALOIS F. KOVARIK, CHARLES E. 
MEYERS, H. N. HERRICK, NELSON L. RORAY, E. D. SCALES, and the PROPOSER. 


a=—1, b=—t, give t=+ 
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GEOMETRY. 


112. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


The tangent planes at A, B, C, D to the sphere circumscribing the tetrahedron 
ABCD form a tetrahedron abcd; prove that Aa, Bb, Cc, Dd will meet in a point if BC.AD 
=CA.BD=AB.CD. 


I. Solution by the PROPOSER. 
Using tetrahedral codrdinates, the equation to the sphere circumscribing 
the tetrahedron of reference is 


2a? fv+2b*? ay+2c? asf+2a’? ad+2b'? 64-20’? 7S=—0...... (1), 
a, b, c being the sides of the base of the tetrahedron, and a’, b’, c’ the edges 
opposite. 
The polar plane of A (1, 0, 0, 0) is c?/+b?7+a’26=0...... (2), 
of B, cata*y+b'*s=0...... (3), 
of C, b>ata®stc*d=—0 ....(4), 
and of D, a’?atb’?fste*?y—O0...... (5). 
Now assuming, for simplicity, aa’==bb'==cc’...... (6), and calling the ver- 


tices of the tetrahedron opposite (2), (8), (4), (5), a, b, c¢, d, we have for the co- 
ordinates of a, 


. 2ata’? 2ata’? (7) 

a4 Sa ” ”? oS) » . * a) » . ‘ Tas TO ee oe. ( . 
1 a bP? = 2atc® + arcra® + a® bea” dD, 

y b4 bh”? 8) ct’? (9) a? b?¢? (10) 

i7 4 a \ f1.-— rn er oe er ee e ; 1 rr er 
dD, D, dD, 

Then the equation to the line Aa is 
I see (11). 
a? b?e2 tb? dta’® +er7 ara a®b?a aera’? a? b*¢? 
Similarly, the equations to bb, Cc, Dd, are, respectively, 

a = 1—/3 = a _ ) (12) 
sare = eer > aS = Fo08hf2 Teh sa). 
a2b?b’? a*b?c? +a°b?b'? +b? ce? b’? b?c?b’ a®b*¢? 

a _ Po l—; __ 6 (13) 
a®c?c’? b2e% 0"? a®b®c? +b c%c?® 1a2%crc? a*b*c® 7 

AO Bo 1—7 (14) 
a>b?b'? bP e?c"® ac? a’? a> b?b'?+b2er ce? +arcra® 


(11), (12), (18), (14) are concurrent. 
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II. Solution by B. F. YANNEY, A. M., Professor of Mathematics in Mount Union College, Alliance, 0. 
Let ABCD be the tetrahedron about which is circumscribed the sphere ; 


) 
and abed the tetrahedron formed by planes tangent respectively at A, B, C, and 
D. Given, also, that BC.AD=CA.BD=AB.CD. 

To prove that Aa, Bb, Cc, Dd meet in a point, as 
at O. 

The points c, D, C, and d are in the same plane. 
For D and C have their respective distances from the 
planes cbd and cad in the same ratio, viz: AD?/AC®? and 
BD? /BC*, which are equal, since by hypothesis BC.AD © 
=AC.BD. 

That first part of preceding statement is true is 
evident from the fact that if diameters are supposed to be drawn from A and B 
respectively, the respective projections upon these diameters of the chords AD, 
AC, and BD, BC, havethe same ratios respectively as the squares of the chords ; 
and the projections equal the distances respectively from the points D and C to 
the planes. 

Similarly, co-plainar are the points ¢, B, C,b; b, A, B, a; anda, D, A, d. 

Therefore, Dd and Ce intersect ; so, also, Dd and Bb, and Ce and Bob. 


113. Proposed by T. W. PALMER, Professor of Mathematics, University of Alabama. 


Given three concentric circles. Draw a straight line from the inner to the outer 
circumference that shall be bisected by the middle circumference. 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0., and J. C. 
GREGG, A. M., Superintendent of Schools, Brazil, Ind. 


Let C be the common center and CP the radius of 
the inner circle, and CQ that of the outer circle. 

Bisect CP at M and with one-half of CQ as radius 
and M as center describe a circle cutting the middle cir- 
cumference at O or O’. Draw PO and produce to the 
outer circumference at Q@. Then POQ is the required 
line. For,*.: PM=MC and MO=3CQ, .° “. PO=OQ. 

According as radius of outer circle is greater than, 
equal to, or less than the radius of the middle circle increased by }radius of in- 
ner circle, there are two solutions, one solution, or no solution. | 


II. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.: J. SCHEFFER, A. M.. Hagers- 
town, Md.; COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; J. 
C. NAGLE, C. E., Professor of Civil Engineering, Agricultural and Mechanical College of Texas, College Station, 
Tex.; CHAS. C. CROSS, Libertytown, Md.; J. O. MAHONEY, B. E., M. Sc., Teacher of Mathematics and Science in 
Carthage High School, Carthage, Tex., and the PROPOSER. 


Let O be the center of the circles, and A any point on the inner circum- 
ference. With O as acenter and a radius=2 times the radius of the middle cir- 
cle, and with A as a center and a radius=the radius of the outer circle, describe 
two arcs intersecting at D. Draw OD intersecting middle circumference at B. 
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Through A and B draw AC intersecting outer circumference at C. Then A B= 
BC, and AC is the required line. 
Proor. OB=—BD, OC=AD, and Z OBC= Z ABD. 
*, AOBC=AABD, .«. AB=BC. Also, OADC 
is a parallelogram, of which the diagonals OD and AC 
bisect each other at B. 

CorRoLLARY 1. Put a, 6, and c=the respective 
radii of the three concentric circles, taking a<b<c, and 
put 2d=line AC. Then, from the relation of the diag- 
onals to the sides of a parallelogram, . 

2d=/ (2c? +2a? —4b?). GRUBER. 

CoroLuary 2. The problem is possible only for c—b==b—a to c—b=b+ 
a, or for 2b—c+ta to 2b—c—a. Whence the limits of 2d are c—a and c-+-a, the 
parallelogram in either case reducing to a straight line. GRUBER, 

CoroLuaRy 3. The point D is without the outer circle for 2b>c. When 
2b=—c, D lies in the outer circumference. When 2b<c, D lies within the outer 
circle. GRUBER. 

CoroLuaRy 4. When 2b>7)/(c?+8a?), 2d lies wholly without the inner 
circle. When 2b 1/(c?+3a?, 2d is tangent to the inner circumference. When 
2b<1/(c?+8a?), 2d is a secant of the inner circle. GRUBER. 


Also solved by G. B. M. ZERR, J. W. YOUNG. GEORGE R. DEAN, B. F. YANNEY, B. F. SINE, 
WALTER H. DRANE, and WM. Kk. NORTON. 


CALCULUS. 
88. Proposed by JOHN M. ARNOLD, Crompton, R. I. 


When a watch is wound up, the mainspring is closely coiled around a cylindrical 
piece called the hub of the barrel-arbor. When entirely run down the spring forms an an- 
nulus against the inner circumference of the barrel. Show that if the width of the annulus 
is a little more than one-fourth of the radius of the barrel, the spring will run the watch 
the greatest number of hours at one winding, the diameter of the hub being one-third the 
inside diameter of the barrel. 


I. Solution by the PROPOSER. 


Let R=radius of the barrel, r==radius of the hub, t=thickness of spring, 
a==width of the annulus when run down, y==width of the annulus when wound 
up, w-=number of turns required to wind the spring. 

Then «/t—number of coils of the spring when run down, and y/f=num- 
ber of coils when wound up. 

Hence u=y/t—a/t...... (1). 

It is evident that the area on the bottom of the barrel covered by the spring 
will be the same in the wound or unwound condition. 

Hence RR? 2x—(R—2x)?x—(r+y)?a—r?z, 

Reducing 2Ra—a?=2ry+y?..... (2). 

From (1) and (2), tu=+)/[2Re—2?+r?]—r—x. 


178 
Differentiating and equating to zero, 


du R—«x 
dy ty/[2Ra—a? +r? ] 1/0. 


Reducing, 27° —4Ra=:r? — R?. 
_ ke+r? 
Whence r—Rty(— IF"). 
Making r=} RF, and taking the minus sign, e=R(1— 7/3). 
e==.25464R, or a little more than one-fourth of the radius. 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Ia. 


To secure the greatest result, the area occupied by the spring when wound 
or unwound must be one-half that between the hub and the inner circumference 
of the barrel. This area is §r?z, and the area occupied by the hub and spring 
when the latter is wound, is 3r’7~. Hence the radius of the circumference lying 
within the annulus is 7r’==4$7)/5=.745r. 

ofr =.254r, 


III. Solution by P. H. PHILBRICK, C. E., Lake Charles, La. 


Let a=area of the cross-section of the barrel ; then (1)?a=}a=the area 
of the cross-section of the hub; $a—area around the hub, and ja-one-half of 
that area; 3a==area of cross-section of hub and spring. ' 

Hence both hub and spring occupy 1/%=.7454 of the radius of the barrel, 
and the unwound spring occupies 1—.7454==.2546 of that radius. 


ee 


MECHANICS. 


81. Proposed by JAMES S, STEVENS, Professor of Physics, The University of Maine, Orono, Me. 


Two iron spheres whose weights are a and 0, and a is greater than b, are 
suspended over a frictionless pulley so that they move in a liquid medium of 
density 6. Assume that the density of the iron is 8’, what would be the spaces 
passed over (downward by a and upward by b) in the first four seconds, if the 
spheres start from rest ? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let m=—the mass=(a—b)/g...... (1). 
v—the velocity at time t, kv?=resistance. The resistance is the sum of 
the resistances for both spheres. 
¥/[86a? 298’ 
4g3' 
¥/ | 86b? 27g! 
49d’ 


Let A=the greatest cross-section of @ = 


Let B=the greatest cross-section of b= 


kev? 
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From Rankine, Rv? 97 ATA) where k-=0.51 for the sphere, e-=the 


weight of unit of fluid—gé. 


_ p0-518%/ [36798] (a?) +-Y/(b*) 


gg) (2), 
_Equation of motion is, m(dv/dt)-=mg—Rv?. 
_ m V/ mg rev) co, 
=n! (Oe, | Let m= y/(gR/ mm). 


(dat) P(E at (4 (REY 


mit e~ ne ~~" R emt e—nt 


(1), (2), (8) in (4) gives the result required. 
Let g=-82.16, 6—1, 6’=7.8, a=40 lbs., b==7.84 Ibs. 
*.m=1l, R=.1212, n==-1.974. 
7.896 | p—7.896 
-. 2=8tlog,(— TE ) 8p og,(1348.3184), 


"+, ¢==60.02338 feet. 


II. Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


Let T be the tension of the string. 


The mass of the liquid displaced by the heavier body is ad/gd’, 


of that 


displaced by the lighter body is bd/gd’; measuring distances downward for the 
heavier body and upward for the lighter body, assuming that resistance of the 
liquid to motion varies as the square of the velocity, the equations of motion for 


the heavier and the lighter body are respectively : 


d? ad 

Oy =ag— “7; —kv* —gT Lewes (1) 
dis 
= = by} ko? tg Leen (2). 


d?s (a—b)(d'g—d) _ 


Eliminating T, dpe (a-Lb)d’ 


By integration twice : 
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’ V [2k(a—b) (d'g—d)]/V|(a+b)d' | _,V [2k(a—b) (d'g—d)]/yV [(a+b)d'] 
fe log [ +I-t - 
(a—b)(d’'g—d) 


) 


bad 


_ (a+b)d' fv [2k(a—b) (a'g—d)] /V[(a+b) 4] 
or 5a byd'g—d) log(cosh¢ 9 ). 
_ 1 | | [2kCa—b)(d’g—d) 
sa log(coshpt) where r=! (atbyd’ . 
For four seconds, s= > log(cosh4p). 


[See Bowser’s Analytic Mechanics, page 314, ex. 5, where v=-0 and d=0, 
of equation (3) above. | 
Also solved by ELMER SCHUYLER. 


AVERAGE AND PROBABILITY. 
61. Proposed by COL. CLARKE. 


A cube being cut at random by a plane, what is the chance that the section is a, hex- 
agon? [Erom Williamson’s Integeal Calculus. |] 


Solution by LEWIS NEIKIRK, Graduate Student, University of Colorado, Boulder, Col. 


I. PRELIMINARY INVESTIGATION, 

Let S, the random section, be determined by the codrdinates p, ~, and 6, 
6 being the angle between p and its projection on ACFG and @ the angle between 
AC and the projection of p. Let P be the point of intersection of p and S._ Al- 
so let p increase from zero for g and 6<3z._ S, starting 
with three sides at A, gains three more, one at each of 
the corners C, G, and H ; and loses three, one at each of 
the corners B, H, and F. gm and @ determine the order 
in which these gains and losses shall occur, and plainly 
S can be hexagonal only when the first loss is antedated 
by all three gains. 

For pin the diagonal AD (g=47, 6=cot—1//2), 
the three gains are simultaneous and are followed by 
three simultaneous losses. For p as an element of the area DAF (p=i7, 0< 
cot—1/ 2), one gain at H is followed by two more at C and G ; then two losses at 
B and E, followed by one loss at F. For p as an element of the areas DAF and 
DAB (p<ta and 6=tan-—leosg, and gy>tz and 6=tan—‘sin@) there is a like 
sequence of gains and losses. So far it has been easy to enumerate the exact 
order in which all the gains and losses occur. 

For p within the solidangle A—DECF (g<4¢z7and @<tan—!cos@) the first 
loss occurs at B, and the last gain at C; the order and place of the remaining 
gains and losses would be difficult to enumerate and is in any event immaterial 
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to the solution. A similar enumeration and statement to the angles A—DBGF 
and A—DBHE. Evidently, then, our attention may be confined to any one of 
these angles, say A—DECF. 

IT. SonLurron. 

As p increases within the solidangle A—DECF (p<iz and @<tan~'!cos@), 
S, starting at A with three sides, gains two sides successively at G and H, the 
order being immaterial ; then for some values of m and @ it will gain a third side 
at C before losing the first one at B; for other values this loss at B will andedate 
the third gain at C; in fact it may antedate the second of the two gains at G or 
H. For certain values of m and @ between these extremes, this first loss and 
final gain will concur. In this last case p is an element of the area HAF (po <i 
and @=tan—[cosp—sing]) ; for this area is plainly perpendicular to BC, and 
must therefore contain p when S reaches B and C simultaneously. 

The number of cases which have the coérdinates p, @, and @ are dpdw= 
cosfdpdéd@, where » is a solid angle with its vertex at A. The integration of 
p for the favorable cases extends from p,; to p,, where p, is the value of p when 
S reaches C, and p, is the value of » when S reaches B. The integration of 6 
extends from the plane HAF to the plane DAE, and the integration of m from 0 
to ¢}z. The above limits may be calculated from the following spherical trian- 
gles in which the primed letters refer to points on a unit sphere, center at A, 
corresponding to points with unprimed letters in the figure. 

It the right spherical triangle P’C’F"’, P’'C’=¢,, F°C'’=, P'F’=6, and 
LZP'F'C'=90°. Then p,—=acosy’;=acosfcosp, where a is an edge of the cube. 

In the spherical triangle B’P’H’. B'F’=45°, B'P’=¢,, P'F’=90°—4, and 
L B'H'P'=90° —@m. Then p,=ay/ 2cos¢,, cos¢,=(1/)//2)(sind+cosfsin@). 

. pPyo=a(sinf+cosfsing. 

In the right spherical triangle #’P’C’ right angled at C’, P’'C'=6,, P°C'= 
A5°— gp. and £ P’F’C’=cot-(1/]/2). 

Then tané, 7/2 sin(45° — p)=cos@m—sing, Then 6, =tan—(cosm—sin@). 

In the right spherical triangle P’H’E’ right angled at h’, H’E’—45°, P’H’ 
—90°—64,, and / P’H'E’=q@. Then tan#,—cos@, 4,—tan-—!cos@. 

All the favorable cases 


4am 9. (Pz 
F==12 {" { { cosfdpdédgp~=12a(,/38 tan! 44/8—7/2 tan 1/2). 
a a i* D, 


The integration for the total number of cases extends for p from 0 to p’, 
where »’ is the value of p when S reaches J); for 6, from 0 to 37, and for @ from 
O to 37. 

In the spherical triangles D’AP’ and D'AF’", D'A=y¢", P'A==6, D'P'’= 8, 
1 D'AP'’=a, F’A=(45°9—@¢—p), F’°D'’=tan(1/1,/2), Z D'F’A=90, and 2MNAF= 
(90° — a). 

Then cos¢’==1/2 cos(45° — p)=(1/]/8)(cosp+sing), tana= 7/2 sin(45—@~) 
=Cosp— sing, 
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p==a,/3 cosf==az/3 (cos¢’cos6+sin¢g’sin§ cosa) 
—=al[cosO&(cosp+sing)-+sin 9]. 
The total number of cases is 


T=4 f° f° "cos Odpdidp=sza. 
0%0% 0 


Therefore the probability is P==H/T=—4/7(,/3 tan~} $,/8— /2. tan 47/2). 


Norr.—I wish to acknowledge my indebtedness to Professor DeLong and Mr. Frank Giffin for look- 
ing over this solution and making valuable suggestions. 


MISCELLANEOUS. 


70. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


1 ( o—*) a : 
—1y—. ——, c — . 
Prove tan—!x oF log Pare and thence that 7=(2/1)log(t) 


I. Solution by GUY B. COLLIER and HAROLD C. FISKE, Class 1901, Union College, Schenectady, N. Y., 
and the PROPOSER. 


Consider the integral, 


da 
J lt? 


=tan—l4...... (1). 


Integrate the left member by partial fractions 


dx 1 ‘dx 1 de 1 ta! 
ite Ici UIeti @ OFrti 


.. From (1) and (2), 


1 r—4 
—1 = SH —_—— 
tana 54 log ~ 
When v1 this becomes 
1 1—4 1 
Ly — ae — 
bm =p log T= gy 08-9: 


m—=(2/1)log(—z7), it should have been. 


II. Solution by R. E. GAINES, A. M., Professor of Mathematics, Richmond College, Richmond, Va. 
We have the identity 


end (A) oft hoe (2) 40 
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dx 1 (‘=*) 
-— —1 . —1,— 
But f oe tan ate .*. tan~lr= 54 log Ta)" 


Making «=0, it is seen that no constant need be added. 
Now making x1, we have 


1 (=) 1 (=) 1 ; 2 . 
1 ra .Y , < — oT ee — - _ —— e 
17 —=—y- log Ty 5; log 5 5; log(4), .. 2 5; log(z) 


Or we may obtain this from the equation e%=cos6+isiné by putting 6= 
yz and taking logarithm of both sides. 

(The proposer of this problem seems to have neglected the matter of de- 
termining the constant and so has the sign under the logarithm wrong.) 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


I= 1/9, SEY OHY) _y 9 L@TY)- terry, When i=y/(—1). 


1+<«? 1+<2? (a+12)?(*%—1) 
— ae [(a+t)—(#—7)] (w@+i)da 1.1702 (4... e772 
. Ito 1/21. EG tia@—y . tan y=1/2i.( log i): 
Letw=1. .. 47=(1/22)log i ==(1/2z)log(—1). — .*. w==(2/2)log(—2). 


IV. Solution by J. 0. MAHONEY, B. E., M. Sc., Master of Mathematics and Science, Carthage Graded and 
High School, Carthage, Texas. 


Let ytix==re@..... (1), and y— ine", (2). 
Then r?=a?+y?, tana=a/y. 
From (1) and (2), log(y+7x) —log(y—ix)=2ia—=2itan—l(v/y), or 


yr 
Y— 


(y/t) +a 
(—y/t) +x 


log 7 titan (2/y); whence log( ) =2itan-Ma/y), 


or loa?) — 2itan—l(x/y). 


Put y=1, then (1/22)log TL =-tan—a, 


If <—0, then tan—10—=2=(1/22)log(—i/2), or 7==(1/27)log(t). 


V. Solution by J. SCHEFFER, A, M., Hagerstown, Md. 
Putting in log(a+b7), a=pcos@, b=psing ... .(1). 
Whence p=(a?-+0?)2 ..... (2), @=tan—(b/a)_ ....(8). 
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We have log(a+bi)=logp+log(cos¢+sin¢)/ —1)=loge +loge*’—! 
=-loge+ ¢// — 1==$log(a? +b?)+2tan—(b/a). 
*, tan—!(b/a)=(1/2)[log(a+bi) —tlog(a? +b?) |] 


(a+b1)? a+ bi 
a? Lb? —__4-==(1/24 )log- i 


. bi 
=(1/2) loge BS = (1/21) log —-—> 


sina? +b2—(a+br)(a— bt). 


Putting now b=, a=1, we have 


1+ 12 
1— wa 

or multiplying numerator and denominator of the fraction under the logarithmic 
function by 7, we have 


tan—!yv==(1/22) log 


tan—ly—=(1/22) log —* 


_ 
7 (i— 1)" 
Putting s—=1, we have t7= (1/2i)log i 1 =(1/2i) log G41G—1) 
-=(1/21)log( —21/—2)=(1/2i)logt.  .*. w==(2/t) loge. 


Notrrt.—There is a slight error in the statement, since «—7 should be i—z. 


VI. Solution by COOPER D. SCHMITT, A.M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn., and ELMER SCHUYLER, High Bridge, N. J. 


From trigonometry we have the formula 

logla+/7)=log/ (a? +37) +itan—1(3/a). 
Let a==-2, 3=-—1, and we have 

log(a—7)=-=logy)/ (a? +1)+itan—(— 1/2). 
Let aa, 31, and we have 

log(a+1)==logy/ (vw? +1)+itan—1(1/2). 


Subtracting, we have 


—(1/x)—(1/2) 
1—(1/2*) 


C—1 
; —4 te —1 —] uv — te —1ly & ) = ite -1( 
wht i{tan—l(—1/a)—tan—(1 /v)= ztan 


. 2x . 
=ttan~ 5 —=2itan—ly, 
—z7 


Now let a1], and we have 


2147 == log * _jogi, or i7==2logt, m=(2/7)logi. 


g cor 
log(—1) 


Or further, 77—log7? ==log(—1), or w= (1° 
1 (— 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


116. Proposed by J.0. MAHONEY, B. E., M. Sc., Professor of Mathematics and Science, Cooper Training 
School, Carthage, Tex. 


Two candles are of the same length. The one is consumed uniformly in 4 hours, and 
the other in5 hours. If the candles are lighted at the same time, when will one be three 
times as long as the other ? 


117. Proposed by MARCUS BAKER, U.S. Coast and Geodetic Survey, 1905 Sixteenth St., Washington, D.C. 


A landed man two daughters had, 
And both were very fair; 

He gave to each a piece of land, 
One round the other square. 


At twenty shillings an acre, just, 
Fach piece its value had; 

The shillings that did compass each, 
For it exactly paid. 


If ’cross a shilling be an inch, 
(As itis, very near), 

Which had the larger portion, she 
That had the round or square? 


Also, how many acres did each receive ? 
[Does any one know the history of this problem ?] 


y*y Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 


ALGEBRA. 


105. Proposed by CHARLES E. MYERS, Canton, Ohio. 


Solve for « the following: alog(at*)-=mlog(m). 
106. Proposed by ELMER SCHUYLER, High Bridge, N. J. 


pty ; Pane find « and y. 


»*, Solutions of these problems should be sent to J. M. Colaw not later than Sept. 10. 


GEOMETRY. 


124. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics, Drury College, Springfield, Mo. 
Every conic that passes through all the foci of a conic is a rectangular hyperbola. 
[From Charlotte A Seott’s Modern Analytical Geometry. | 
125. Proposed by J. SHEFFER, A. M., Hagerstown, Md. 


To find the locus of a point on the surface of an ellipsoid which has the property that 
the tangent plane at that point is at the given distance, /, from the center of the 
ellipsoid. 


y*y Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 


186 


CALCULUS. 


— ee 


95. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A ship starts at the equator and sails northeast at all times. How far has the ship’ 
sailed (in miles) when her latitude is 30°, 45°, 60°, 90°? How far when her longitude is 
90°, 180°, 270°, 860° ? Regarding the earth as a sphere, radius 8956 miles. 


96, Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jackson, 
La. 


If f(x) = { flayae, find f(x), the constant being zero. 


y*y Solutions of these problems should be sent to J. M. Colaw not later than Sept, 10. 


MECHANICS. 


93. Proposed by WALTER H. DRANE, Graduate Student, Harvard University. 

A small rope, which is passed over a smooth pulley, has attached at one end a weight 
of twenty pounds and at the other end hangs a monkey, also weighing twenty pounds. Is 
it possible for the monkey to climb to the pulley, and if so, what will happen to the 
weight ? 

94. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa, 

In a parallelogram ABCD, 7 D=3, AB=a, BC==b, the principal moments 
of inertia at the centroid are (s;m)[a® +b2+)/(at+b4+2a?b*cos2,3)| and the 
principal axes at the same point make with the side CD an angle @ given by 

b?sin23 
a? +b*® cos2/3 - 
95. Proposed by FLORIAN CAJORI, Ph. D., Author of History of Mathematics, History of Physics, etc., and 
Professor of Mathematics, Colorado College, Colorado Springs, Colorado. 

Assuming that the velocity is proportional to the distance described from the state 
of rest, (1) can the body start in motion? (2) If it can, what is its initial acceleration ? 
If we make the additional assumption that the time of fall, from rest, through a finite dis- 
tance is finite, does it follow that the velocity is infinite ? 


tan24 == 


96. Proposed by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Two particles, subject to their mutual attraction and that of a fixed center, move in 
a plane containing the center. Find the motion under the law of the inverse square. 


xy Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 


DIOPHANTINE ANALYSIS. 


81. Proposed by A. H. BELL, Hillsboro, Ill. 
Given 2a°—47y? =—29. To find four integral valucs for ¢ and y. 
82. Proposed by J. H. DRUMMOND, LL. D., Portland, Me. 
In the series 123-+3?+5?...... find n sothat the nth term and the sum of 
nm terms shall both be squares. 


s*y Solutions of these problems should be sent to J. M. Colaw not later than Sept. 10. 
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AVERAGE AND PROBABILITY. 


77. Proposed by J. 0. MAHONEY, B. E., M. Sc., Professor of Mathematics and Science, Cooper Training 
School, Carthage, Tex.; and ELMER SCHUYLER, Annapolis, Md. 

A and B are two inaccurate arithmeticians whose chance of solving a given question 
correctly is 1/8 and 1/12 respectively ; if they obtain the same result, and if it is 1000 to 1 
against their making the same mistake, find the chance that the result is correct. [from 
Hall and Knight’s Algebra. | 


78. Proposed by CHAS. E. MYERS, Canton, 0. 


Two witnesses, A and B, both make the statement that an event happened in a par- 
ticular way (two ways being possible). Find the probability of the truth of the statement. 


79. Proposed by the late ENOCH BEERY SEITZ. 


Two equal spheres touch each other externally. If a point be taken at random 
within each sphere, show that (1) the chance that the distance between the points is less 
than the diameter of either sphere is 13/35, and (2) the average distance between them is 
ll/or. [This is Problem 5835, Kducational Times, of London. | 


»*, Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 


BOOKS AND PERIODICALS. 


Bibliography of American Arithmetics. By J. M. Greenwood, Superinten- 
dent of Schools, Kansas City, Mo., and Artemas Martin, A. M., Ph.D., LL. D., 
Geodetic Survey Office, Washington, D. C. Issued by the National Bureau of 
Education. 
This is a very complete bibliography of the Arithmetics published in this country 
from the earliest time down to the present. Not only the names of the book, the author 
and the publishers are given, but also a brief description of each book. BL EF. F. 


A Primer of the Calcuius. By EH. Sherman Gould, Member American So- 
ciety of Civil Engineers. Second edition, revised and enlarged. 16mo, Cloth, 
122 pages. Price, 50 cents. New York: OD. Van Nostrand Company. 

This work is a development of the infinitesimal method of the calculus. It is 
restricted in its treatment to the absolute rudiments of the science, being intended for 
practical use rather than for class-room work. The favorable reception of the first edition 
has made it necessary to bring out a second edition which the author has somewhat 
enlarged and improved. B. EF. F. 


The Ranger. An Instrument Invented and Patented by Francis J. Bay]- 
don, Extra Master, and A. Huddart Armstrong, Kngineer, for the use of Seamen 
while Navigating their Vessels off the Land. S. E. Lees, Printer and Stationer, 
S1 Clarence Street, Sydney, Australia. 

In this pamphlet of 16 pages, is described ‘The Ranger,’’ an instrument for measur- 
ing triangles, that at once shows the value of the sides and angles of any triangle laid off 
on it, without the least calculation being necessary. The instrument is specially adapted 
to the use of seamen when in sight of land. Jt is very simple in construction and accurate 
in its results. BLE. EF. 
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School Algebra with Exercises. By George Egbert Fisher, M.A., Ph. D.. 
and Isaac J. Schwatt, Ph. D., Assistant Professor of Mathematics in the Univer- 
sity of Pennsylvania. 8vo. Cloth, 406 pages. Price, $1.00. Philadelphia : 


Fisher and Schwatt. 

This book retains the distinctive features of the authors’ Text-Book of Algebra, Part 
I., but written with a view to the needs of younger students. ‘‘The aim has been to make 
the transition from ordinary Arithmetic to Algebra natural and easy. Nothing has been 
slighted or evaded, and all difficulties have been honestly faced and explained. Special 
attention has been paid to making clear the reason for every step taken. Each principle 
is first illustrated by particular examples, thus preparing the mind of the student to grasp 
the meaning of a formal statement of the principle and its proof. . . . The importance 
of mental discipline to every student of Mathematics has also been fully recognized. On 
this account great care has been taken to develop the subject in a logical manner. Rigor- 


ous, but, as a rule, simple proofs of all principles have been given.’’ The book is in every 
detail one of the highest merit and is worthy the patronage of all teachers of Algebra. 
B.F. F. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single numbers, 25 cents. 


The Cosmopolitan. An International Illustrated Monthly Magazine, Kd- 
ited and published by John Brisben Walker. Price, $1.00 per year in advance. 
Single numbers, 10 cents. Irvington-on-the-Hudson. 


HWRRATA. 

In the last paragraph of ‘‘Note on Right Triangles,’’ THE AMERICAN 
MATHEMATICAL Monrutiy, Vol. VI, No. 8, pp. 91, 92, we find, ‘‘A given area, or 
a given perimeter, can belong to but one prime right-angled triangle.”’ 

How will Professor Shedd reconcile the two prime right triangles whose 
respective sides are 12, 35, 37, and 20, 21, 29? Area==210=4 x 12 x 35—3 x 20 
x21. M. A. GRUBER. 


On pages 188 and 139 of THE AMERICAN MATHEMATICAL MONTHLY (May), 
there is a misprint which may be corrected easily by the reader. It is obvious 
that the tangent of the angle included by the two Jines is 


n r n, r 
mM RPP My 4/R2—r? 
? 
nn, ye 
mm, R2—r? 


so that the condition for a right angle (formula 10, pp. 188 and 1389), is 


nn, hk? —,r 
mom, 7? 
A. Eimcu. 
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DR. PERCIVAL FROST. 


BY DR. GEORGE BRUCE HALSTED. 


\pERCIVAL FROST made one in that Cambridge paradox, Second Wrang- 
"ders greater than their Seniors. 

In 1887 the great Sylvester was second to Wm. N. Griffin, both of St. 
John’s College ; in 1889 Frost was second to B. M. Cowie, where the 
first four places in the Mathematical Tripos were all won by men of St. John’s 
College. Of other great seconds we recall Dr. Whewell, Clerk Maxwell, Lord 
Kelvin, Clifford, J. J. Thomson, truly a goodly company ! 

But Frost was First Smith’s Prizeman, a contest at which nearly all these 
great seconds beat their firsts, though Sylvester, being unwilling to sign 
the Thirty-nine Articles, was debarred from entering this cnmpetition. 

Percival Frost, second son of Charles Frost, F. S. A., a solicitor practicing 
in the town of Kingston-upon-Hull, was there born on September 1, 1817. He 
died June 5, 1898. Frost’s earlier schooling was at Beverley, whence in 1833 he 
went to Oakham School, remaining until October, 1835, when he entered 
St. John’s College, Cambridge. 

The Senior and Second Wrangler in 1839 were both elected to fellowships 
in their College on the same day, March 18th, 1889. 

Frost illustrated another Cambridge peculiarity, great men choosing as a 
career to Tutor to private pupils. for example Hopkins, Frost, Routh. It is 


DR. PERCIVAL FROST, 
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especially mentioned in the notice of him written for the Royal Society by his 
friend H. M. Taylor that his great success in obtaining private pupils when he 
returned to Cambridge in the Long Vacation succeeding his graduation induced 
him to abandon all idea of the legal profession, though urged by friends to read 
for the Bar, which indeed he had actually commenced to do. So settled and 
confident was he in this Cambridge profession of Private Tutor, that in 1841 he 
vacated his fellowship to marry Jennett Louise Dixon, of Oak Lodge, Finchley, 
with whom he ‘“‘lived happy ever after’’ for 57 years ! 

Frost held a mathematical lectureship from 1847 to 1859 in Jesus College. 
from 1859 to 1889 in King’s College ; but his chief work still consisted in the 
tuition of private pupils. As Frost himself was pupil of a Second Wrangler, 
Dr. John Hymers (1826), so his own greatest pupil was a Second Wrangler, W. 
K. Clifford, in 1867. 

Frost edited Newton’s Principia, Book I, sections 1—38, with notes, illus- 
trations, and a collection of problems. First published in 1854, new editions 
appeared in 1863, 1878, and 1883. In 1868, with Joseph Wolstenholme, the 
noted problem maker, Frost published ‘A Treatise on Solid Geometry.’ When 
it was to be reissued, Wolstenholme withdrew, and the second edition 1875 and 
third edition 1886 were published by Frost alone, as also ‘Hints for Solution of 
Problems in the Third Edition of Solid Geometry’ in 1887. On this essential 
subject, this is one of the two great standard works in English. 

In 1872 he published his famous ‘Treatise on Curve-tracing.’ In this 
treatise he presumed on the part of the reader no knowledge of the Differential 
Calculus, and restricted his field in other wise ways, until he humorously says, 
“Tn cutting off so many vital parts of a complete treatise I have to shew that I 
do not fall to the ground by sawing on the wrong side the branch on which I am 
sitting.’’ In using.the device of the Analytical Triangle, adopting Cramer’s 
method of representing the possible terms by points, Frost was the first one to 
regard them merely as points referred to the sides of the triangle as coordinate 
axes, instead of regarding them with Cramer as marking the centers of the 
squares in which, in Newton’s parallelogram, the values of the terms were to be 
inscribed. 

This treatise cannot be too highly praised, and is still likely long to re- 
main the greatest on the subject. 

More than twenty papers by Frost on Algebra, Analytic Geometry, Lunar 
and Planetary Theories, and Electricity and Magnetism are mentioned in the 
Royal Society’s ‘Catalogue of Scientific Papers.’ 

Frost was made a Fellow of the Roval Society in 1882, and the same year 
was elected by King’s College, Cambridge, to a terminable Fellowship, to which 
he was re-elected three times, holding it at his death. Like Sylvester, Frost 
was devoted to music with a fine execution on the piano and a penetrating ap- 
preciation of the masters. 

Think of a man living 80 years scarcely knowing a day’s illness! This 
seems to an American as if he had never really tried his powers to the utmost. 
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Frost was, as R. Tucker writes, a great favorite at Cambridge, a sure 
concomitant of his brightness, cheerfulness, kindness of heart and consideration 
for others. 

His exceptional life-long experience gives tremendous weight to his testi- 
mony in favor of the early cultivation of a talent for mathematics. 

He explicitly says: ‘‘To attempt after a certain age to acquire ease in 
mathematical operations is like a grown man trying to learn the violin.”’ 


SOME REMINISCENCES IN REGARD TO SOPHUS LIE. 


By DR. G. A. MILLER. 


Since the death of the famous Norwegian mathematician, Sophus Lie, a 
large number of appreciative articles on his life and work have appeared in the 
mathematical journals of various countries. Two such articles were published 
in the April number of this journal. In what follows we shall endeavor to add 
a few details (based upon personal observations) which may assist those who 
never met him to form a more accurate idea with respect to him. 

The trait of Lie’s character which impressed me most forcibly when I first 
met him in the summer of, 1895 was his extreme openness and lack of effort to 
hide ignorance on any subject. It is well known that he began the study of dis- 
continuous groups under the masterly guidance of Sylow. He maintained a 
deep interest in these groups, making frequent use of Jordan’s classical ‘‘Traité 
des Substitutions,’’ and he spoke in terms of great respect of the work of Jordan, 
Frobenius, and others who were working in the field of discontinuous groups. 

He, however, never felt at home in this subject. In fact he frequently 
remarked during his lectures that he always got stuck when he entered upon the 
subject of discontinuous groups, To him the continuous groups seemed. more 
simple as well as more useful. He frequently used the expression, ‘‘the discon- 
uous groups are good but my (continuous) groups are better,’’ and he advised 
his students to begin their study of groups with the continuous groups and to 
take up the study of the discontinuous groups later. 

He was an inspiring teacher but his lectures were not always well prepar- 
ed. Sometimes he had to pay quite heavily for this lack of preparation, being 
unable at the moment to prove simple things in his own theory. It was an in- 
teresting sight to see him at the board working away with all his might and call- 
ing on his students to help him out of the difficulty, using the expression, ‘‘Here 
I stick, will not one of you help me out.’’ He kept in good spirits at such oc- 
casions but he generally could not maintain enough self-possession to work his 
way out of the difficulties during the rest of the hour. 

He was somewhat careless in regard to his dress. If he felt uncomfort- 
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able he would take off his collar and tie before his class, lay them aside, 
and then go on with his lecture. At one time the room happened to be some- 
what cold so he put on his big hat and kept in on during the entire lecture. He 
considered his lectures as gymnastics for the students, being bent on training 
them to think according to his methods rather than on giving them a systematic 
treatise on any subject. 

In his intercourse with the students he was friendly and approachable. 
He seemed to pay special attention to foreign students, claiming that they were 
generally better prepared than his German students. He would talk for hours 
with foreign students, asking questions in regard to their work as well as in re- 
gard to the mathematicians of their country. In case a student was well ac- 
quainted with any mathematical subject he would ask questions in regard to de- 
tails which were unknown to him, candidly stating that he was asking for 
information. 

During the summers of 1895 and 1896 he returned from his summer vaca- 
tion about one month before the opening of the university and lectured daily be- 
fore the few American students of mathematics who happened to be in Leipzig, 
with a view to prepare them to follow his lectures better during the university 
year. He did this work gratis and at his own suggestion. These lectures were 
very elementary and frequently took the form of a colloquium, the aim being to 
make the student familiar with the mathematical phrases rather than to teach 
much mathematics. 

An idea of his view of mathematics in general may be inferred from the 
following incident. The building in which he held most of his lectures was roy- 
al property and the king of Saxony lived in a part of it whenever he came to 
Leipzig. One day Lie remarked to a few Americans, ‘‘Perhaps you do not know 
that our rooms are in the royal palace. It seems to me very appropriate that 
mathematics should be taught in a royal palace for it certainly is a royal subject. 
In some of the’ other departments one generation discards what the preceding 
generation regarded as established facts, but in mathematics an established fact 
remains valuable forever. We have just as much admiration for mathematical 
facts that were proved 2000 years ago as for those which have been established 
during our generation. 

‘‘Mathematics is a royal subject but the trouble is that the mathematic- 
ians do not get roval pay. Some of the professors here who lecture on popular 
subjects get several thousand dollars per year in students’ fees, while the mathe- 
matician gets scarcely anything beyond his regular salary. In the popular de- 
partments the advanced subjects are frequently assigned to the younger men 
while the professors lecture on the elementary subjects in order to increase their 
income. In mathematics we are not tempted to commit this sin since all of our 
classes are small.”’ 

Lie was regarded as one of the easiest men at Leipzig for the doctor the- 
sis. He generally assigned easy subjects and he assisted the students very 
freely. He was a hard worker, working seven days per week. He used to say 


193 


that he was almost certain to make mistakes in going over a piece of work for the 
first time, and that he could generally not find his errors until he would work 
over the problem a second time using different symbols. He frequently 
got very enthusiastic over the theory of groups remarking (not very seriously) 
that everything could be done by means of groups. 

The students talked a great deal about his peculiarities but they had great 
respect for his attainments. In speaking about Klein and Lie, a Frenchman who 
had studied under both remarked, ‘‘Klein is a gentleman while Lie is just a good 
fellow.’’ I presume many of those who studied under both would agree that 
this statement conveys a great deal of truth. 

I feel encouraged to publish these few personal observations because I be- 
lieve that Lie would have liked to have his faults go with his merits. I do not 
think he wanted to be regarded as one who thought that he had mastered every 
part of the extensive science of mathematics or as one who thought that all his 
habits were exemplary. He believed that he had contributed materially towards 
the advancement of the science of mathematics and he worked hard to accomplish 
this end. Future developments along the lines which have been emphasized or 
opened by him will have a great influence on his relative position among the 
mathematicians of this century. 


Cornell University, Jane, 1899. 


AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


Grassmann’s Ausdchnungsiehre is one of the few great works of mathemat- 
ics of the 19th century. Appearing first in 1844 and rewritten in 1862, it is only 
within the last decade or two that it has received a tardy recognition. One rea- 
son for this is found in the difficulty of the subject itself, being unlike other 
mathematics ; and another, in the rigorous methods of presentation adopted by 
the author. In the Ausdehnungslehre of 1862, following some 150 pages of the- 
ory, the author for the first time gives the subject concrete form by applying his 
method to geometry. The theoretical part is naturally the more difficult, while 
the application to geometry is the more interesting. Hyde, in his Directional 
Calculus, purposing to present the Ausdehnungslehre to American readers, cut 
the knot of the difficulty by taking the results of the theoretical part for granted 
and giving only the application to geometry, and by limiting his treatment to 
two and three dimensional space. 

An elementary exposition which will give the simpler portions of the 
theoretical part as well as the applications of the theory seems to be needed. 
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Such an exposition should serve the needs of two classes of readers: First, of 
those who would like to have a good general idea of the subject without going 
very deeply into its particulars ; and secondly, of those who, expecting to make 
a thorough study of the subject, wish first to read an introduction to it. To 
meet this want the following pages have been written. In some places for the 
purpose of making the subject clearer, changes have been made, but wherever 
they have been introduced, attention is always called to them. 


CHAPTER I. 
INTRODUCTION. 


1. In elementary mathematics only one kind of unit is admitted, or at 
most two, viz., land ;/—1. In the Theory of Extension besides the absolute 
unit of arithmetic and algebra, eatensive quantities appear. The extensive quan- 
tities are different in nature from the absolute unit and different from each other. 
As a simple example of an extensive quantity we may name a vector (§38). 

2. A Scalar quantity is a quantity of elementary mathematics, 7. ¢., asim- 
ple number, either positive or negative. 

3. A Vector is a straight line whose length and direction are fixed but not 
its position. Thus any two parallel and equal straight lines may represent the 
same vector. A vector gives the relative position of one point with reference to 
another, viz., a certain distance in a certain direction. 

4. Vectors can be added and subtracted. 

Thus if €, is the vector from Oto A and é, the vector from A to B, the 
sum of €, and &, is €,, because translation from 
Oto B along the straight line OB is equivalent, 
or equal in the vector sense, to translation along 
OA and AB. Thus,. 


ey + &y =6s. 


Transposing, we get 


€, =F, —&y =e, + (—8,). 


Interpreting this equation we see that translation along e¢, followed by 
translation along &, in the negative direction is equal 
to translation along &,. 

The sum of any number of vectors may evi- 
dently be found in the same way. Thus, in the 
figure 


Es ey + 8&5 +. +&,4. 


Stated generally, we have 
The sum of any number of vectors is found by joining the beginning point of 
the second vector to the end point of the first, the beginning point of the third to the 


end point of the second, and so on ; the vector from the beginning point a the jv st 
vector to the end point of the last is the sum required. 
The sum and difference of two vectors are 
the diagonals of the parallelogram whose adjacent 
sides are the given vectors. 
Or, more explicitly— 


(1). The sum of two vectors going out fron an ae Sat ~ 
origin and forming two sides of a parellelogram is that diagonal of the par allelogram 
which passes through the origin. 

(2). The difference of two such vectors is that diagonal which proceeds from 
the end of the subtrahend vector to the end of the minuend vector. 

o. Vectors aud line segments give us simple examples of extensive quan- 
tities. We proceed to show how lines and vectors can be used in a system of 
coordinates. | ; 

6. The simplest case of this is where a point is located on a given line. 
Let » denote any given line, and let O be an 
origin on it. Let further x be a scalar. Then 


by giving the proper value to x, zp will locate 
any point P whatever on the line. Here p is to be regarded as an extensive 
quantity since it denotes not a number but the position and length of a line. 

7. The next simplest case of codrdinates is that in which a point is located 
in a plane by means of two vectors. 

Let O, the origin, be a point in the given 
plaue, and e, and é, two unit vectors in this plane. 

Then, by making 


Pr=v1 Ey HU,é 


_rsinBOP rsinPOA 
where, — 


“sin BOA’ ~? sinBO A’ 


and r==length of », the point P may be located at any point of the plane. Here 
€,, €, and » are extensive quantities, and «, 
and «, are scalars. 

8. In space we may have a similar 
system containing three vectors. 


Thus, if 
P=U, €, Fy bg Fy Eg 
by assigning values to #,, 7, and #3, P the 


extremity of » may be located at any point in 
space. 


9. In the same way we can have a system including four vectors. Thus, 
if P is any point, ¢,€,¢,¢, are four unit vectors, and 
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_ pyramid P— BDC __ pyramid P— ADC 


v1 pyramid A— BDC’ 2 pyramid B— ADC’ 
etc., we have the equation 


PHU Fy Py by FU &g +h seq, 


7. ¢. translation along &, a distance equal to «,, followed by translation along é, 
a distance equal to z,, and so on, is equivalent to translation from O to P direct. 
A geometrical proof of the truth of this can be given, but it is not thought neces- 
sary to insert it here. 

REMARK. In the preceding the «’s in a certain sense denote dimensions. 
Then the space considered in this last article is of the fourth order. 


CHAPTER ITI. 
ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION OF EXTENSIVE QUANTITIES. 


10. DeFiniTion. A quantity is said to be independent when it can not be 
expressed in terms of others. A quantity is said to be dependent when it can be 
numerically expressed in terms of others, 2. e. as a sum formed out of numerical 
multiples of these quantities. 

Thus if ay, Go, see ee are extensive quantities, and a@,, a,,. .... are 
real numbers, positive or negative, and 


A= AA, + A.sAgtA,Ag+...... 


ais said to be a dependent quantity and to be ‘nwmerically expressed’ in terms of 
re 

11. A quantity a, is a Unit if it can serve along with other like units, a,, 
Qay se eeee to give a series of numerically derived quantities, a...... A unit is 
said to be original if it is not derived from other units. A set of quantities which 
are independent, 2. e., no one of which is numerically expressible in terms of 
one or more of the others is called a System of Units, provided any number of 
other quantities can be expressed in terms of them. 

As an illustration of such a system we may take the set of units given in 
Art. 8. There €,, &), €; are a set of quantities which are independent because 
any sum formed out of multiples of ¢, and &, can never be a quantity like e,, 
since any sum formed from ¢, and €, would be a quantity in the plane of these 
two (7) while €, is outside of this plane. Moreover, any number of other quan- 
tities, »’s, can be derived from €,, &,, &g. 

12. Derrnitrion. An Extensive Quantity is a quantity numerically de- 
rived from a system of units. If an extensive quantity can be derived from the 
original units it is called an extensive quantity of the first kind. 

13. DEFINITION. Quantities from the same system can be added (or sub- 
tracted) by adding the numerical coefficients of the same units. 
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Thus 
2ae+ 2 fie=2(a+ Pye 


where the a’s and #’s under the summation signs are numbers, and the e’s are 
extensive units. We may add here that in the Ausdehnungslehre the distribu- 
tive law is always assumed to hold. 

Remark. To remove ambiguity it will be understood that all indicated 
operations are performed as one comes to them from the left. Thus atbd+e 
means (a@+6)-++e, and abc means (ab)ec. 

14. The following formulas underlie and justify all the operations involv- 
ed in addition and subtraction in algebra. They follow directly from the defini- 
tion in 13. . 

(1). a+b=b+a, a commutative law in addition and subtraction. 

(2). a+(b+c)=a+b-+c, associative law in addition and subtraction. 

(3). a+b—b==a ; ws ou. 

(4). a—b+b—a i opposite character of addition and subtraction. 

Hence all the laws for addition and subtraction of algebraic numbers hold 
also for extensive quantities. 

15, DerInrTIon. When an extensive quantity is multiplied (or divided) 
by a number each of its coefficients is multiplied by that number. 

Thus 

206, P= 2 (apBye, 


ReMARK. . If a isan extensive quantity and @ a number, then in aa or aa 
the numerical factor is the multiplier and the other factor is the multiplicand. 
16. From Art. 15 we infer the following formulas : 


(1). a~w=aa, 

(2). apy=al(By), 

(3). (atb)y=ay+t+by, 
(4). a(P+y)=afp+ay, 


where, as heretofore, the Greek letters denote real numbers and the Roman let- 
ters, extensive quantities. From these formulas it follows— 

That all the laws of multiplication and division of algebraic quantities hold 
also for extensive quantities multiplied or divided by numbers. 

17. Derinition. The totality of quantities which are derivable from a 
series of extensive quantities, @,, @,, G3, ...... a, 18 called the Space of those 
quantities. A space which can be formed out of not less than » such quantities 
each of th'e first kind (12) is called a space of the nth order. 

18. Derrnirion. If every quantity of a space (A) is at the same time a 
quantity of another space (6), while the converse is not true, then the spaces are 
said to’ be incident ; the first is said to be subordinate to the second, and the sec- 
ond, to include the first. 

19. Lf n independent quantities a,..... a, can be numerically expressed in 
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terms of n other quantities b,...... b,, then is the space of the first quantities iden- 
tical with that of the last quantities. But if the n quantities a,...... An can be ex- 
pressed in terms of less than n quantities by...... bn, then ay...... a, are not im- 


dependent, and some of them can be numerically expressed in terms of others. 

20. Two quantities of a space of the nth order are equal to each other when 
and only when their numerical coefficients of the same wnits are equal. This is an- 
alogous to the algebraic theorem which says thattwo complex numbers are equal 
only when their real parts are equal and also their imaginary parts. 


21. If the coefficuents x,..... tn by which an extensive quantity x 1s express- 
ed in terms of the wnits @,.....- €, satisfy an equation of the mth degree f(®t,....-. 
t,)—=0, then the coefficuents y,...... Yn by which x is expressed in terms of @,...... 


a, of the same space also satisfy an equation of the mth degree, and if the first 
equation 1s homogeneous, the latter vs also. 
Proor. Let a, 2@,;€,, ....-- Then we have 


UO Fog bee PY, Bay lpHY yg Bg lp fee. SH QVY Ap Oy FZYpr Mpg lg fe ees 
Uy SLY pM py Vg AY Ag, cecnes (Art. 20). 


But if these values are substituted in f(a, ...... %,)==0, we get an equa- 
tion of the mth degree in ¥,, Yo, ------ , and, indeed, homogeneous if the first 


equation is homogeneous. 


[To be Continued. | 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


112. Proposed by G. B. M. ZERR, A, M., Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, Pa. 
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. The selling price is $6.5',°°9.. What 
1.002 


The cost of an article is $4. 


is the gain %? 


I. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville 
Tenn., and the PROPOSER. 
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113. Proposed by B. F. SINE, Principal of Normal School, Capon Bridge, W. Va. 
In what time can a note of $5280, bearing 69% interest, be paid by paying $600 a year ? 
[Solve by arithmetic]. 
Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 
Let Q be the principal, r the rate, » the number of years, and P annual 
payment. Then 
@(1-+7r)—=amount due at end of first year. 
@(1-+r)—P==principal to run second year. 
Q(1+r)?—P(1+r)=amount due at end of second year. 
QA+r)? —P(1+r)— P=principal to run third year. 


Qil+try?—Pi+r)y"-!...... P(i+r)—P=amount to run (n-+1)th year. 
But the debt is cancelled. Hence 


QU +r)"—P(l+ryn-l—...... P(+r)—P=0. 
itr 1 
pj arnt ‘|=eu+n. 


*, (P—Qryit+r)’"=P. 
__ logP—log(P— Qr) 
logd+yr) 
In the problem P==$600, Q—$5280, r=.06. 


_log600— log(600— 5280 X .06) 
log(1.06) 
Also solved by G. B. M. ZERR, COOPER D. SCHMITT, and J. SCHEFFER. 


=12.88 years. 


el 


ALGEBRA. 


93. Proposed by CHARLES C. CROSS, Whaleyville, Va. 
Given 2*+y"=285, and y*—«’=14, to find the values of and y. [From 
Bonnycastle’s Algebra, 1841]. 


I. Solution by A. H. BELL, Hillsboro, Ill. 
The two equations give 
(285 —y")Y’=(y" — 14)". 02... (1). 
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In (1), assuming y equal to 3, 2.9, and 2.8, by logarithms, y=2.8248 
nearly, =log0.450987. 

Multiplying by y, log(y”)=log1.273952,—18.791—=y". 

But 77=285—y". 

J. 285—18.791==266.791,—=a". 

In a table of logarithms by logr+log. of logz, x is found to be nearly 
4.016387-+. 


II. Solution by J. M. BOORMAN, Consultative Mechanician, Etc., Woodmere, N, Y. 

1==4,016681(8 +; v,=4.04444(4+4; 7, = 4.045 +;* x, <0=—? ; 

y=2.815712 +; y,==—1.922(77 +; yg =—1.924+; ye>O=4? ; 
curiously enough always a quartic (even if s=6 or more, y=-5 or more). 

*Because tv nearly in v’==285, as if yO... wy (1 /y)” 5 ae? = 1/2)" 
fractions. .*. aS v—4.0449 nearly, «, (must) <4.0449, x, (must) >4.0449, so 
Yo” (must)—14.069 nearly by (2), as «,¥==a negative fraction=0.069+. Solve 
1Qrlose + [Qvlogy — 1108285 |, (1), and 10osy —1Qyloge —j(logi4 |||. (2), by 
double position. Note that 10710416631. 4016681 power,—four millionth, etc., 
power of the millionth root of 10. So, curiously, we must compute to an even 
decimal] if ~>0, and to an odd decimal digit if <0, to get true results. 


III. Solution by OLIVER 8. WESTCOTT, Principal North Division High School, Chicago, Ill. 


I know of no direct method of solution, and as Bonnycastle’s Algebra, from 
which it was taken,‘ gives some idea of the use of logarithms and also of the rule 
known to arithmeticians in the days of Daboll as Double Position, it is presum- 
able at least, that Bonnycastle’s method was something like the following : 

If x were 4 and y were 8, we should have 44+83—283 and 34—43—17. 

Evidently then, «>4 and y<8. 

Put y=2.75. Then #+2.75%—285, and 27==268.85028. 

clog¢==log268.85028, x—4.0205. | 

Substituting these values of « and y in equation (2) we have 


(2.75 )*-020 — (4.0205)?-5—=12.494296. 14—12.494296—1.50570 error. 


Again, put y=2.85. Then «*+(2 85)?-8==285, «7=265.21628. «xlogr=— 
log265.21628. x=—4.0148. 
Substituting as before, 


(2.85)*-0M8— (4,0148)?-—14.471434. 14.471484—14—0.4714384 error, 


0.471484 x 2.75-+1.505704 «2.85 


and 1.505704-.0.471434 


=2.82615 


for an approximate value of y. 
Since 2.85 1s plainly much nearer the result sought for than 2.75, put y= 
2.85. 
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Then x*-+(2.83)?-8—285, «°-=266.00867. wlogr—log266.00867. «= 
4.01605. 

Substituting in equation (2) as before (2.83)4:91605—(4.01605)?-8=-14.088487. 

14.083487 — 14=0.083487 error. Then 


0.471484 x 2.88 —0.088487 x 2.85 


Bonnycastie’s answer for y is 2.825716. 
Again xv? +(2,825696)?:2856%—9285, a°—266.17636274. vlogry==log266.17636274. 
e=4 016348. 

Bonnycastle’s answer for w 1s 4.016698. 

These trifling discrepancies may easily be occasioned by variation in the 
logarithmic tables used. I have made use of Chambers’s seven place tables. 


I have not succeeded in effecting a neat and satisfactory solution ; by trial, 
however, I find, approximately, 7==8.89, y=3.04. G. B. M. ZERR. 


I do not believe a strictly algebraic solution of this problem can be given, 
because it is not an algebraic, but a transcendental function. Algebraically there 
are really four unknowns, 2, logz, y, and logy. Of course, logy and logy are 
known if « and y are known, but they are here algebraically separate unknowns 
because of the manner in which they enter the equations. W. H. DRANE. 


GEOMETRY. 


—_ 


114. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


If a variable ellipse hyperosculate a fixed ellipse at the extremity of the minor axis, 
the locus of the foci is a circle whose diameter is equal to the radius of curvature. 


Solution by the PROPOSER. 


Let v2/a*+y?/b?=1...... (1) be the given ellipse ; then the tangent at 
the vertex of the minor axis is y/b—1=—0...... (2), and the variable conic is 
v2 /ar®+ty?/b?> —1—AL(y/b)—1]?=0...... (3), or 


a? /a? +(1—4)(y?/b?) +(24/b)y—U+1)=0 ..... (4). 
Now, the foci of the general conic 


av2+2hry+by? +2gx+2jyte=—0...... (5), 
are given by 
C(x? —y?)+2Fy—2Gr+A—B=—0...... (6), 
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Cry— Fx—Gy+t+H-0......(7), 


in which A==be—f?, B=ca—g*, C=ab—h?, F=gh—af, G—=hf—bg, H=fg—ch. 
For the conic (4), A=—1/b?, B=—[(1+4)/a?], C=[C1—4)/(a?b?)], F= 
—A/a?b?, G==H=0, and these in (6) and (7) give 


(1—A)(a? — y? )—2béy +b? (1—4)—a?=—0...... (8), 
Kliminating 4 from (8) and (9), the required locus is 


2 2 
arty? $e yaa? Lees (10). 


This is a circle, radius a?/2Zb, or one-half the radius of curvature of (1) at 
the extremity of the minor axis. 


115. Proposed by MARY M. BLAINE, B. Sc., Graduate Student, Drury College, Springfield, Mo. 


The locus of a point such that the sum of the squares of its normals form a given el- 
lipsoid is constant, is a co-axial ellipsoid. [From C. Smith’s Solid Analytical Geometry, 
page 95. ] 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa. 


Let (1, m,n) be the point whose locus is required. Then from the condi- 
tions of the problem we have 


(Ix)? + (Ia)? +U—2,)? Hl 4)? +25)? Hag)? 
+(m—y,)? +(m—Y_)? +(M—Y5)? +(M—Y4)? HOM— Ys)? +(mM— 4/5)” 
+(n—2,)2-+(n—29)® +(n—24)? H(n—24)? +(n—25)® H(n—2,)2 =C?, 
This equation can be written more briefly thus : 
S(l—2,)2? +5 (m—y,)2? + 2(n—2z,)?=C. 


2 OP +m? +n?)—2[l2(a,)+m2(y,)+n2(,)] 
+2(¢?) +2(y*7)+2¢7)=C*...... (1). 


The equation of the normal is 
(a? /x)\(l—2)—=(b? /y)(m— y)== (0c? /z)(n—z)...... (2). 


Also, «?/a® +y?/b? +2" /c?=1...... (8). 


The values of y, z in terms of x from (2) in (8) gives 


b?m? a? cena? 
x* fa* 21—a2atbnr: + 2J—azetor?. 
(a? l—a?a+6? x) (a®?l—a*®x+tc*a 

(4) can be written as follows : 


“8+ Avit Bett De? +Ev*? + Fet G—0. 


Then 2(#,)=—A, S(2,%9)=B, 2 (0, )==A®—2B. 


207 | 2a? 
But A=—~ Sa Gap 
R— a*(a*l?@+ern*?)  a®(a?l®? +b? m?) Aatl? 8 
a (a? —c?)? (a? —b?)? (a2--b?)(a® —c?) 
1 2a? l 207 
Reena tae be 
, 2a" (a2l2@—e?n*?) 2a? (a?l? —b?m?) 
= ve? )== SSS epee 2 a 
By symmetry, 
, 2b? m 2b?m 
a 
; 2b*(b2m*?—c® nr?) | 2b? (b?m? —a?l?) 
S(iy2)a eS 2 
(y, (b?—c*)? (b?—a?)? +26 
2e?n 2c?n 
2(z,) =— + 
1) c? —b? ea 
22 22 — fh? 2 2 2972 — 72 ]2 
X22)—22 (c?n? —b?m ) 4, 2¢ (c?n? —a®*l?) 1902, 


(c? —b*)? 


Substituting these values in (1) and reducing we get 


2(c? 1? — a2?) 
a*—c? 


2(b?m* —a?l?) 


az?—b? 


=C* —2(a? +6° +¢*). 


6(1? +m? +n? )+ 


b?—c? 


2(at*—2a*b*® — 2a? c2+8b?c? jl? 
" (a? —c*® (a? —b?)(C? —2a? —2b? — 2c?) 


2(c?n? —b* Mm?) 
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2(2b2c® +2a2h2 —Ba2c2—b4)m? 
(a® —b?)(b® —c2)(O® — 2a? — 2b? — 2c?) 


+ 


4 2(c* —2a?c? —2b?c*® +8a2b?)n? 
(a* —c*?)(b? —c?) (C? — 2a? — 2b? — 2c" ) 


==], 


2 P/Re +m? /S8* +n? /T?=1, a co-axial ellipsoid. 


nd 


CALCULUS. 


89. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, O. 


sin Jr 


9 ~ 


; 1 
Integrate the equation, + yCos% = 


I. Solution by Dr. E. D. ROE, Jr., Norwood, Mass. 


Put sinz—y=z ; then costda—dy=dz, dy=cosrda—dz, and the equation 
becomes 


dz dz 
Ta +(z—1)cosv==0, or | 


+cosarda—0. 


Integrating this, log(z—1)+sina+ x—0, g—1—e-sine—« 


or sing —y—1==e—Sine—*== — ce Sin®) y-—=sina—1+ce—sine 


Dr. Roe also furnished a second solution. 


II. Solution by F. ANDEREGG, A. M., Professor of Mathematics. Oberlin College, Oberlin. O. 


dy 


If the equation de 


+ycosx==0 is solved, the result is y=C,e-8™*, After 


oe - dC, . a 
substituting in the original equation 7 is found to equal ¢!™*sinacose 
v 


fore, CO, —eSimtsina—esimv+-C. And y==sine+Ce-sim, 


- there- 


III. Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass., and JOHN 
R. JEFFERY, Student in Ohio State University, Columbus, O. 


, . . a ae 
The general form of this equation Is + Py =Q of which the general in- 


tegral is € pPdry—{ ¢ fPdxQdvtC. Here f Pas = cosadv==sinw, 


*, esinty — { esimcosesinade- C. 


Integrating right member by parts, ¢eS™*y=-sina, esine— sine ¢, or y=-sina—1 
+-ce—sine, 
[See Johnson’s Differential Equations, page 35, ex. 7. | 
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IV. Solution by COOPER D. SCHMITT, M. A., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn.; H. C. WHITAKER, A. M., Ph. D., Professor of Mathematics in Manual Training School, Philadelphia, 
‘Pa.; M. C. STEVENS, M. A., Professor of Mathematics, Purdue University, Lafayette, Ind.; and BURKE SMITH, 
Senior Class, University of Washington, Seattle, Wash. 


dy ; 
aL + 1yCosv—=sINvCose. 


dx 
Multiply by eSi™ as an integrating factor. 


Then e§™%dy+-yeosax.e8in* da—esintsinacoseda. 
Integrating, y. esine— { esinssinvcosed. 
Integrate right hand member by parts, and we have, 


yesing —esinesina — { esimeco sada—eSintsina— Sine +-¢, 


*, y==Sine—1+ce—Sine, 


V. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, Pa. 


Let sinvy—logv; so that cosady=dv/v. Then the equation becomes 
dy/du-+-y/v—=loge/e. 

*, vdyt+ydv=logedy.  .. vy==v(logu—-1)+C. .. yt1l=logv+Cy/v. 

*, yt1=sine+ CeSsine, 


VI. Solution by J. SCHEFFER, A. M., Hagerstown, Md., and ARTHUR C. LUNN, University of Chicago, 
5630 Drexel Ave., Chicago, III. 


; : d , , 
Solving first the differential equation + yoosa 0, we find y=Ce-sine ; 


Oy dC 


. . . q . . 
differentiating, we have a. aa Ce-SIM®@eggy + e—Sine a 
x a 


Y 


_ dC viet 
e—sinx a, esin2e, wo C—i einxgin er. da, 
vu * 


Putting sinv=z, .°. cosv==);/1l—2?, dx== ; we have, 


0” 
w 


] ‘|-z 


C== |} e?.cdz — | 2d0(e?)= | 6° 0z—=ze’ — e? =-sing, cSinx — eSinx_t ¢, 


Substituting this in y==Ce—*™*, we obtain y=sina—1-+ce. 


The method employed is Lagrange’s method of variation of parameters. 


Also solved by HENRY HEATON, and P. H. PHILBRICK. 
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MECHANICS. 


82. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A sphere, diameter 2a. rests in limiting equilibrium upon the edge of a box and 
against a vertical wall. If the box be of such dimensions that it will not tip, find the dis- 
tance of the box from the wall, having given the coefficient of friction between the sphere 
and wall 3, between the sphere and box 3, and between the box and floor 3. [From Prob- 
lems in Mechanics proposed to class in Harvard University. | 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa. 

Let W--weight of sphere, W’=weight of box, w==3, w=4, mw’=3, 
6— / BCD, S=normal reaction of wall, A—normal reaction of box, d=distance 
of box from wall. 

~. d=AO+BE=a(1-+sin@), since 
BO is perpendicular to BC. 

Also S=' Reosé+ Rsind= pu" W’ (re- 
solving horizontally). 


9 ay _ a" Wy" 
S=tW, kt u'cosdé-+sind 
_ 2W’ 
~ cosé+8siné * 


Also pwS+y'Rsin6é+ Reos6=W (resolving vertically), or 2#S+4Rsind 
+Reosd=W. 
The values of S and £# in the last equation give 


2W’sin@ 2W'cos 
i | 4 ——— —_ 
a T 8 c088 +9sinf° cosé+8siné Y. 
TW'-3W 7W'—3WV 
. tan 4— 117 ry sin 4 ' 7 ; 
9WV—S5W y 2012 —1382WW'+ 740? 


gal VO TRW WL TEWE FTW— 8 7 
| V/90W?— 1382 WW T4 Wee : 


If W=W', d=4a(24+ 4/2). 


83. Proposed by MARY M. BLAINE, B. Sc., Graduate Student, Drury College, Springfield, Mo. 


A particle is projected upwards in vacuo with a velocity v. Show that on 
reaching the ground again there is no deviation to the south, but the deviation to 
the west is 4wcosa(v3/3g?). [Laplace, iv, page 341.] 
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Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa. 


The equations of motion are 


d?x 


dp dy —=0, ay —2wcoss de 2wsind — dy 


dt dt? dt ‘dt 0; aE 


7490 sind — i 2wcoss —— dy 


a * 


(Routh’s Advanced Rigid Dynamics, fourth edition, page 20.) 


As a first approximation, we can neglect the motion of the earth. Then, 
from mechanics, s=0, y=0, z=vt—3gt?. 


da dy dz 


da a a 
, d?x d?y . 
Tp =0, Qype AV cosi(u— gt). 


*, c=0, y=ecosi(vt? —tgt?). But t=20/g. 
', e=0, y=wcosi(4vu3 /g? —8v2 /3g? )=4wcosi(v3 /3q”). 


-. deviation south— =O, west==4ucos/(v3/3g?). 


AVERAGE AND PROBABILITY. 


67. Proposed by HENRY HEATON, M. Sc., Atlantic, Ia. 


A witness in court who undertook to recognize the signature of an individual failed 
four times in succession. What is the probability that he was correct the fifth tinie ? An 
actual occurrence. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chaster High School, 
Chester, Pa., and CHARLES CARROLL CROSS, Libertytown, Md. 


Let »==chance, p;—chance of failure. 


68. Proposed by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa. 


What are the odds against throwing 7 or 11 at one throw with two dice ? 


I. Solution by CHARLES CARROLL CROSS, Libertytown, Md. 
Each dice may fall in any one of 6 ways, therefore, both dice in 6 x 6==36 


ways. 
11—6-+5 or 5+6; hence the chance against throwing 11 at one throw is 
1—Zs=16. 
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7-=14+6=2+5=—3+4=—4+38—5+2—6-+1; hence the chance against throw- 
ing 7 at one throw is 1—§—=8. 
Hence, the chance against throwing either 7 or 11 is 1—(,,+3)=3. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 
The chance of throwing 7 with two dice is 34,==4, and that of throwing 11 
is £,—,, ; therefore, the chance of throwing either 7 or 11 is 4-4-3. 


.. the odds against this event==7 : 2. 


III. Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 
The combinations which give 7 or 11 with two dice are four in number, 
viz.: 6+1, 5+2, 4+8, and 6+5. 
The total number of combinations is 36. Hence the chance of throwing 
either a 7 or 11 at one throw is 4,=-1. Hence the odds are 8 to 1 against the 


event. 


IV. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science. Chester High School, 
Chester, Pa. 


7 can be thrown 6 ways at one throw with two dice, as follows: 
6 and 1, 1 and 6, 5 and 2, 2 and 5, 4 and 3, 3 and 4. 
.. chance of throwing 7 is 35 4. 
.. the odds are 5 to 1 against the event. 
11 can be thrown 2 ways, as follows: 6 and 5, and 5 and 6. 
‘. chance of throwing 11 is.==,5. 
.. the odds are 17 to 1 against the event. 
7 is the most likely throw of all at one time with two dice. 


V. Solution by ELMER SCHUYLER, Annapolis, Md. 
7=-1+6—2+5—8-+4, each occuring in two ways. 
-, 7 can occur in six ways. 
11=-5+6, can occur in 2 ways. 
*, 7 and 11 can occur in eight ways. 
.. ¢—=?==probability in favor of the event. 
.. the odds are 7 to 2. 


69. Proposed by Rev. W. ALLEN WHITWORTH, M. A. 


There are n equal sugar sticks. Each stick is broken into two pieces, all positions of 
the fracture being equally likely. Of the two n pieces thus formed, a child is to take the 
largest. Show that his expectation is [2n-+-1]/[2(n+-1)] of a stick. [From The Educational 
Times, June, 1898. | 


Solution by G. B, M, ZERR. A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 

ter, Pa. 
Let each stick be of unit length. Then since there are 2n pieces, and 
each piece can have any length from zero to unity, we have for the required 


expectation : 
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] 
{ gen i lda 
v0 2n+1 


" Bn) | 


70. Proposed by Professor MILLER. 


A ship at A observes another at B, whose course is unknown. Supposing 
their speed the same, prove that the chance of their coming within a given dis- 
tance, d, of each other is always (2/7)sin—!(d/a), whatever the course taken by 
A; provided its inclination to AB 1s not greater than cos~!(d/a), where Ab—=a. 
[From Cambridge Mathematical Tripos, 1871.] 


No solution of this problem has been received. 


71. Proposed by B, F. FINKEL, A.M., M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Find the average volume removed by boring an inch auger-hole through a cube whose 
edge is ec, the auger to pass through two opposite faces of the cube. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School. Ches- 
ter, Pa. 


The average volume required is equal to the altitude multiplied by the 
average base. All variations of the base will be gone through by considering a 
cylinder through the center. The greatest base is the ellipse formed when the 
cylinder is tangent to two edges of the cube. Its axis is then determined by the 
equations y—ztanfg=0...... (1), and «—ctanf=—0...... (2). 

fi is the angle made by the plane through the origin, and the X-axis with 
the Y-axis. This plane is parallel to the edge y=#e, z-=4e, and at a distance of 
3 inch from this edge. 

*, sinf-sin(47 —f), where sin@==(,/2/2e), as follows : 


sing : 1l==4 : 3(e, 2). 


The line given by 


yCos i —zsinfp==—3 (3) 
; 7 a ir er or rr ed}. 
acosfi—zsinf—=— 4 
w, y from (1), (2), (8), when z= are 
a, s=setan, y,=setan, and x, yy —-— 28e¢3-+ xetanZ. 
- secs y 2 ; ; . 
? , 2 2 —— — a a 
y (@,— 2 )° +1 Ya) —=——5 = seML- Major axis. 
The semi-minor axis 3 inch for all ellipses 
1 1 en ee 2¢ 


Secj = == i 
eos cos(47—4) cosh#-+-sinf 1 (2e2—1)+1 
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/ 2004)\)— / / 2 1)\)— 
.. seog lV CF — DAH ° ey (2)[,(2e? -1I)—1] is semi-major AXIS. 


e? —] . 2(e? —1) 
. if /(2e* —1)—1] 
*, average volume is (ole t= Jay )imsa, 
A gor lev 20/ 2e2— 1 —1)+e? —1]==5.4345 cubic inches, when 


e-=) inches, 


72. Proposed by B. F. FINKEL, A.M., M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


A rod is broken at random into four pieces; find the chance that no one of the pieces 
is greater than the sum of the other three. [From C. Smith’s Treatise on Algebra, p. 528. | 


Solution by G. B. M. ZERR. A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches - 
ter, Pa. 


Let a=length of rod. 

By conditions of problem no part can be greater than 2a. 

Let ABCD—G be a cube side a. 

Let Abcd—g be a cube side 3a. 

For favorable cases the points are confined to the smaller cube. 
(G@aj@aj@a) _, 


(a)(aya) 


*-. echance= 


73. Proposed by G. B. M. ZERR, A. M.. Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, .Pa. 


On an average 1 vessel out of every 7 is wrecked. Find the chance that out of m 
vessels expected p at least will arrive safely. 


I, Solution by the PROPOSER. 
The chance of a vessel arriving is [(—1)/n]. 
The chance of a vessel not arriving is 1/n. 
The event will happen if, m, (m—1), (m—2), (m—8), (m—4), ...... 
down to p vessels arrive. 
Thus the required chance is the sum of the first (m—p-+1) terms in the 
expansion of 


n—1 1\" (— y" m ( 1 (2= yn mim—1) ( 1 ye yn 
( n +--) ee) Tr 1\n nn a 2) n n 


eget SY 
cae pl(m—p)l \ n 
If n=10, m==5, p=8, we get chance=(,%)? +5(1'5)G4%)* +1004)? G% )? 
12393 
19500 
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II. Solution by HENRY HEATON, M. Sc., Atlantic, Ia. 


For convenient notation put a—1=—k. 

Then the probability that any given vessel will be wrecked is 1/n, that it 
will be saved, k/n. 

The probability that all the m vessels will be saved is k”/n”. 

The probability that any particular vessel will be lost while the others 
are saved is (k/nj)™—1(1/n). 

There are m vessels. Hence the probability that one vessel will be lost 
while the others are saved is m(k™—!/n™). 

The probability that any two particular vessels will be lost while the 
others are saved is (k/n)™—2(1/n)?. 

The number of different combinations for two vessels to be saved and the 
m(m—1) 


2! 


rest lost is 


mim—1) km? 
2! n™ 
In like manner the probability that 3 vessels will be lost and m—3 saved 
m(m—1)(m—2)k"—-3 


nm3) 


Hence the probability that two vessels will be lost is 


and that 1, 2, 8, ...... or m—p vessels will be lost is 


m(m—1)k™—2 m(m—1)...... —1)k” 
n(m ) 4m ? ) (p ) | 


— 1 ( ane m —-1 
P= k +k |. OI ran (m—p)! 


k \™ (k+-1)™ ; ; 
If p=m, p—(—), If p=0, pty, as it evidently should. 
III. Solution by P. H. PHILBRICK, C. E., Lake Charles, La. 


; ; a 
The chance that any particular ship arrives 1s 


The chance that any 
; ; ; . ({n—l1 \P 
particular set of p ships arrives Is (A) ; and the chance that the other m—p 


m—p 
ships fails 1s (—\. Hence the chance that any particular set of » ships alone 
” 


; . (n—-1\?f 1 \™ ? ; ; 
arrives 1s ) —— }, But out of m ships p can be selected in 
n n ° 


mm 1)... (m= pt) ways. Hence the chance that some possible set of 


» ships will arrive is 


(“= ) ( ty mac) se (mapt)t) (1). 


Writing p+1, p42, ...... m, successively, in place of p in (1) will give 
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the chances that p+1, p+2,..... m Ships willarrive. The sum of these added 
to (1) gives the chance that at least » ships out of m will arrive. 
Also solved by HLMER SCHUYLER. 


MISCELLANEOUS. 
71. Proposed by GUY B. COLLIER, 1901 Union, 27 Middle Section of South College, Schenectady, N. Y. 


Find the locus of any point on the front sprocket of a bicycle during one revolution 
of the hind wheel (any gear may be assumed). 


I. Solution by R. E. GAINES. A. M.. Professor of Mathematics, Richmond, Va. 


Suppose the front sprocket revolves e times as fast as the hind wheel of 
the bicycle (if, to fix the idea, the gear be 70, then e==2), and take as axis of a 
the line on which the bicycle rolls, and as axis of y a line perpendicular to this, 
and passing through P when it was in its lowest position. Then let the hind 
wheel turn through an angle @ (the sprocket turning through an angle em) and 
the center of the sprocket has moved forward a distance ap and we obtain at once 


T==IP—VTSin(eP), Y=-a—rceos(e@P), 


where r==radius of sprocket, a=radius of hind wheel, and g=angle through 
which the hind wheel has turned. Expressed as a single equation, this is 


1—¥ | a—y\? 
a=(a/e)cos —— 7 i—(2"") . 
Ca/ejer 7 aN 


II. Solution by G. B. M. ZERR, A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let O be the origin, OP==*, PF'=-y, P—any point in the front sprocket, 
g-gear, AD=:a, radius of hind wheel, Ab=), 
BP==c, and also let BE=AD=-a, / MAD=6. 

Then BH/AN=~q/2a. 

. LHBE==(2a/g)6. 

‘+, ¢=OD+ DE—FE=OD+AB—BC. 

‘, e=b+al—csin(2af/q). 

*, y=a—ceos(2a4/g). 


a—" eo: ; 
- n=b+Cyneost(“— 1} — 1 c>—(a— y)® isthe equation to the locus. 


s—length for one revolution of hind wheel. 


lr 7 
‘, s ==(1/9) { py a? g*? +4a?c? —4a*cgeos(2a4/q)dé 
0 
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2r ee 
=(a/9) J V (g+2c)? —8cqceos* (aG/g) dé. 


Let $7—¢—af/q. 


am 8 eg io 
s=(g-+20) RQ 1 ———-=— sin? ¢' dd 
e/ (mr 29) (g—4a) (g-+2c)* 


7 in 2 ‘ (2¢q) / 
=(9+20) hi 29) (q—4a) (“ g+2e ). 


Also solved by WALTER H. DRANE., 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


118. Solution by J. F. TRAVIS, Student in Ohio State University, Columbus, 0. 


The present worth of a note due January 1, 1896, was $74,200, when discounted at 4% 
true discount. The present worth of another note, due July 1, 1896, whose face value 
was the same as that of the first note, was $68900 when discounted at 8% true discount. 
Find the face of the notes and the date when given, supposing the second note to have 
been given the same day the first note was. Solve by arithmetic. 


119. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


The cost of an article is $1. )§,. The selling price $1,000. What is the 
gain per cent.? 


y*y Solutions of these problems should be sent to B. F. Finkel not later than November 10. . 


ALGEBRA. 


107. Proposed by CHARLES MYERS. Canton, Ohio. 


Given wyz=18....(1)3 %? +y? +22 ==83....(2), and (a? —y2)? +(y? —ae)3 
(22 —ay)? —38(a? — yz) (y? — 22) (2? —ry)=—6561....(8), to find «, y, and «. 
y Yay y 1 YU; 


108. Proposed by GEORGE LILLEY, Ph.D., LL.D., Professor of Mathematics. State University, Eugene, Or. 


A gave two notes; one for a dollars at m per cent., and the other for 6 dollars at 
per cent., annual interest. He is to make a monthly payment of ¢c dollars. How much 
must be endorsed on each note in order to pay them off at thesametime? What must be 
the endorsement on each if ¢q=1900, b=1800, m—=6, n=7, and c=25 ? 


»*, Solutions of these problems should be sent to J. M.Colaw not later than November 10. 


GEOMETRY. 


126. Proposed by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Through any fixed point O draw two straight lines at right angles. Let one line cut 
a given circle at Q, the other at R. Find, by Euclidean methods, the locus of the foot of 
the perpendicular from O upon the chord QR. Give complete analysis and discussion. 
Solve also by co6rdinate geometry. 


127. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, O. 


The equation to the plane through the extremities, (,, Yj, A): (To, Yo, 22), 
(Ya, Ys, 23), of conjugate diameters of the ellipsoid, 


xu y” 2° 2 © +. +h, YitYe TY yeas 
a re 


v*, Solutions of these problems should be sent to B. F. Finkel not later than November 10. 


CALCULUS. 


97. Proposed by ARTEMAS MARTIN, A. M., Ph. D., LL. D., U. S. Coast and Geodetic Survey Office, Wash- 
ington, D.C. 


An augur hole radius 7 is bored through a prolate spheroid ; the axis of the augur 
passing through the center, perpendicular to the major axis. Find the volume removed. 


98. Proposed by CHARLES CARROLL CROSS, Whaleyville, Va. 


On the circumference of a fixed circle radius RA rolls a circle radius 7. Required the 
length of the curve described by a point on the circumference of the rolling circle; 
(1) when the circle rolls on the inside; (2) when the circle rolls on the outside of the cir- 
cumference of the fixed circle. 


z*y Solutions of these problems should be sent to J. M. Colaw not later than November 10. 


MECHANICS. 


97. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High 
School, Chester, Pa. 


The side AB of the parallelogram ABCD will be a principal axis at the 
point which divides the distance between the middle point and the foot of the 
perpendicular from the middle-point of the opposite side in the ratio 2: 1. The 
principal moments of inertia about this point are {mb2sin??, 3,m(8a?+4b*?cos? 4), 
where ?= /A. 


98. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A spool, with light thread wound around, is placed upon a rough table so that the 
thread will emerge from beneath the spool. The thread is passed over a smooth pulley at 
end of table and a weight attached, the pulley being so adjusted that thread is parallel to 
surface of table. If friction between spool and table is sufficient to prevent slipping, de- 
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termine motion of spool and weight. [From problems in Mechanics at Harvard 
University. | 


z*y Solutions of these problems should be sent to B. F. Finkel not later than November 10. 


AVERAGE AND PROBABILITY. 


80. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A box contains 100 balls marked from 1 to 100. 18 balls are drawn at random. What 
is the chance that the balls marked from 1 to 10 are included in the 13 drawn ? 


81. Proposed by LON C, WALKER, Graduate of Leland Stanford, Jr., University, Palo Alto, Cal. 


Find (1) the mean distance of all points on a side of an equilateral triangle from the 
opposite vertex ; and (2), the average length of a line drawn at random across an equilat- 
eral triangle. 


y*y Solutions of these problems should be sent to B. F. Finkel not later than November 10. 


MISCELLANEOUS. 


81. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A eask in the form of a middle frustum of a spheroid, middle diameter 2b, end di- 
ameters each 2c, length 2d, is lying in a horizontal position. The distance from middle of 
top to water is b-+-e, e<b—c. How much water is in the cask ? 


82. Proposed by A. H. BELL, Hillsboro, Ill. 


Four spheres of equal radii=r=5, are in contact, and form a triangular period. How 
large is the sphere that can be placed in middle and be in contact with the four spheres ? 


y*y Solutions of these problems should be sent to J. M. Colaw not later than November 10. 


EDITORIALS. 


Prof. J. O. Mahoney has been elected teacher of mathematics in the Dal- 
las High School, Dallas, Texas. 


Mr. Peter Field, Fellow in Cornell University, has been appointed Pro- 
fessor of Mathematics in Carthage College, Carthage, Ill. 


Dr. J. V. Westfall, Honorary Fellow in Cornell University, has been ap- 
pointed Senior Instructor in Mathematics in the Lowa State University. 


Miss Mary M. Blaine, B.S. (Drury College), has been given a scholarship 
in the University of Pennsylvania, and has gone there to pursue a course 
of study in mathematics. 
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The Franklin Institute of Philadelphia has lately created the office of 
mathematical contributor to the Physical and Astronomical Section, and has ap- 
pointed Dr. G. B. M. Zerr as the contributor for the coming year. 


This issue of this Monruiy has been unavoidably delayed. Subsequent 
issues will be out on time. The next issue will contain more than the usual 
number of pages, as an article of unusual interes}, by Dr. Halsted, is to appear. 


Dr. L. EK. Dickson, formerly Assistant Professor of Mathematics in the 
University of California, has been elected Associate Professor of Mathematics in 
the University of Texas. Dr. Halsted is to be congratulated in being able to 
call to his assistance one of the ablest young mathematicians in the country. 
With Dr. Halsted noted for his valuable work in non-Kuclidean Geometry, 
and Dr. Dickson a recognized authority on Group Theory, the University of Texas 
will be able to offer as good courses in mathematics as are offered anywhere in 
this country. 


The Sixth Summer Meeting of the American Mathematical Society met at 
Columbus, Ohio, Angust 25th and 26th. The meeting was well attended, and 
the papers read and discussed were of great value. Dr. J. VY. Collins read 
a paper on ‘‘A relation between point and vector analysis’’; Dr. E. H. Moore 
presented Prof. Frank Morley’s paper, ‘‘On the generalization of Desargues’ the- 
orem,’’ and one of his own ‘‘On certain crinkly curves’’; Dr. G. A. Miller read a 
paper ‘‘On groups that are the direct products of two subgroups’’; and Dr. L. E. 
Dickson read two papers, one on ‘‘A new definition of the general Abelian linear 
geroup,’’ the other on ‘‘Detinitions of various linear groups as groups of isomor- 
phisms.’’ Dr. Halsted’s able report on Non-Huclidean Geometry was read be- 
fore Section A of the Association for the Advancement of Science on Tuesday, 
and was greatly appreciated by his audience. Dr. Alexander Macfarlane, presi- 
dent of Section A, read a very interesting paper on ‘‘The fundamental principles 
of algebra.’’ Dr. Macfarlane gave a very interesting and exhaustive treatment 
of this subject, tracing the important advances in the philosophy of the funda- 
mental principles of algebra which have been made in the present century. 

At this meeting we had the pleasure of meeting a number of our good 
friends. Among those, whom we had long known through correspondence, but 
now have the pleasure of knowing personally, were Dr. Halsted, of the Univer- 
sity of Texas ; Prof. Ormond Stone, of the University of Virginia ; Prof. R. 8. 
Woodward, of Columbia ; Prof. D. V. Bohannon, of the Ohio State University ; 
Dr. J. V. Collins, of the State Normal School of Wisconsin ; Prof. W. W. Beman, 
of the University of Michigan ; Mr. J. W. Young, Graduate Student, Ohio State 
University ; Dr. Alexander Macfarlane, Lehigh University ; and Prof. F. EK. Mil- 
ler, of Otterbein University. 


BOOKS AND PERIODICALS. 


Stereoscopic Views of Solid Geometry, with Reference to Wells’ Kssentials 
of Solid Geometry. Set, 96 views. Price, 60 cents per set. Boston: D. C. 
Heath & Co. 


These views are very beautiful and attractive. They are printed on heavy card 
board, having a black background and white lines. B. F.F. 


A Treatise on the Theory and Solutions of Algebraical Equations. By John 
Macnie, M. A., Professor of the Latin Language and Literature, University of 
North Dakota. Large 8vo. Half Leather Back. 184 pages. Price, $1.20, net. 
Chicago: <A. 8S. Barnes & Co. 

This work discusses, ina very careful and accurate way, Cauchy’s Theorem, Sturm’s 
Theorem, Horner’s Method, Fourier’s Theorem, Symmetric Functions of the Roots, Elim- 
ination, ete., ete. B. F. F. 


New Higher Algebra. By Webster Wells, S. B., Professor of Mathemat- 
ics in the Massachusetts Institute of Technology. 8vo. Half Leather Back. 446 
pages. Price, $1.32. Boston: D.C. Heath & Co. 

The first 358 pages of this book are identical with the corresponding pages of the 
author’s Essentials of Alyebra. The new matter added is Compound Interest and Annui- 
ties, Permutations and Combinations, Continued Fractions, Summation of Series, Theory 
of Equations, and Solution of Higher Equations. B. F. F. 


An Elementary Treatise on the Theory of Equations. By Samuel Marx 
Barton, Ph. D., Professor of Mathematics, University of the South... 8vo. Cloth, 
200 pages. Price, $1.50. Boston: D.C. Heath & Co. 

In this book is set forth the elements of Determinants and the Theory of Equations 
in quantity and in form suitable for use in undergraduate work in our colleges and univer- 
sities. Part I treats of Determinants, and Part II of the Theory of Equations. The book 
is well adapted to the purpose for which it was written. B. EF. F. 


Memoir on the Substitution Groups whose Degree does not Exceed Hight. By 
Dr. G. A. Miller, of Cornell University. Reprinted from American Journal of 
Mathematics, Vol. XXI, No. 4, pages 287—38538. 


In this memoir Dr. Miller has discussed the Substitution Groups whose degree doves 
not exceed eight. Dr. Miller, though a young man, is one of the leading authorities on 
Group Theory in this country. His contributions on this subject are characterized by ac- 
curacy and simplicity of treatment. This memoir is one of great value to the student of 
Groups, and will become a permanent part of the literature on the subject. B. F. F. 


A Report on Greene County. Part I. of Geological Survey of Missouri, 
by Edward M. Shepard, M. A., Professor of Geology in Drury College. 8vo. 
Cloth. 246+iv pages. Printed by the State of Missouri. 

Among the interesting points about this book may be mentioned the fact that it is 
wholly a pioneer work, and that the author has discovered and named a number of geolog- 
ical formations hitherto unknown. Among these are the ‘‘Republic chert’’ and the ‘‘Gray- 
don sandstone’ and its connection with an ancient river system, notably the fossil river 
bed which he has named the ‘‘Schooleraft river,’’ extending through the whole western 
half of the district and northward to the Missouri river, into which its ancient waters 
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poured. He was the first to discover the presence of Devonian rocks in Southwest Mis- 
souri, from which he has named three horizons new to science, viz.. the Phelps sandstone, 
the Sac limestone, and the King limestone. He was also the first to demonstrate the 
presence of the great flexuring and faulting in the Ozark uplift. The discussion of the ore 
deposits of the district is particularly valuable, and the large list of locations where lead 
and zine have been found in the past will be of great interest to prospectors in this region. 

Professor Shepard’s extensive travels in all parts of the United States, in Cuba, in 
the Hawaiian Islands, in Australia, in New Zealand, and many other places, has enabled 
him to compare the region of which he has written with those of the highest geological 
interest. The book has many fine illustrations and a number of excellent geological maps. 

B. F. F. 


The Fundamental Principles of Algebra. An Address by Dr. Alexander 
Macfarlane, Vice President and Chairman of Section A of the Association for the 
Advancement of Science, delivered at Columbus, Ohio, August 21, before Section 
A of the Association. Pamphlet, 32 pages. 

In this address Dr. Macfarlane reviews historically and critically the advances that 
have been made respecting the fundamental principles of Algebra. The work done along 
this line by Servais, Babbage, Herschel, Peacock, and others, is brought out. Mention is 
made of the elaborate treatise on Algebra by G. Chrystal, and several pages are devoted 
to a review of Mr. Whitehead’s Treatise on Universal Algebra. The address should be 
read by everyone of our readers not having had the privilege of hearing it. B. F. F. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed- 
ited by John Brisben Walker. Price, $1.00 per year, in advance. Single num- 


bers, 10 cents. Irvington-on-the-Hudson. 

A magazine of the highest literary and artistic merit. Read Mark Twain’s article 
on ‘‘Christian Science and the Book of Mrs. Eddy” in the October number, and enjoy the 
pleasure of a good hearty laugh. B. F. F. 


The Open Court. A Monthly Magazine Devoted to the Science of Relig- 
ion, the Religion of Science, and the Extension of the Religious Parliament Idea. 
Dr. Paul Carus, Editor. T. J. McCormack, Assistant Editor. Price, $1.00 per 
year. Chicago: The Open Court Publishing Co. 


In the October number are a number of interesting articles relating to Germany. 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single numbers, 25 cents. New York: The Review of Reviews Co. 

The American Monthly Review of Reviews for September contains a remarkably attrac- 
tive group of contributed articles. The timeliness of the subjects treated is seen by a 
glance at the table of contents. The war in the Philippines is summed up by John Bar- 
rett; the outcome of The Hague conference is set forth by W. T. Stead; the subject of 
trusts is discussed by George E. Roberts and by Henry Macfarland ; Hezekiah Butterworth 
writes of ‘The Future Value of the New England Farm,” while Prof. L. H. Bailey answers 
affirmatively the question, “Does Farming Pay ?” Sylvester Baxter tells of the progress 
made by the State of Massachusetts in her public library system, and Gilbert K. Harroun 
describes the work of the Cuban Educational Association of the United States; asketch of 
“The New Secretary of War’ is contributed by Henry Macfarland, while Dr. William 
Hayes Ward writes of Colonel Ingersoll, and Erica Glenton of the late Grand Duke George 
of Russia. B. F. F. 
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REPORT ON PROGRESS IN NON-EUCLIDEAN GEOMETRY. 


By DR. GEORGE BRUCE HALSTED. 


[Read at Columbus Meeting of the American Association for the Advancement of Science, August 21—26. ] 


It marks an epoch in the history of mathematics that at a meeting of a 
great Association for the advancement of science there should be presented by in- 
vitation a Report on non-Kuclidean geometry. 

Its two creators, Lobachévski who mis-named it Imaginary Geometry, 
and Bolyai Janos, under the nobler name Science Absolute of Space, failed utter- 
ly while they lived, to win any appreciative attention for what is to-day justly 
honored as one of the profoundest advances of all time. The only recognition, 
the only praise of the aghievement of Lobachévski ever printed in his lifetime 
was by Bolyai Farkas the father of his brilliant young rival, and appeared in a 
little book with no author’s name on the title page, and which we have no evi- 
dence that Lobachévski ever saw, a little book so rare that my copy is probably 
the only one on the western continent. 

When after more than forty years their names were rescued from oblivion 
by Baltzer and Hotel in 1866, still envious Time gave them back only with an 
aspe7sion against the genuineness of their originality. A cruel legend tarnished 
still their fame so long delayed, so splendidly deserved. 

Kven when their creation had reached the high dignity of made the sub- 
ject of courses of lectures for consecutive semesters at the University of Géttin- 
gen, yet on page 175 of the second impression of these lectures, 1893, we still 
find Felix Klein saying, ‘‘Kein Zweifel bestehen kann, dass Lobatscheffsky 
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sowohl wie Bolyai die Fragestellung ihrer Untersuchungen der Gaussischen 
Anregung verdanken.”’ 

It is a privilege to begin my Report by announcing the rigorous demon- 
stration that this ungenerous legend is untrue. This point need not further de- 
lay us, since it has been treated by me at length in Sczence, N. S. Vol. [X., No. 
282, pages 818—817, June 9, 1899. 

What a contrast to the pathetic neglect of its creators, Lobachévski dying 
blind, unrecognized, without a single follower, Bolyai Janos dying of disgust with 
himself and the world, lies in the fact that less than a year ago our American 
magazine the Monist secured from the famous Poincaré at great cost a brilliant 
contribution to this now universally interesting subject, which I had the honor, 
through my friend T..J. McCormack, of reading in the original French manuscript. 

This extraordinary paper, published only in English translation, appears 
in the Monist, Vol. 9, No. 1, October, 1898, pages 1—48. In the first section of 
his greatest work Lobachévski says: ‘‘Juxtaposition (contact) is the distinctive 
characteristic of solids, and they owe to it the name geometric solids, when we 
retain this attribute, taking into consideration no others whether essential 
or accidental. 

Besides bodies, for example, also time, force, velocity are the object of our 
judgment; but the idea contained in the word juxtaposition does not apply 
thereto. In our mind we attribute it only to solids, in speaking of their compo- 
sition or dissection into parts. 

This simple idea, which we have received directly in nature through the 
senses, comes from no other and consequently is subject to no further explana- 
tion. Two solids A and JB, touching one another, form a single geometric solid 
C, in which each of the component parts A, B appears separate without being 
lost in the whole C. Inversely, every solid C is divided into two parts A and B 
by any section S. 

By the word section we understand here no new attribute of the solid, but 
again a juxtaposition, expressing thus the partition of the solid into two juxta- 
posed parts. 

In this way we can represent to ourselves all solids in nature as parts of a 
single whole solid which we call space.”’ 

Poincaré starts off somewhat differently. Hesays: ‘‘We at once per- 
ceive that our sensations vary, that our impressions are subject to change. The 
laws of these variations were the cause of our creating geometry and the notion 
of geometrical space. 

Among the changes which our impressions undergo, we distinguish two 
classes : 

(1) The first are independent of our will and not accompanied by muscular 
sensations. These are external changes so called. 

(2) The others are voluntary and accompanied by muscular sensations. 
We may call these internal changes. 

We observe next that in certain cases when an external change has modi- 


221 


fied our impressions, we can, by voluntarily provoking an internal change, re- 
establish our primitive impressions. The external change, accordingly, can be 
corrected by an internal change. External changes may consequently be subdi- 
vided into the two following classes : 

1. Changes which are susceptible of being corrected by an internal change. 
These are displacements. 

2. Changes which are not so susceptible. These are alterations. An im- 
movable being would be incapable of making this distinction. Such a being, 
therefore, could never create geometry,—even if his sensations were variable, and 
even if the objects surrounding him were movable.”’ 

How like what Lobachévski said more than sixty years before: ‘‘We 
cognize directly in nature only motion, without which the impressions our senses 
receive are not possible. Consequently, all remaining ideas, for example, 
geometric, are created artificially by our mind, since they are taken from the 
properties of motion ; and therefore space in itself, for itself alone, does not exist 
for us.”’ 

Poincaré continues: ‘‘The aggregate of displacements is a group.’’ At 
once rise before us the great names Riemann, Helmholtz, Sophus Lie. In fact 
Poincaré’s next section is merely a restatement of part of Riemann’s marvellous 
address, published 1867, on the hypothesis at the basis of geometry. 

Again, though the work of Helmholtz did not contain the group idea, yet 
it had put the problem of non-Euclidean geometry into the very form for the in- 
strument of Sophus Lie, who calls it the Riemann-Hemholtz Space-problem. 

To the genius of Helmholtz is due the conception of studying the essential 
characteristics of a space by a consideration of the movements possible therein. 

Felix Klein it was who first called the attention of Lie to this work of 
Helmholtz, before then unknown to Lie, and pointed outits connection with Lie’s 
Theory of Transformation Groups, inciting him to a group-theory investigation 
of the problem. In 1886 Lie gave briefly his weightiest results in a note: 
‘‘Bemerkungen zu v. Helmholtz’ Arbeit ueber die Thatsachen, die der Geometrie 
zu Grunde liegen,’’ in the Berichte of the Saxon Academy, where in 1890 he gave 
his completed work in two papers Ueber die Grundlagen der Geometrie (pages 
984321, 355—418). The whole investigation published in Volume III of his 
‘Theorie der Transformationsgruppen,’’ 1898, was in 1897 awarded the first 
Lobachévski Prize. Felix Klein declared that it excels all comparable works so 
absolutely that a doubt about the award could scarcely be possible. Lie gives 
two solutions of the problem. In the first he investigates in space a group pos- 
sessing free mobility in the infinitesimal, in the sense, that if a point and any line- 
element through it be fixed, continuous motion shall still be possible ; but if besides 
any surface-element through the point and line-element be fixed then shall no con- 
tinuous motion be possible. The groups in tri-dimensional space possessing in a 
real point of general position this free mobility Lie finds to be precisely those char- 
acteristic of the Euclidean and the two non-Euclidean geometries. Strangely 
enough, for the seemingly analogous and simpler case of the plane or two-dimen- 
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sional space these are not the only groups. There are others where the paths 
of the infinitesimal transformations are spirals. Without the group idea, Helm- 
holtz had reached this reality, and as a consequence concluded that also to char- 
acterize our tri-dimensional spaces a new condition, a new axiom, was needed, 
that of monodromy. It is one of the most brilliant results of Lie’s second solu- 
tion of the space problem, that starting from transformation-equations with three 
of Helmholtz’s four assumptions he proves that the fourth, the famous ‘‘Mono- 
dromie des Raumes,’’ is, in space of three dimensions, wholly superfluous. 
What a demonstration of the tremendous power of Lie’s Group Theory! ILie’s 
method in general, as it appears in the Berichte, is the following: 

Consider a tri-dimensional space, in which a point is defined by three 
quantities, x, y, z. 

A movement is defined by three equations: «,—=f(a, y, 2)3 ¥;==P@, Y, 2)3 
Z,==9(, Y, 2). 

By this transformation an assemblage, A, of points (a, y, z) becomes an 
assemblage, A’, of points (%,, ¥;, 2;). 

This represents a movement which changes A to A’. Now make, in re- 
gard to the space to be studied, the following assumptions : 

(B) In reference to any pair of points which are moved there is something 
which is left unchanged by the motion. That is, after an assemblage of points, 
A, has been turned by a single motion into an assemblage of points, A’, there is 
a certain function, 0, of the codrdinates of any pair of the old points (w,, y,, 2,), 
(w,, Ye, %) Which equals that same function, Q, of the corresponding new cvor- 
dinates (xy, Y45 z’,), (w'., Y 9. Zy)5 that 18, O(a", Yas Za, 9, Yo, zy) 
==.(%3, V1) 211 Coy Yo, %g). This something corresponds to the generalized idea 
of distance interpreted as independent of measurement by superposition of an 
unchanging sect as unit for length. Moreover assume 

(C) If one point of the assemplage is fixed, every other point of this as- 
semblage, without any exception, describes a surface (a two-dimensional aggregate). 
When two points are fixed, a point in general (exceptions being possible) 
describes a curve (a one-dimensional aggregate). Finally if three points are fixed, 
all are fixed (exceptions being possible). Then Lie proves exhaustively that the 
group consists either of all motions of Huclidean space or of all motions of non- 
Euclidean space. 

The result is a remarkable one, demonstrating that the group of Euclidean 
motions and the group of non-Kuclidean motions are, in tri-dimensional space, 
the only groups in which exists in the strict sense of the word free mobility. 
Thus free motion in the strict meaning of the word can happen in three and only 
three spaces, namely, the traditional or Euclidean space, and the spaces in which 
the group of movements possible is the projective group transforming into itself 
one or the other of the surfaces of the second degree x? +-y? +z? +1=0. 

To the fundamental assumption which completely characterizes these three 
eroups Lie gives also this form : 

“Tf any real point y,°, yo’, y;° of general position is fixed, then all real 
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points 7,, %, %3, into which may still shift another real point 7,°, 7°, x,°, satis- 
fy a real equation of the form: Wy,°, y.°, ys 3 U1, Ze’, T° 5 %,, Ly, Vg)—=0, 
which is not fulfilled for 7, =y,°, 7, =y.°, %,7=y;°, and which represents a real 
surface passing through the point 7,°, 2,°, 2,°. 

About the point y,°, y.°, y,° may be so demarcated a triply extended re- 
gion, that on fixing the point y,°, y.", ys, every other real point 7,", x,°, x, of 
the region can yet shift continuously into every other real point of the region, 
which satisties the equation W-==0 and which is joined to the point 7,°, x,°, x, 
by an irreducible continuous series of points.”’ 

It is a satisfaction to the world of science that Lie’s vast achievements 
were recognized while he lived. Poincaré accepts and expounds his doctrine, 
saying in the article already mentioned: ‘‘The axioms are not analytical judg- 
ments a priori ; they are conventions. . . . Thus our experiences would be 
equally compatible with the geometry of Huclid and with a geometry of 
Lobachévski which supposed the curvature of space to be very small. We choose 
the geometry of Euclid because it is the simplest. 

If our experiences should be considerably different, the geometry of Euclid 
would no longer suffice to represent them conveniently, and we should choose a 
different geometry.’’ 

When on November 8, 1897, the great Lobachévski prize was awarded to 
Lie, three other works were given honorable mention. The first of these is a 
thesis on non-Euclidean geometry by M. L. Gérard of Lyons. Lovers of the 
non-Euclidean geometry are naturally purists in geometry, and keenly appreciate 
Euclid’s using solely such figures as he has rigorously constructed. The under- 
stand that problems of construction play an essential part in a scientific system 
of geometry. Far from being solely, as our popular text-books suppose, practi- 
cal operations, available for the training of learners, they have in reality, 
as Helmholtz declares, the force of existential propositions. Therefore is evi- 
dent the high import of Gérard’s work to establish the fundamental propositions 
of non-Euclidean geometry without hypothetical constructions other than the two 
assumed by Euclid: 1. Through any two points a straight line can be drawn. 
2. A circle may be described from any given point as a center with any given 
sect as radius. Gérard adds explicitly the two assumptions: 38. A straight line 
which intersects the perimeter of a polygon in a point other than one of its ver- 
tices intersects it again ; 4. Two straights, or two circles, or a straight and a cir- 
cle, intersect if there are points of one on both sides of the other. 

Upon these four hypotheses, perfecting a brilliant idea of Battaglini (1867), 
Gérard establishes the relations between the elements of a triangle. 

Lobachévski never explicitly treats the old problems changed by transfer- 
rence into the new geometric world, such as ‘‘Through a given point to draw a 
parallel to a given straight’’; nor yet the seemingly impossible problems now in 
it capable of geometric solution, such as ‘‘To draw to one side of an acute angle 
the perpendicular parallel to the other side’; ‘‘To square the circle.”’ 

These would be sought in vain in the two quarto volumes of Lobachevski’s 
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collected works. Bolyai Janos in his all too brief two dozen pages gives solu- 
tions of them startling in their elegance. 

But in establishing his theory, he uses, for the sake of conciseness, 
the principle of continuity even more freely than does Lobachévski. 

Gérard, in the second part of his memoir, gives the elements of non- 
Kuclidean analytic geometry, and in the third part a strict treatment of 
equivalence. 

Even Euclid in proving his I. 35, ‘‘Parallelograms on the same base, and 
between the same parallels, are equal to one another,’’ does not show that the 
parallelograms can be divided into pairs of pieces admitting of superposition and 
coincidence. He uses rather the assumption explicitly set forth by Lobachévski, 
‘Two surfaces are equal when they arise from the mating or separating of equal 
parts.’’ But Creswell in his 7'reatise of Geometry, showed how to cut the paral- 
lelograms into parts congruent in pairs. Thesame can be done for Euclid I. 43, 
“The complements of the parallelograms which are about the diagonal of any 
parallelogram are equal.’’ Hence we may use the definition: Magnitudes are 
equivalent which can be cut ‘into parts congruent in pairs. This method I ap- 
plied to the ordinary Euclidean geometry in my Elementary Synthetic Geometry 
before the appearance of Gérard’s work, where it is extended to the non- 
Kuclidean. 

Regarding the first assumed construction of Euclid and Gérard: ‘‘A 
straight line can be drawn through any two points,’’ W. Burnside has given usa 
charming little paper in the Proceedings of the London Mathematical Society, 
Vol. XXIX, pages 125—132 (December 9, 1897) entitled ‘‘The Construction of 
the Straight Line joining Two Given Points.’’ Euclid’s postulate implies the 
use of a ruler or straight-edge of any required finite length. The postulate is 
clearly not intended to apply to the case in which the distance between the two 
points is infinite. In fact Euclid I. 31 gives a compass and ruler construction 
for the line when one of the points can be reached while the other cannot. The 
other exceptional case when neither point can be reached, 7. e., when two given 
points are the points at infinity on two non-parallel lines, is not dealt with by 
Kuclid. 

In elliptic space any one point can be reached from any other by a finite 
number of finite operations. The line joining two given points can therefore be 
always constructed with the ruler alone. In hyperbolic space, if we deal with 
projective geometry, we must assume that every two straight lines in a plane de- 
termine a point. When the two straight lines are non-intersectors the point can 
neither be a finite point nor a point at inflnity. Such a point is termed 
an ‘‘ideal’’? point. The problem of constructing the straight line joining two 
given points involves therefore three further cases, namely, (IV) that in which 
one of the points 1s a finite point and the other an ideal point; (V) that in which 
one is & point at infinity and the other an ideal point; (VI) that in which both 
points are ideal points. 

It is a’pleasure to signal the appearance, within the past year, of the second 
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volume of the exceedingly valuable work of Dr. Wilhelm Killing, ‘‘Kinfuehrung 
in die Grundlagen der Geometrie,’’ (Paderborn, 1898), 

With Killing’s name will be associated the tremendous difference living 
geometers find between the properties of a finite region of space, and the laws 
which pertain to space as a whole. Of the word direction he says, it can only be 
given a meaning when the whole theory of parallels is already presupposed. 

The pseudo-proof of the parallel postulate still given in current text-books, 
for example by G. C. Edwards in 1895, Killing calls the Thibaut proof, saying 
that it has especial interest because its originator, who was professor of mathe- 
matics at Gottingen with Gauss, published the attempt at a time, 1818, when 
Gauss had already called attention to the failure of attempts to prove this postu- 
late, and declared that we had not progressed beyond where Huclid was two 
thousand years before. | 

But Killing is here in error when he supposes Thibaut the originator of 
this popular pseudo-proof. It was given in 1818 by Playfair in his edition of 
Kuclid, in a Note to I. 29. It was very elegantly shown to be a fallacy 
by Colonel T. Perronet Thompson, of Queen’s College, Cambridge, in a remark- 
able book called ‘‘Geometry without Axioms,’’ of which the third edition 
is dated 1880, a book seemingly unknown in Germany, since Engel and Staeckel 
copy from Riccardi the title (with the mistake ‘‘first books’’ for ‘‘first book’’) 
under the date 1833, which is the date of the fourth edition. 

Killing has won an important place by investigating the question, what 
varieties of connection of space are compatible with the different elemental arcs 
of constant curvature: Riemann, Helmholtz, and Lie consider only a region of 
space, and give analytic expressions for the vicinity of a point. If this region be 
extended, the question is, what kind of connection of space can result. 

Killing shows there are different possibilities, really a series of topologic- 
ally different forms of space with EKuclidean, Lobachévskian, Riemannian geom- 
etry in the bounded, simply connected region. 

The germinal idea is due to Clifford, who, in an unprinted address before 
the Bradford meeting of the British Association (1873), ‘‘Onasurface of zero cur- 
vature and finite extent,’’ and also by a remark in his paper ‘‘Preliminary 
sketch of biquaternions,’’ called attention to a recurrent surface in single elliptic 
space, which has everywhere zero for measure of curvature, yet is nevertheless of 
finite area. | 

Similarly complete universal spaces are found of zero or negative measure 
of curvature, which nevertheless are only of finite extent. Since there is no way 
of proving that the whole of our actual space can be moved in itself in 0 ® ways, 
it may possibly be, after all, one of these new Clifford spaces. Free mobility of 
bodies may only exist while they do not surpass a certain size. Killing devotes 
an interesting section, over seven pages, to Legendre’s definition of the straight 
line as the shortest distance between two points. He emphasizes three principal 
reasons why this is inadmissible. These are, (a) since the possibility of meas- 
urement for all lines is presumed beforehand, which is not allowable; (b) since 
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before the execution of the measurement there must bea measuring standard, but 
this is first given by the straight line; (c) since the existence of a minimum is 
not evident, on the contrary can be demanded only as an assumption. 

The first objection was always conclusive, yet it strengthens every day, 
for our new mathematics knows of lines, real boundaries between two parts of a 
plane, to which the idea of length is inapplicable. 

Under the title ‘‘ Universal Algebra’’ one would scarcely look for a treatise 
on non-Euclidean geometry. Yet the first volume of Whitehead’s admirable 
work (Cambridge, 1898, pages 586) devotes more than 150 pages to an applica- 
tion of Grassmann’s Calculus of Extension to hyperbolic, elliptic, parabolic 
spaces. So devoted is he, that we find him saying: ‘‘Any generalization of our 
space conceptions, which does not at the same time generalize them into the more 
perfect forms of Hyperbolic or Hlliptic Geometry, is of comparatively slight in- 
terest.”> He emphasizes the fact that the three-dimensional space of ordinary 
experience can never be proved parabolic. ‘*The experience of our senses, which 
can never attain to measurements of absolute accuracy, although competent to 
determine that the space-constant of the space of ordinary experience is greater 
than some large value, vet cannot, from the nature of the case, prove that this 
space is absolutely Euclidean.’’ 

From the many important contributions by Whitehead may be singled out 
as especially timely his development of a theorem by Bolyai Janos to which F. 
S. Macauly called special attention in the second of his able articles entitled, 
John Bolyai’s ‘‘Science Absolute of Space’? (The Mathematical Gazette, No. 8, 
July, 1896, pages 25—381; No. 9, October, 1896, pages 49-60). Macauly says, 
page 53, ‘‘Finally follows a theorem (§21), which is undoubtedly the most 
remarkable property of hyperbolic space, that the sum of the angles of any tri- 
angle formed by L-lines on an F-surface is equal to two right angles. On this 
theorem Bolyai remarks (Halsted’s Bolyai, 4th Ed. page 18): ‘From this it is 
evident that Kuclid’s Axiom XI, and all things which are claimed in geometry 
and plane trigonometry hold good absolutely in F, £L-lines being substituted 
in place of straights. Therefore the trigonometric functions are taken here in the 
same sense (are defined here to have the same values) as in 2 (as in Huclidean 
geometry); and the periphery of the circle, of which the L-form radius=r in F, 
is—27r, and likewise the area of circle with radius ¢ (in #)=z7r? (by z under- 
standing half the periphery of circle with radius 1 in Ff, or the known 
3.1415926....)°.” | 

Whitehead in his Universal Algebra, §262, recurs to this important point, 
saying, ‘‘The idea of a space of one type as a locus in space of another type, and 
of dimensions higher by one, is partly due to J. Bolyai, and partly to Beltrami. 
Bolyai points out that the relations between lines formed by great circles on a 
two-dimensional limit-surface are the same as those of straight lines in a HKuclid- 
ean plane of two dimensions. lJeltrami proves by the use of the pseudosphere, 
a hyperbolic space of any number of dimensions can be considered as a locus in 
Euclidean space of higher dimensions. There is an error, popular even among 
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mathematicians misled by a useful technical phraseology, that Euclidean space 
is in a special sense flat, and that this flatness is exemplified by the possibility 
of a Kuclidean space containing surfaces with the properties of hyperbolic and 
elliptic spaces. But the text shows that this relation of hyperbolic to Euclidean 
space can be inverted. Thus no theory of the flatness of Kuclidean space can be 
founded upon it.’’ Whitehead has since followed up his point in a very impor- 
tant and powerful paper in the Proceedings of the London Mathematical Society, 
Vol. XXIX, pages 275—324, March 10, 1898, entitled ‘‘The Geodesic Geometry 
of Surfaces in non-Huclidean Space.’’ He there says, ‘‘The relations between 
the properties of geodesics on surfaces and non-Euclidean geometry, as far as they 
have hitherto been investigated, to my knowledge, are as follows: 

It has been proved by Beltrami that the ‘geodesic geometry’ of surfaces of 
constant curvature in Euclidean space is the same as the geometry of straight 
lines in planes in elliptic or in hyperbolic space, according as the curvature of 
the surface 1s positive or negative. ‘ 

The geometry of great circles on a sphere of radius in elliptic space of 
‘space-constant’ y is the same as the geometry of straight lines in planes in el- 


liptic space of space constant ysin— 


The geometry of great circles on a sphere of radius g in hyperbolic space’ 
of ‘space-constant’ 7 is the same as the geometry of straight lines in planes in el- 


liptic space of space-constant ysinh—. 


The geometry of geodesics (that is, lines of equal distance), on a surface 
of equal distance, o, from a plane in hyperbolic space of space-constant 7, is the 
same as that of straight lines in planes in hyperbolic space of space constant 


or 
cosh— . 
VY 


Finally, the geometry of geodesics (that is, limit-lines), on a limit surface 
in hyperbolic space—which may be conceived either as a sphere of infinite radius 
or as a surface of equal, but infinite, distance from a plane-—is the same as that 
of straight lines in planes in Euclidean space. 

The preceding propositions are due directly, or almost directly, to John 
Bolyai, though, of course, he only directly treats of hyperbolic space. 

From the popularization of Beltrami’s results by Helmholtz, and from the 
unfortunate adoption of the name ‘‘radius of space curvature’’ for 7 (here called 
the space constant), many philosophers, and, it may be suspected from their lan- 
guage, many mathematicians, have been misled into the belief that some peculiar 
property of flatness is to be ascribed to Euclidean space, in that planes of other 
sorts of space can be represented as surfaces in it. This idea is sufficiently re- 
futed, at least as regards hyperbolic space, by Bolyai’s theorem respecting the 
geodesic geometry of limit surfaces. For a Euclidean plane can thereby be rep- 
resented by a surface in hyperbolic space. 

It is the object of this paper to extend and complete Bolyai’s theorem by 
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investigating the properties of the general class of surfaces in any non-Kuclidean 
space, elliptic or hyperbolic, which are such that their geodesic geometry is that 
of straight lines in a Euclidean plane. - 

Such surfaces are proved to be real in elliptic as well as in hyperbolic 
space, and their general equations are found for the case when they are surfaces 
of revolution. 

In hyperbolic space, Bolyai’s limit-surfaces are shown to be a particular 
case of such surfaces of revolution. The surfaces fall into two main types; the 
limit surfaces form a transition case between these types. In ellipticspace there 
is only one type of such a surface of revolution. 

The same principles would enable the problem to be solved of the discov- 
ery, in any kind of space of surfaces with their ‘geodesic’ geometry identical 
with that of planes in any other kind of space.”’ 

So that which Macauly designated as ‘‘undoubtedly the most remark- 
able property of hyperbolic space’’ has been by Whitehead not only generalized 
for hyperbolic space but extended to elliptic space. 

Bolyai Janos seemed fully to realize the weight, the scope, the possi- 
bilities, the meaning of hisdiscovery. He returns to it in §37, where he uses the 
proportionality of similar triangles in Ff to solve an essential problem in 
S (hyperbolic space). Then he adds: ‘‘Hence easily appears (Z-lines being 
given by their extremities alone) also fourth and mean terms of a proportion can 
be found, and all geometric constructions which are made in 2 in plane, in this 
made can be accomplished in Fapart from Axiom XI.’’ Theitalics are Bolyai’s, 
yet I find that they have not been reproduced in my published translation (the 
only one in English), nor in Frischauf’s German, nor in Hoiiel’s French. nor in 
Fr. Schmidt’s Latin text, nor in Sutak’s Magyar. Whitehead’s researches will 
remind us all how great a thing it was to have reached the whole Huclidean sys- 
tem entirely apart from any parallel-postulate. It is a pleasure to be able to 
state that this was also done by Lobachévski. It is explicitly given in his first 
published work ‘‘O nachalah geometri’”’ (1829). ‘‘Noviya nachala geometri’’ 
(1835) devotes to it Chapter YIII. It is also at this point, so striking as pure 
mathematics, that general philosophy finds itself involved. Killing, Klein, and 
in general the German writers, distinctly draw back from any philosophical im- 
plications. The whole matter, however, has been ably opened in ‘‘An Essay on 
the Foundations of Geometry,’’ by Hon. Bertrand A. W. Russell, Fellow 
of Trinity College, Cambridge (1897), who has had the good fortune to be the 
very first to set forth the philosophical importance of von Staudt’s pure projec- 
tive geometry, which in its foundation and dealing with the qualitative properties 
of space involves no reference to quantity. I discussed this point more than 
twenty yeors ago in the Popular Science Monthly, a propos of Spencer’s classifi- 
cation of the Abstract Sciences. 

In a note to the first edition of his classification of the sciences (omitted 
in the second edition) Spencer says, ‘‘I was ignorant of this as a separate divi- 
sion of mathematics, until it was described to me by Mr. Hirst. It was only 
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when seeking to affiliate and define ‘Descriptive Geometry’ that I reached the 
conclusion that there is a negatively-quantitative mathematics as well as a posi- 
tively-quantitative mathematics.’? As explanatory of what he wishes to mean 
by negatively-quantitative we quote from his Table I.: ‘‘Laws of Relations, that 
are Quantitative (Mathematics), Negatively: the terms of the relations being de- 
finitely-related sets of positious in space, and the facts predicated being the ab- 
sence of certain quantities (‘Geometry of Position’).’’ Healso says: ‘In ex- 
planation of the term ‘negatively-quantitative,’ it will be sufficient to instance 
the proposition that certain three lines will meet in a point, as a negatively- 
quantitative proposition, since it asserts the absence of any quantity of space be- 
tween their intersections. Similarly, the assertion that certain three points 
would always fall in’a straight line is ‘negatively quantitative,’ since the concep- 
tion of a straight line implies the negation of any lateral quantity or deviation.”’ 
But Sylvester has said of this very proposition that it “refers solely to position, 
and neither invokes nor involves the idea of quantity or magnitude.”’ 

‘‘Projective Geometry proper,’’ says Russell, ‘‘does not employ the con- 
ception of magnitude.’’ | 

Now it is in metrical properties alone that non-Euclidean and Euclidean 
spaces differ. The distinction between Euclidean and non-Euclidean geometries, 
so important in metrical investigations, disappears in projective geometry proper. 
Therefore projective geometry deals with a wider conception, a conception which 
includes both and neglects the attributes in which they differ. This conception 
Mr. Russell calls ‘‘a form of externality.’’ It follows that the assumptions of 
projective geometry must’ be the simplest expression of the indispensable 
requisites of all geometrical reasoning. 

Any two points uniquely determine a line, the straight. But any two 
points and their straight are, in pure projective geometry, utterly indistinguish- 
able from any other point pair and their straight. It is of the essence of metric 
geometry that two points shall completely determine a spatial quantity, the sect 
(German, strecke). If Mr. Russell had used for this fondamental spatial magni- 
tude this name, or any name but ‘distance,’ his exposition would have gained 
wonderfully in clearness.. It is a misfortune to use the already overworked and 
often misused word ‘distance’ as a confounding and confusing designation for a 
sect itself and also the measures of that sect, whether by superposition, ordinary 
ratio, indeterminate as depending on the choice of a unit; or by projective met- 
rics, indeterminate as depending on the fixing of the two points to be taken as 
constant in the varying cross ratios. 

That Mr. Russell’s chapter, ‘‘A short history of metageometry,’’ contains 
all the stock errors in particularly irritating form, and some others peculiarly 
grotesque, I have pointed out in eaxtenso in Science, Vol. VI., pages 487—491. 
Nevertheless the book is epoch-making. It finds ‘‘that projective geometry, 
which has no reference to quantity, is necessarily true of any form of external- 
ity.”’ ‘In metrical geometry is an empirical element, arising out of the alterna- 
tives of Kuclidean and non-Enuclidean space.” 
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One of the most pleasing aspects of the universal permanent progress in 
all things non-Euclidean is the making accessible of the original masterpieces. 

The marvelous ‘Tentamen’ of Bolyai Farkas, as Appendix to which the 
‘Science Absolute’ of Bolyai Janos appeared, a book so rare that except my own 
two copies, | know of no copy on the western continent, a book which has never 
been translated, a field which has lain fallow for sixty-five years, is now being 
re-issued in sumptuous quarto form by the Hungarian Academy of Sciences. 
The first volume appeared in 1897, edited with sixty-three pages of notes in Latin, 
by Konig and Réthy of Budapest. Professor Réthy, whom I had the pleasure of 
meeting in Kolozsvar, tells me the second volume is in press, and he is working 
on it this summer. 

Bolyai Farkas is the forerunner of Helmholtz, Riemann, Lie, though one 
would scarcely expect it from the poetic exaltation with which he begins 
his great work. ‘‘Lectori salutem! Scarce superficially imbued with the rudi- 
ments of first principles, of my own accord, without any other end, but led by 
internal thirst for truth, seeking its very fount, as yet a beardless youth I laid 
the foundations of this ‘Tentamen.’ 

Only fundamental principles is it proposed here so to present, that Tyros, 
to whom if is not given to cross on light wings the abyss, and, pure spirits, glad 
of no original, to be borne up in airs scarce respirable, may, proceeding with 
firmer step, attain to the heights. 

You may have pronounced this a thankless task, since lofty genius, above 
the windings of the valleys, steps by the Alpine peaks; but truly everywhere are 
present gordian knots needing swords of giants. Nor for these was this written. 

Forsooth I wish the youth by my example warned, lest having attacked 
the labor of six thousand years, alone, they wear away life in seeking now what 
longago was found. Gratefully learn first what predecessors teach, and after fore- 
thought build. Whatever of good comes, is antecedent term of an infinite series.”’ 

His analysis of space starts with the principle of continuity: spatium est 
quantitas, est continuum (page 442). This Euclid had used unconsciously, or at 
least without specific mention; Riemann and Helmholtz consciously. Second 
comes what he calls the axiom of congruence (page 444, §3): ‘‘corpus idem in 
alio quoque loco videnti, quaestio succurrit: num loca ejusdem diversa aequalia 
sint? Intuitus ostendit; aequalia esse.”’ 

Riemann: ‘‘Setzt man voraus, dass die Koerper unabhaengig vam Ort 
existieren, so ist das Kruemmungsmass ueberall constant.’’ See also the second 
hypothesis of Helmholtz. 

Third, any point may be moved into any other; the free mobility of rigid 
bodies. If any point remains at rest any region in which it is may be moved 
about it in innumerable ways, and so that any point other than the one at rest 
may recur. If two points are fixed, motion is still possible in a specific way. 
Three fixed points not costraight prevent all motion (page 446, §5). 

Thus we have the third assumption of Helmholtz, combined with his cele- 
brated principle of Monodromy. 


Bolyai Farkas deduces from these assumptions not only Euclid but the 
non-Kuclidean systems of his son Janos, referring to the approximate measure- 
ments of astronomy as showing that the parallel postulate is not sufficiently in 
error to interfere with practice (page 489). This is just what Riemann and 
Helmholtz afterward did, only by casting off also the assumption of the infinity 
of space they got also as a possibility for the universe an elliptic geometry, the 
existence of a case of which independently of parallels was first proven by Bolyai 
Janos when he proved spherics independent of Kuclid’s assumption. So if 
Sophus Lie had ever seen the ‘Tentamen,’ he might have called his great inves- 
tigation the Bolyai Farkas Space Problem instead of the Riemann-Helmholtz 
Space Problem. 

The first volume of the ‘Tentamen’ as issued by the Hungarian Academy 
does not contain the famous Appendix. But in 1897 Franz Schmidt, that heroic 
figure, ever the bridge between Janos and the world, issued at Budapest the Latin 
text of the Science Absolute, with a biography of Bolyai Jénos in Magyar, and a 
Magyar translation of the text by Sutak Jozsef. 

Strangely enough, though the Appendix had been translated into German, 
French, Italian, English, and even appeared in Japan, yet no Hungarian render- 
ing had ever appeared. It was Franz Schmidt who placed the monument over 
the forgotten grave of Janos, only identified because there still lived a woman 
who had loved him. How in this Magyar edition he rears a second monument. 
The introduction by Sutak is particularly able. 

The Russians have honored themselves by the great Lobachévski Prize ; 
why does not that glorious race, the Magyars, do tardy justice to their own gen- 
ius in a great Bolyai Prize? 

One other noble thing the Hungarian Academy of Science has just 
achieved, the publication in splendid quarto form of the correspondence between 
Gauss and Bolyai Farkas: (Briefwechsel zwischen Carl Friedrich Gauss und 
Wolfgang Bolyai). It was again Kranz Schmidt who, after long endeavors, at 
last obtained this correspondence from the Royal Society of Sciences at GOottin- 
gen, where Bolyai had sent the letters of Gauss at his death. The correspon- 
dence is fitly edited by Schmidt and Staeckei. It gives us a romance of pure 
science. Gauss was the greater mathematician ; Bolyai the nobler soul and truer 
friend. On April 10, 1816, Bolyai wrote to Gauss giving a detailed account of 
his son Janos, then fourteen years old ; and unfolding a plan to send Janos in two 
years to Gottingen, to study under Gauss. He asks if Gauss will take Janos in- 
to his house, of course for the usual remuneration, and what Janos shall study 
meanwhile. Gauss never answered this beautiful and pregnant letter, and never 
wrote again for sixteen years! Had Gauss answered that letter, Gottingen 
might now perhaps have to boast a greater than Gauss, for in sheer genius, in 
magnificent nerve, Bolyai Janos was unsurpassable, as absolute as his sience of 
space. But instead he joined the Austrian army, and the mighty genius which 
should have enriched the transactions of the greatest of learned societies with 
discovery after discovery in accelerating quickness, preyed instead upon itself, 
printing nothing but a brief two dozen pages. 
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Almost to accident the world owes the admirable volumes in which 
Staeckel and Engel contribute such priceless treasures to the non-HKuclidean 
geometry. An Italian Jesuit, P. Manganotti, discovered that one of his order, 
the Italian Jesuit Saccheri, had already in 17338 published a series of theorems 
which the world had been ascribing to Bolyai. Thereupon in 1889 HK. Beltrami 
published in the Atti della Reale Accademia dei Lincet, Serie 4, Vol. V., pages 
441448, a note entitled ‘‘Un Precursore Italiano di Legendre e di Lobatschew- 
ski,’’? giving extracts from Saccheri’s book which abundantly proved the claim of 
Manganottl. 

In the same year, 1889, H. d’Ovidio, in the Torino Atts XXIV, pages 512 
—513, called attention to this note in another entitled ‘‘Cenno sulla Nota del 
prof.’? EK. Beltrami: ‘‘Un Precursore etc.’’, expressing the wish that P. Man- 
ganotti would by a more ample discussion rescue Saccheri’s work from unmerit- 
ed oblivion. Staeckel says the thought then came to him, whether Saccheri’s 
work were not a link in a chain of evolution, the genesis of the non-Kuclidean 
geometry. 

In 1893 at the International Mathematical Congress at Chicago, in the dis- 
cussion which followed my lecture ‘‘Some salient points in the history of non-Ku- 
clidean and hyper-spaces,’’ wherein I gave an account of Saccheri with a descrip- 
tion of his book and extracts from it, Professor Klein, who had never before heard 
of Saccheri, and Professor Study of Marburg, mentioned that there had recently 
been brought to light an old paper of Lambert’s anticipating in points the non- 
Euclidean geometry, and named in connection therewith Dr. Staeckel. I at once 
wrote to him and published in the Bulletin of the New York Mathematical 
Society, Vol., III., pages 79—80, 1893, a note on Lambert’s non-Kuclidean 
geometry, mentioning Staeckel’s purpuse to republish Lambert’s paper in the 
Abhandlungen of the Leipziger Gesellschaft der Wissenschaften. But after this, 
in January, 1894, Staeckel formed the plan to make of Saccheri and Lambert a 
book, and associating with him his friend Friedrich Engel, they gave the world 
in 1895, ‘‘Die Theorie der Parallelinien, eine Urkundensammlung zur Vorge- 
schichte der nichteuklidischen Geometrie.’’ Strengthened by the universal suc- 
cess of this book, they planned two volumes incontinuation. Staeckel takes the 
volume devoted to Bolyai Janos and his father. It is to begin with a more com- 
plete life of the two than has yet appeared, of course from material furnished 
largely by Franz Schmidt. 

Then follows the ‘‘Theoria parallelarum”’ of Bolyai Farkas, interesting as 
proving that in 1804 Gauss was still under the spell of Euclid. 

Then is to follow the Latin text of the immortal Appendix with a German 
translation. Next comes in German translation selections from the ‘‘Tentamen.’ 
The book concludes with the geometric part of ‘‘Kurzer Grundriss,”’ the only one 
of the Bolyai’s works printed originally in German. This volume is nearly pub- 
lished and may be expected in a few weeks. The volume undertaken by Engel 
has just appeared (1899). It is a German translation of Lobachévski’s first pub- 
lished paper (1829) ‘‘On the principles of geometry,’’ and also of his greatest 
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work, ‘‘New elements of geometry, with complete theory of parallels.’’ Only 
from the ‘New Elements’ can any adequate idea be obtained of the height, the 
breadth, the depth of Lobachévski’s achievement in the new universe of his own 
creation. . 

Of equal importance is the fact that Engel’s book gives to the world at last 
a complete, available text-book of non-EKuclidean geometry. There is no other 
to compare with it. 

For the history of non-EKuclidean geometry we have the admirable chap- 
ter X of Loria’s pregnant work ‘‘I] passato ed il presente delle principali teorie 
geometriche.’’ This chapter cites about 80 authors, mostly of writings devoted 
to non-Kuclidean geometry. 

In my own ‘‘Bibliography of hyper-space and non- Euclidean Geometry,”’ 
in the Amertcan Journal of Mathematics (1878), I gave 81 authors and 174 titles. 
This when reprinted in the Collected Works of Lobachévski (Kazan, 1886) gives 
124 authors and 272 titles. . 

Robert Bonola has just given in the Bollettino di Bibliografia e Storia del- 
la Scienze Matematiche (1899) an exceedingly rich and valuable ‘‘Bibliografia sui 
Fondamenti della Geometriain relazione alla Geometria Non-Euclidea,’’ in which 
he gives 358 titles. 

This extraordinary output of human thought has henceforth to be reckon- 
ed with. Hereafter no one may neglect it who attempts to treat of fundamentals 
in geometry or philosophy. 


alustin, Teras, August 14, 1899, 


NOTE ON THE LOXODROMICS OF THE SPHERE. 


By HERMANN EMCH, of the University of Berne, Switzerland. 


1. There is hardly a geometrical problem which from a didactic and prac- 
tical point of view, and as an application of elementary calculus, is more valuable 
than that of the loxodromics of the sphere. In Nos. 6-7 of THe AMERICAN MaTH- 
EMATICAL MontHty (1899), Prof. G. B. M. Zerr proposed the problem to find 
the length of a N. W.-loxodromic of the earth-surface between the equator and 
certain parallels and meridians. This note has been prepared in view of this 
proposition and its value. 

2. Let ¢ be the longitude and wu the co-latitude of a point P on the surface 
of the earth supposed to be spherical and of radius ft (Fig. 1). 

The Cartesian codrdinates x, y,z of ? with regard to the planes of the 90°- 
meridian, the zero-meridian and the equator are, since OP’==r=—RAsinu, 


ago 
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y=fR.sinu.siné 


e—R.sinw.cosé 
z—=R.cosu 


The square of the linear element of the sphere is 


ds*==da*? +dy? +d2?, 
or since 
dz==k* (—sinu.siné.dé+cosu.cose.du), 
dy=f? (sinu.cosé.dée+cosu.sine.du), 
dz=—=Rk*(—sinu.du), 


after some calculations, 


2-2 sin? ul de? aw 

ds? =f? sin uf de ty, beens (2). 

Sag: du ; 5 

Putting sinw =he, @=ky, or kx==logtangu...... (3), ky=e...... (4), 


where & designates any constant, we have 
ds? =f? .h? sin? u(dx? +dy?), 


4 ePhex , Afi? p2kx ; , 
(1p ethene hence 18° aes (dn? +dy* ) Levees (5). 


From (2), sin? w= 

3. Considering « and y as Cartesian codrdinates of a plane (Fig. 2), it is 
seen that the surface of the sphere is mapped upon the plane by means of the 
formulas (2) and(3). The linear element of the Y Y-plane being ds’=1/ da? + dy?, 
it follows that the ratio ds/ds’ of two corresponding elements on the sphere, and 
the plane, 


for infinitely small variations of x is constant, so that the surface of the sphere is 
conformally mapped upon the plane. 

As it is well known this represen- 
tation is called Mercator-projection. For 
constant values for wand e the system of 
parallels, and meridians, arises. 

Parallels if wis constant. 


Meridians if € is constant. 
In the Mercator-projection to the parallels and meridians of the globe cor- 
respond two systems of parallel lines perperdicular to each other. According to 
the conformal projection any two lines on the sphere including a certain angle are 
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projected into two lines including the same angle. Consequently a loxodromic 
line on the sphere, 7. e., a curve which includes constant angles with the meri- 
dians is transformed into a straight line, and conversely to a straight line of the 
Mercator-projection corresponds a loxodromic line on the sphere. 

In order to obtain the equation of the loxodromic line assume the two per- 
pendicular lines as Cartesian axes, which correspond to the equator and the new 
meridian, respectively. 

For the equator, u==t7, so that kv--log tanju-=log tantz=-0, or x=0, 
which represents the Y-axis. For the zero-meridian, ¢=0, hence y==0, so that 
the X-axis corresponds to the zero-meridian. To a straight line y—mz corre- 
sponds the loxodromic line ¢==m.log tangu, or 


tangu—e&™,..... (7). 


This loxodromic passes through the point of intersection of the equator 
and the zero-meridian, and includes an angle @ with the meridian whose trigono- 
metric tangent is m. The equation shows that the curve is winding an infinite 
number of times around the poles. 

4, The projection of the loxodromic line upon the plane of the equator is 
a symmetrical double spiral, whose equation is obtained by substituting the value 
of sinu in the expression r=:FA..sinw. 

Now tangu=e&™, from which 


2e&m h 2R.e&/m 2h 
Teen ence Tem or T= map CE ma) 


siInu== 


From this equation it is seen that the projected curve is symmetrical with 
regard to the zero-meridian. 

5. To find the length of the loxodromic line between the equator and a 
parallel, for which u=b, we have 


y=atana, or y=arm, 


dy==m.da, 


dy = m.— 
J sinw ’ 


; di? da? 
ds?= R? sin?u(— st Mm? ), 
it 


17 yu sin? w 


ds==Rh.4/1+m?.du, and finally, 


t7—b 


4 “37 Pa _ 
s=Rf V 1+im?.du= hh Lees (9). 


This result may be stated in the theorem : 
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The length of a loxodromic whose inclination with the meridians is a, be- 
tween two parallels with the latitudes a and }, is equal to the hypothenuse of a 
right triangle with the difference (b—a) of the latitudes as one side and a as the 
adjacent angle. 

6. If the length of the loxodromic between the equator and the meridian 
has to be found the element ds must be expressed by the variable ¢«. The equa- 
tion of the Mercator-projection of the loxodromic being y—=mz, or on the sphere 
é=mlog tangu, it follows that 


du du dé ; f dle? 
dé=m.—— , or ———_ = ——.,, thus ds? =Rsin?u.(“> +e), or 
SInw siInw m my 


ds? —R®sintuf 1 de® 
\ on? " 


2em 1 2 Em 
; € | +m e 
, 24, — = ——————. 95 
Now sin UG Rem consequently ds=R. m 1p een é, 


€ 2 E/m 
and s=R.{ | im ° dé...... (10). 
0 


m2 [+ @2é/m’ 
The value of this integral is: 
S=Rh.;/1+m?.(are tanee™—t)...... (11). 


The length of the loxodromic line between 2(k —1)z and 2kz, or of the kth 
winding, is 


S,==R.j/1+m? (are tane*** ™—are tane%e—-Dr/m) | 


This value decreases as & increases and vanishes for k=o. For k—1, 2, 
O, veeeee ao, S=S,+8,+8,+...... ad infinitum, and appears as a convergent 
series, as it may easily be verified. 

7. Numerical examples concerning a loxodromic, having an inclination 
with the meridian of 45°. 

Radius of earth-=3956 miles. 

A. Length of loxodromics from equator to parallels 30, 45, 60, 90, in miles, 


Latitude, Length of Loxodromie. 


0 0 
30 2929 
45 4394 
60 5859 


90 8788 


237 


B. Length of loxodromics from equator and zero-meridian to meridians 
90, 180, 270, 360 in miles. 


Longitude. Length of Loxodromic. 


0 0 
90 3247 
180 4152 
270 4344 
360 4384 


The entire length of the loxodromic is S=1/(2)$7.R==8788 miles, which 
is obtained by putting in (9) b=0, or in (11) e==0. This result coincides with 
the one obtained in the first table, where the length of the loxodromic for the lat- 
itude of 90° is also 8788 miles. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


——— 


ARITHMETIC. 


114. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 


Does it pay a $4-carpenter using a dozen four-penny nails per minute, to pick up a 
dropped nail? At this rate, should twenty-penny nails be picked up? 


Solution by B. F. FINKEL, A.M.,M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


The price of four-penny nails, at the present time, is 5 cents per pound. 
Assume that there are 200 nails to the pound, and that it takes the carpenter 10 
seconds to pick up a nail. 

The value of a nail is 53, of a cent, or zy of a cent. 

If we assume that the carpenter gets $4.00 per day, and works 10 hours in 
a day, his wages is 40 cents per hour, or 4’, of a cent per second. 

Hence, 10 seconds, the time required to pick up a nail, is worth } of a cent. 

Hence, since the value of the nail picked up is only 75 of a cent, it does 
not pay the carpenter to pick up the nail, he losing thereby §— 5 or 3’'5 of a cent. 

It would not pay to pick up twenty-penny nails at the same rate. 


115. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics in Decorah Institute, De- 
corah, Ia. 


Where shall a pole 120 feet high be broken so that the top may rest on the ground 40 
feet from the foot ? (Solve by arithmetic. ) 
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I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


A. 40-=base, and 120—sum of altitude and hypothenuse of a right-angled 
triangle. 

(120° + 40%) +120-=1883 and 106%, which are, respectively, two times the 
hypothenuse, and two times the altitude. 

.. Hypothenuse==66# feet, and altitude=-5384 feet. 

.. The pole must be broken 534 feet from its foot. 


B. 40=base and 120—sum of altitude and hypothenuse of a right-angled 
triangle. 

Since one of the sides and the sum of the other two sides are rational, each 
of the sides must be rational. 

Also, prime, integral right triangles are the basis of all composite and frac- 
tional rational right triangles. 

We observe that the base is one-third of the sum of the other two sides. 
This is the case with one right triangle of prime, integral sides, of which the base 
==38, altitude—4, and hypothenuse=—5d. 

40-=-133 times 3. .*. The altitude and hypothenuse of the required right 
triangle are, respectively, 1834, and 1335, or 5383 and 663. 

. The pole must be broken 584 feet from its foot. 


II. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; ELMER SCHUYLER, Annapolis, Md.; P.S. BERG, B. Sc., Larimore, N. D.; H. C. WHITAKER, Ph. D., Pro- 
fessor of Mathematics, Manual Training School, Philadelphia, Pa., and G. B. M. ZERR, A. M., Ph. D., Professor of 
Mathematics and Science, Chester High School, Chester, Pa. 

AB=120 feet, BC—40 feet. Since CD=AD, 2 CAD=DCA. 

Hence (geometrically), construct a right triangle with base 40 and perpen- 
dicular 120, and join AC. At C, make an angle equal to CABS, and this will give 
D, the required point. . ; 

Algebraically: AD=CD=«, BD=y, and we have at once ¢«+y—120 
eee. (1), 7? —y?—=1600......(2). Dividing (2) by (1) we have x—y=133. 

Whence #==663, and y=58}. 


III. Solution by CHARLES CARROLL CROSS, Whaleyville, Va. 


A rule, which can easily be established by geometry for solving such prob- 
lems is as follows: Divide the difference of the squares of the height of the pole 
and the distance on the ground by two times the height, which will give the part 
standing. Thus height—(120? —40*)/2 x 120=-534 feet. 

[Is this an arithmetical solution? C.C.C.] 


116. Proposed by J.O0. MAHONEY, B.E., M. Sc., Professor of. Mathematics and Science, Cooper Training 
School, Carthage, Tex. / 


Two candles are of the same length. The one is consumed uniformly in 4 hours, and 
the other in 5 hours. If the candles are lighted at the same time, when will one be three 
times as long as the other ? 
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Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; G. B. M. ZERR, A. M., Ph. D., Pro- 
fessor of Mathematics and Science, Chester High School, Chester, Pa.; ALOIS F. KOVARIK, Instructor in Mathe- 
matics and Science, Decorah Institute, Decorah, Ia.; D. G4. DORRANCE, Jr., Camden, N. Y.; ELMER SCHUYLER, 
United States Naval Academy, Annapolis, Md., and COOPER D. SCHMITT, A. M., Professor of Mathematics, Uni- 
versity of Tennessee, Knoxville, Tenn. 


Let «=the time in hours. 


Then, at the end of x hours, the unconsumed portions of the candles will 


be — and 2 of their respective lengths. 


dbD—«%  4--% 
5 4 


', c=3,', hours, the time required. 


=. 


CoroLLARy. Puttingaand b=-the respective times of consumption, a>), 


a—x b—x . 
and n=the ratio of unconsumed lengths, we have ——— + , =. 
a ) 
ab(n—1 
<= , GRUBER. 
an—b 


Also solved by W. F. SHAW, Austin, Tex. 


ne 


GEOMETRY. 
116. Proposed by P. S. BERG, A. M , Superintendent of Schools, Larimore, N. D. 


Inseribe by rule and compass a regular heptadecagon. 


I. Solution by B. F. FINKEL, A. M., M. Se., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


The following construction is found on page 95, Vol. IV, of the Analyst. 
This construction is credited to Leybourne’s Mathematical Repository, 1818. 

Let ACB be a semi-circle. Draw the radius 
CO perpendicular to the diameter AB; on OC and OB 
take QO equal to the half, and OD equal to the eighth 
part of the radius; make DE and PF each equal to 
DQ, and HG and FH, respectively, equal to HQ and 
FQ; take OK a mean proportional between Of and 
OQ, and through K draw KM parallel to AB, meeting 
the semi-circle described on OG in M; and draw MN parallel to OC, cutting the 
given circle in N. Then the arc AN is the seventeenth part of the whole circum- 
ference. The above figure is not drawn to scale. 

For a complete and detailed construction see Klein’s Famous Problems in 
Elementary Geometry, translated from the German by Professors Beman and 
Smith, pages 24—41. An analytic solution due to Ampere may be seen in 
Casey’s Elements of Kuclid. See also Tue AMERICAN MATHEMATICAL MonrHty, 
Vol. I, page 876, an “article by Dr. L. EK. Dickson. 
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II. An approximate construction by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, 
Chester High School, Chester, Pa. 


Draw AB-—6} times the radius. Draw AC. On AC lay off seventeen 
equal portions. Let AD, DE, EF, and so on, be the equal portions. Join CB 
and draw DG, EH, FK, etc., parallel to BC. Then AG or GH or HK, etc., are 
sides of the regular heptadecagon required. 

Let a==radius, s==side. 

*, s=2asin4,7—=—.3675a. 
64a=—6 25a. 6,.25a+17=—.3676a. 
This shows that the above method is a very close approximation. 


Prof. Cooper D. Schmitt did not give a construction but gave several references. 


117. Proposed by GUY B. COLLIER, Schenectady, N. Y. 


If (x’, y’) and (#”, y’’) are the extremities of a pair of conjugate diameters 
whose eccentric angles are m’ and gy, show that g’+q@m==90°; given (a’ y')= 
(asecg’, btang’). [From Nichols’ Analytical Geometry. ] 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and B. F. SINE, Principal of Capon Bridge Normal School, Capon Bridge, W. Va. 


Let OQ be the diameter conjugate to OP. Then OQ meets the conjugate 
hyperbola in Q, R. Let OA=a, OB=b. Draw PD, QF perpendicular to OD, 
OF, respectively. Draw DG tangent to the circle with radius OA, FA tangent 
to the circle with radius OB. Draw OG, OH perpendicular to DG, FH, 
respectively. 

Then PD=y', OD=2', OF=y", FQ=2", 2GOD=q', ,HOA=9Q, x= 
asecg’, y’==btang’, x”"=acotg, y""=beosecp. Also v”=(a/b)y’, y"=(b/a)e’. 

*, acot@p=(a/bybtang’, .°. cotp=—tang’. 

O. P==3I- DP. «. Pt+P—=I7. 


II. Solution by WILLIAM HOOVER, A. M., Ph. D., Professsor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


In the last line of the problem, for btang put btang’. 

It is well known that 2’=asecq’, y’==btangy’ represents a point on the hy- 
perbola «?/a?—y?/b?=1. Also, (#", y") is on the conjugate hyperbola, 
a? /a®—y? /b?=—1, requiring that v"==atang, y"=<bsec@. 

But 2"=(a/b)y'=atang’, y"=(b/a)x'=—bsec@. 

', atang’=atang, and bsecg’=bsecy, from either of which g’=@. 

Of a half dozen books on Analytic Geometry, selected somewhat at ran- 
dom, only one explains this matter with a desirable degree of clearness and 
correctness. 


III. Solution by GEORGE R. DEAN, A. M., Professor of Mathematics, University of Missouri, School of 
Mines and Metallurgy, Rolla, Mo. 
Let gm’ be the eccentric angle of x’, y’ with respect to the transverse axis. 
gp’, eccentric angle of x’, y’’ with respect to transverse axis. 


ver 


g’’’, eccentric angle of x”, y” with respect to conjugate axis. 
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Then since the conjugate hyperbola bears the same relation to the conju- 
gate axis that the given hyperbola does to the transverse, we may write 
e’—atang’™’, y'’=bsecg’”. 

But 2” /a=y'/b, y"/b=a' /a. 

Hence x«’=atang’, y"=bsecg’. 

Therefore g’=q’'". But p’+qg'"—90°. 

Then g’+ p"=90°. Q. E. D. 


118. Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jack- 
son, La. 


A picture b feet long hangs on a wall at an inclination 6 to the wall, with its base a 
feet from the floor. How far from the wall should an admirer sit to see it to the best ad- 
vantage, supposing the light to be equally distributed throughout the room. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School,Ches- 
ter, Pa.; COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; WAL- 
TER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass., and J. M. BANDY, A. M., Ph. B., 
Greensboro, N. C. 

Let E be the position of the eye, HK—FA=c, AC=a, CD, the length of 
the picture=—b, FE=x, /LCD=6, /4FED=£, 
LFEO=y, ZCED=N., 

The picture is seen to the best advantage when 
Nis a maximum. 

tanf—tany 
1+tanf tany’ 

CG=bsin#@, DG==beosé, CF=a—c, FH=«— 
bsinf?, DH—a—c+beosf. 


tandA — 


a-—c+beos@ a—e 
————  tany= 


tan P-= : 
p a—bsind ay 


bacos#-+bsin4(a—c) 


*) tan ——_ 
any a” — basinf+(a—c)(a—c+beos4) 


—=maximum. 


Differentiating and collecting terms we get, 
a? +22(a—c)tand—(a—c)? —b(a—c)sec#=0. 
'.e=y/ (a—c)* sec? 6+ b(a—c) sech—(a—c)tané, 


If c=0 and 6=0, x==)/a(a+b) ; if c=0 and 6=90°, w==3b; if c=0, (==0, 
and b==,5;a, v=18a. 


Also solved, with same result, by B. F. SINE, ELMER SCHUYLER, CHARLES C. CROSS, and P. S. 
BERG. 
Walter H. Drane should have received credit for a solution of problem 115 in the last issue. 
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MECHANICS. 
84, Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


Two weights P and Q are fastened by a weightless string that is strung over a single 
movable pulley. Pis greater than Q. The weight of the pulley is2Rk. Find the tension 
of the string, (1) when the friction of the string on the pulley is neglected, (2) when it is 
considered. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


(1) Let S be the force acting upwards on the pulley, 7’ the tension requir- 
ed, x, y as in the figure. The velocity of the pulley is du/dt, the moving force 
2R+2T—S. The equation of motion, therefore, is 


2h d?x 
g at? 


=2R+2T—S...... (1). 


Similarly for weights P and.Q we have 


“g \ de? as )=P-T veeee (2). 
Q/(d®y da )= 9 
Ge qe) PQ... ee. (3) 


Kliminating d?y/dt? between (2) and (8) we get 


d’a  2PQg—T9(P+Q) 
dt? 2PQ 7 


Eliminating d?a/ut? between (1) and (4) we get 


7 PQS 
~ 2PQFRPLE * 


T 


(2) In this case we will regard the pully as perfectly rongh and disregard 
friction on the axle of the pulley. Three other cases are possible, as follows: 
Smooth axle, pulley imperfectly rough; rough axle, pully imperfectly rough ; 
rough axle, pulley perfectly rough, 

Let 7’=tension caused by P, 7”’=tension caused by @, G=angle through 
which the pulley turns, a=radius of pulley, k?==3a?—radius of gyration. 

Then we have 


d?¢  (QR4T'+T"—S)g 
di ORO 


d?y , dx (P—T')g d?y dx  <(T"—Q)g 


qetar= Poor (6). i a= Qt (7). 
2Rk? d2 oo . 
varie —=a(T’—T")..... (8). ab=y ..... (9) 


From (9), ad?6/dt?=d?y/dt?. This in (8), with k?=— 3a’, gives 


d?y  (T'—T"g 


de Root 


HKliminating d?y/dt? and d?2/dt? from (5), (6), (7), and (10), we get 
(3P42R)T' —PT"=PS. QT’ +(2R—3Q)T"=4RQ— QS. 


2PQ(R—S)+PRS 


7 _ 2PQBR—S)+QR(4R—S) 
~~ PBR—4Q) + RAR—3Q) 


oe PY =P BR—40) -ROR—3Q) 


II. Solution by WILLIAM HOOVER, A. M., Ph. D., Professsor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


Let T, T’ be the two tensions in the parts of the string to which P and Q 
are respectively attached, ~=the coefficient of friction between the string and 
pulley, a, k, the radius and radius of gyration, m=—2R/g=—the mass of the pulley, 
é—the angle through which the pulley has rotated in the time ¢ from the begin- 
ning of motion, s—the distance of the ascending weight above the earth at the 
time ¢. 

For the motion of the weights, vertically, 


P ds ( d?s _ t ‘ 
= pd De (2). 


a2 
mk? = 


dt? 


Eliminating d?s/dt® from (1) and (2), PT’+QT=2PQ...... (4), 
Again, from the theory of friction, T7’==Te-""==cT...... (5). 
Substituting in (4), 


(6) and (7) in (8) gives 
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d?@ = 2a(l1—c)PQ 


mk? diz ~~ PLQ cee eee (8). 
Integrating (8), supposing d@/dt=0, when t=0, 
dG 2a(1—c)PQ 
nD —. — 
mk a PLQ t......09). 


If there be no friction, as in (1) of the problem, w=0, c=—1, 


and (9) shows that there would be no rotation of the pulley. 


85. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. 


A circular tube of radius a revolves uniformly about a vertical diameter 
with angular velocity jeg. and a particle is projected from its lowest point with 


such velocity that it can just reach the highest point; prove that the time of de- 


scribing the first quadrant is ta log (7 nt2 + yy n+1). 


I. Solution by the PROPOSER. 
Let af be the arc over which the particle has passed in any time t from 
the beginning of motion, &—reaction of the curve, g=the acceleration of gravity, 


— 
and put (eo 
a 


Resolving vertically and horizontally, 


d?(cos@) d?(sinf) . 
a—a5 9 — Keost Lee (1), a—F ae asind=— ksind Lee (2). 
Kliminating &, 
1? ; ; 
a. — aw? sinfieosh—=— gsin# Denes (8). 
dt? 
Integrating (3), 
d?@ 2g 
== —*cos6—w*® cos? A+C...... , 
Te 4 (O87 @? COs +C, (4) 
di 4g 2g 
— —— = Cg’, = 2 
When 0, ii - C 7 +w?, and (4) becomes 
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dz 2q 2.8 29 
— SU—w 6 — y 2 see eee . 
qe 7 cos0—w* cos? 4 + 7 tu (5) 


dé 


From (5), OT Pcost—uteost 4 2D put beens (6). 
tn — Ww" 2 —— w* 
\ (-Zco88 cos Oe ) 
Let cos6= ay beeen (7), the limit of 6 being O and 37, and of y, 2and — 3. 
/ dy 
From (7), dg ="... 8). 
“) B+y) VU +2y) ) 


Substituting (7) and (8) in (6), and reducing, 


dt 2 


ee yor] 


negative, since ¢ increases as y decreases. 
Integrating between the above limits for y, 


| 
| 


\ (Giang )leeh ((n+2)+y)(n+1). 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let OB=z, BP=r, 2 BOP=0, PO=a,.w=angular velocity, s=aw. The 
equations of motion are 


d?r/dt? —rw?==R(dz/ds), d®2/dt?=g—R(dr/ds), 
but r—asiné, z—acos), ds—=add. 


*, acos0(d?0/dt? )—2aw?sind=—Rsind..... (1). 
asinO(d?0/dt?)+aw2cosd==— Rceosd—g...... (2). 


Eliminating R between (1) and (2), 


a(d?4/dt?)—=aw*sinfcosé—gsing...... (3), 
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Integrating (8), a(d@/dt)?==aw? sin? 6+2gcosh+C, 
Since d6/dt=0 when 6==7, C=2q, also w®=ng/a. 
*, a(d@/dt)? =ngsin? 6+2g9(1-+-cosf). 


oe A f do ; J+ c" sect0d 
a <i == 3. | —_ —— 

go 4/(n+1)? — (1—ncosé)? g9J 0 4/1+4nsin? 46 
; aa fof sec? 46d6 
.. =F — eS — 

9“ 0 yl1ltm+l1)tan? 24 
1 

14— oe 

Let tan3 el atitene 


__ a tan—1)/n+1 4 a 1+sin p tan—-ly/n-+1 
~Jatiy S, seopd p=), | a log (an ), 


t=} [—*% i AO a Ze 
tary og ( VY (n-$2)—/ (+1) )= Jeating ost n ety nth 


4 


III. Solution by GEORGE R, DEAN, A. M., Professor of Mathematics, University of Missouri, School of 
Mines and Metallurgy, Rolla, Mo. 
(1) Lagrange’s equations for a point in space are 


mp" —mp(O'® +sin2 0p"? )—R, 


J 


dt 


m—(p? 7) — mp? Pp sinbcosd==pO, 


m—(p2sin2 0g") =p Osind 
dt 
where p, 8, g are the polar codrdinates, and &, 0, @ are the components of the 
impressed force along and normal to the radius vector. Besides these we have 
the geometrical equations p=a and g’=c. Also R=mgcosf, O=mgsin#. 
Replacing the first and last equations by the geometrical equations and 


eliminating p and g’, we tind 


mS (a2 0’) —ma?c? sindcosdé—mgasiné 
Removing factor ma, multiplying by d@/dt, and integrating, 


cd A\? ; 
a) —ac*sin®? G=—2gcosh+K., 
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When 6=0, d@/dt=0 ; hence K=2g, and we have 


dfi \2 og 
a) =29(1— cos#)+ac? sin? 6, 


Putting ac? =ng, and integrating between limits 67, 647, we find 


a —— 
= Jetje ata ). 


(2) The energy of the particle relative to the tube is 3m a?@’?, This is 
due to two causes, gravity and rotation. Hence 


am a? 6’? —amg(1—cosd)+3m a® ep’? sin? 6, 


which is the same as the first integral second equation of the Lagrangian groups. 


AVERAGE AND PROBABILITY. 


74, Proposed by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


From a point in the circumference of a cireular field a projectile is thrown at random 
with a given velocity which is such that the diameter of the field is equal to the greatest 
range of the projectile. Find the chance of its falling into the field. [From Byerly’s Jn- 
tegral Calculus, page 209. | 


I. Solution by the PROPOSER. 


It is easily seen that if a, the angle of projection, has a value from 47— 
+6 to +7+344¢, the projectile will fall beyond B., 
The unfavorable chance is 


1 ce ee lad 2 54 
ad, eo a d= V2-1). 


1 
35 


Since half of the projectiles will fall on the left of | 
the YZ plane, the favorable chance is 3—(2/7)(j/2—1). 


II, Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let p=angle of projection, OA=2a, 7 AOB=0. 
Range=(v? /2g)sin2g~=—OB=2acos#, when the projectile falls within 
the field. 
The range is greatest when 6=45°, and then according to the conditions 
of the problem v?/2g—2a. 
, Zasin2@—2acosh, or sin2p-=cos§, 
', sing~=4$(1+cos0)? + 3(1—cosd): . 
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Therefore the projectile will fall without the circle, if sing is less than 
$(1+cos6)2 — 3(1—cos@)! ; but will fall within if sing is greater than 3(1-+-cos@) 
+3(1—cos@). 

If all possible directions are equally probable, the chance of the projectile 
falling within the circle is 1—(1—cos@)? = 1—1/2 sin3@. 

Hence the required chance is 


7 d=y/2 sins de 
0 
7 == }—(2/7)(j/2—1). 
fo ae 
0 


III. Solution by GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 


The diameter of the field is v*/g, and the range must not exceed 
(v?/qg)cos@?. The elevation may vary from 0° to 6,, and from 47—6, to $7 for 
each value of ¢, where 6, is determined by sin26,=—cos¢, ¢ the azimuth of the 
projectile measured from the diameter, @ the elevation of the gun, v the velocity 
of projection, and g the intensity of gravity. 

The surface-element of the enveloping hemisphere whose radius is F& or 
v?/g is R®cosbdéd®. 

Using only one-half the field and one-fourth of the sphere the required 
chance is 


S 
| 


ref” J cosdode-+-R* J” Ji, gosta cosbdtdd 


4n—6; 


aR? 


a 


or —S- (1— 7 2isind d)dd, or j=? —1). 


Solved in asimilar manner by L. C. WALKER. Solved with different results by HENRY HEATON, 
and P. H. PHILBRICK. 


75. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 


Find the mean area of all plane rectilineal right triangles having a constant 
perimeter /p. 


I. Solution by G.B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let x and y be the base and altitude, respectively. 
Then «+y+ ]/(e?+y*)==p, the perimeter ..... (1). 


PP 2PY neg — PP 2YY 
— (py) 40 pry - 
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The limits of y are y—O to y=x. When y=z in (1) we get y=p/(2+7/2)=y’. 


im (P= 2 gy, 
Aa ih a ee ae p 
A> 4 —_ 4 (ey +P— p 


fra 
Lear t s5t log (se) |e 


il ape tt Oty 28 (5) | 


7 dy 


2 
a4 | 4— V/2-2-+/2)l0g2 | . 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md., and L. C. WALKER, Associate Professor of Mathe- 
matics, Leland Stanford University, Palo Alto, Cal. 


Denote the base of the right triangle by x, and the perpendicular by y. 
Then the hypotenuse is p—x—y, and from (p—x—y)*==a? +”, we obtain 


Pieper __ P (pa 2n)x 
I= 9(p—a) . .'. The area= t pos 


1 faa fae fa af 


=p? (3—4log2). , 


Notre.—The difference in the results of these two solutions is due to the different limits assumed for 
the variable. It seems that the proper limits to assume for the variable 2 is 0 and 3p, for in this way,and 
in this way only, do we get the totality of triangles according to our assumed law of distribution of the 
triangles. The law of distribution tacitly assumed in both solutions is that the number of triangles is 
proportional to the base of the triangle. Had some other law of distribution been assumed different re- 
sults from either of the above would have been obtained. The problem is stated in the indefinite form 
because the law of distribution is not stated. See Dr. E. H. Moore’s Note on Mean Values, Vol. II, page 
303, of THE AMERICAN MATHEMATICAL MonTHLY. ED. F. 


, and the average area is 


toad 


(2r-+p—— jae 


250 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


120. Proposed by ELMER SCHUYLER, United States Naval Academy, Annapolis, Md. 


How many balls 1 inch in diameter can be put into a cubical box 1 foot in the clear 
each way, putting in the maximum number? [From Greenleaf’s Treatise on A Igebra. | 


121. Proposed by PAUL ROULET, A. M., Professor of Mathematics, Fairmount College, Wichita, Kan. 


Three men, named Adams. Morris, and Stoughton, with their sons, Edward, Nathan, 
and Walter, have each a piece of land in the form of a square. Mr. Adams’ piece is 23 rods 
longer on each side than Nathan’s, and Mr. Stoughton’s piece is 11 rods longer on each 
side than Edward’s. Each father has 63 square rods of land more than his son. Which of 
these persons is father and son, respectively ? 


x*» Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 


ALGEBRA. 


109. Proposed by B.F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


1 1 1 


ely? Gal Waal) find value of « satisfying this equation. 


110. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


T find the annexed problem in a secular newspaper: 

Put down any sum of pounds, shillings and pence under £11, taking care that the 
number of pence is less than the number of pounds. Reverse this sum, putting pounds in 
the place of pence, and subtract from original amount. Again reverse this remainder and 
add. The result in all cases will be £12 18s 1ld, neither more nor less, whatever 
the amount with which we start. 

Will some of the Montnty’s contributors verify and explain or disprove it ? 


y*x Solutions of these problems should be sent to J. M. Colaw not later than Dec. 10. 


et 


GEOMETRY. 


128. Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jack- 
son, La. 


Given F==A”!+(n—1)!.A,.A9...... A», Where A=the determinant 
(A, boCg...ee- hn) and Ay Ag...ee- A» are the minors of the elements of the nth 
column; and ay, Dm, Cm.--+-- etc., (m1, 2, 3...... nm) are the coefficients of 
n given equations containing n—1 variables. Show (1) that n=8, F=the area 


of a triangle, and (2) if n=4, F==the volume of the tetrahedron. 
129. Proposed by WILLIAM HOOVER, A.M., Ph.D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, Ohio. 


Show that at no point of an ellipse will the circle of curvature pass through the cen- 
ter, if the ecentricity be less than $72. 
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130. Proposed by B. F. FINKEL, A. M., M.Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 


If the points z, y, zg divide the strokes c—b, a—c, b—a, in the same ratio 7, and the 
triangles zx, y, z and «, b,c are similar, either r=1 or both triangles are equilateral. [From 
Harkness and Morley’s Introduction to the Theory of Functions, page 26. | 


x*» Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 


CALCULUS. 


99. Proposed by L. C. WALKER, Associate Professor of Mathematics, Leland Stanford Jr. University, Palo 
Alto, Cal. 
The axis of three equal right circular cylinders intersect at right angles. Find the 
volume of the solid common to all. 


100. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 

What is the volume bounded by the surface generated by the circumference of a cir- 
cle whose diameter is the hypotenuse of a right-angled triangle whose base is } and alti- 
tude a, the plane of the circle being perpendicular to the plane of the triangle, the triangle 
and cirele being rigidly connected, and the triangle revolving about its altitude «@ as an 
axis? 


101. Proposed by WILLIAM FRED FLEMMING, Denison, Tex. 


A 24-inch joint of 6-inch stove pipe is compressed at one end to make it fit over an 
elliptical opening in a stove (for the escape of the smoke). The ellipse has a major axis of 
8inches. What reduction is there in the solid contents of the stove pipe, assuming that 
its compressed shape may be generated by a 6-inch circle which passes uniformly from one 
end to the other and perpendicular to the axis of the pipe ? 


x» Solutions of these problems should be sent to J. M. Colaw not later than Dee. 10. 


ee 


MECHANICS. 


99. Proposed by G. B. M. ZERR. A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


In a triangle ABC, base==b, area==A, the principal moments of inertia at 
the centroid are A,m[a?+b?-+c? + 1/(at*+b4+c4—a?b®—a*c?—b?c?)] and the 
principal axes at this point make with the base AC an angle 4 given by 
ACc?— a? )A 


tan24— : 
(a — 02)? — D2 (a? He?) 2! 


100. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A man, riding a bicycle, runs through a puddle of water and a bit of mud is thrown 
from the rear wheel and alights on the crown of his hat. Supposing the wheel 28 inches 
in diameter, that the man’s head is 6 feet above ground, that the saddle is one foot 
in front of the rear wheel, and that the mud left the wheel at a point 80° from highest 
point of wheel, how long will it take a man to ride a mile at this rate ? 


sy Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 
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AVERAGE AND PROBABILITY. 


82. Proposed by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Find the average area of the quadrilateral formed by joining the extremities of two 
chords perpendicular to each other and passing through a point at a distance a from the 
center of a circle radius R. 


83. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


Find the average area of all ellipses whose semi-axis major is a. 


84. Proposed by L. C. WALKER, Associate Professor of Mathematics, Leland Stanford Jr. University, Palo 
Alto, Cal. 


From a point in the circumference of a circle two chords are drawn; find (1) the av- 
erage radius, and (2) the average area of the circle which touches the two chords and the 
given circle. 


x*y Solutions of these problems should be sent to B. F. Finkel not later than Dee. 10. 


EDITORIALS. 


Mr. L. C. Walker has been elected Associate Professor of Mathematics in 
Leland Stanford Jr. University, Palo Alto, Cal. 


Mr. Edwin Haviland, B. Sc., Swathmore College, 1885; A. M., Corneil 
University, 1899, has been appointed Instructor in Mathematics in Swathmore 


College. 


John A. Miller, Professor of Astronomy and Mechanics in the Indiana 
University, received the degree of Doctor of Philosophy at the Summer Convoca- 
tion of the University of Chicago. 


John B. Faught, Associate Professor of Mathematics in Indiana Univer- 
sity, who took a course of mathematics at the University of Pennsylvania last 
year, received the degree of Doctor of Philosophy from that institution at its last 
commencement. 
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BOOKS AND PERIODICALS. 


Colorado College Studies. Vol. VII. Papers read before the Colorado 
College Scientific Society. Pamphlet, 48 pages. 

The contents of this volume are, ‘‘Literature for Children,’’ by Prof. E. S. Parsons; 
‘“Warming Up,” by Dr. E. G. Lancaster; and ‘““Equations of Motion of a Viscous Liquid,” 
by Mr. P. &. Doudna. The last paper has an historical introduction of much value, be- 
ginning with the time of Archimedes and coming down to the time of Stokes and Basset. 
Section I of the paper treats of the Equations of Motion of a Perfect Fluid, and Section II 


of the Equations of Motion of a Viscous Fluid. The paper is to be continued in Vol. VIII. 
BLE. F. 


Plane and Solid Geometry. By William J. Milne, Ph. D., LL. D., Presi- 
dent of New York State Normal College, Albany, New York. 12mo. Half 
Leather, 384 pages. Price, $1.25. Chicago: American Book Co. 

A very commendable feature of this new book is the introduction of each theorem 
by questions so designed as to lead the student to obtain clearly and fully the geometrical 
concepts of theorems before attempting a demonstration. The book contains 1187 original 
exercises, giving the teacher a larger number than usual from which to select for class 
use. The work is one we have no hesitancy in recommending. B. F. F. 


Discourse on the Method of Rightly Conducting the Reason and Seeking the 

Truth in Science. By René Descartes. Translated from the French and Collat- 

ed with the Latin by John Veitch, LL. D., Late Professor of Logic and Rhetoric 

in the University of Glasgow. S8vo. Paper Back, 88 pages. Price, 50 cents. 
Chicago: The Open Court Publishing Co. 

While much of the philosophy of the seventeenth century has been destroyed by the 


relentless investigating powers of the nineteenth century, yet much of what Descartes 
says in his Discourse on Method is as true to-day as when it was written. B. F. F. 


The Teaching of Mathematics in High Schools. By H. 8. Loomis, Ph. D., 
Teacher of Mathematics, West High School, Cleveland, Ohio. Pamphlet, 12 


pages. 

In this paper, which was read before the Ohio State Teachers’ Association, at Put- 
in-Bay, and published in Lducation, Boston, Dr. Loomis has handled his subject admirab- 
ly. This scholarly address is worthy of a careful study, and the general reading of it will 
have a very helpful effect on the teaching of mathematics in our secondary schools. Dr. 
Loomis’s long experience as a teacher of mathematics in public schools and colleges ena- 
bles him to speak authoritatively on the subject. B. EF. F. 


New Plane and Solid Geometry. A text-book for High Schools, Academies, 
Normal Schools, and Colleges. By Wooster Woodruff Beman, Professor of 
Mathematics in the University of Michigan, and David Eugene Smith, Principal 
of the State Normal School at Brockport, New York. 8vo. Half Leather, 382 
pages. Price, $1.25. Boston: Ginn & Co. 

In this new edition the authors have improved very largely on what, to my mind, is 


the best geometry for the use of schools and colleges that has yet appeared. The style of 


type has been changed and the whole appearance of the book greatly improved. Many 
valuable additions in the way of exercises and more complete explanations have been made. 
The work combines modern scholarship with the rigorous logic of the Euclidean system, 
thus happily combining vitality and strength in a way to make Geometry the most at- 
tractive of the elementary branches of knowledge. B. F. F. 
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Llementarg Illustrations of the Differential and Integral Calculus. By 
Augustus De Morgan. New Edition. S8vo. Red Cloth, 144 pages. Price, $1.00 
net. Chicago: The Open Court Publishing Co. 

In bringing out these reprints, The Open Court Publishing Company is dissemina- 
ting among the public at large sound views of science and of an adequate and a correct ap- 
preciation of the methods by which truth generally is reached. The editor, in the editor’s 
preface of this book, says, “‘Of these methods, mathematics, by its simplicity, has always 
formed the type and ideal, and it is nothing less than imperative that its ways of proced- 
ure, both in the discovery of new truth and in the demonstration of the necessity and uni- 
versality of old truth, should be laid at the foundation of every philosophical education. 
The greatest achievements in the history of thought—Plato, Descartes, Kant—are 
associated with the recognition of this principle. Butit is precisely mathematics, and the 
pure sciences generally, from which the general educated public and independent students 
have been debarred, and into which they only rarely attained more than a very meagre 
insight. The reason of this is twofold. In the first place, the ascendent and consecutive 
character of mathematical knowledge renders its results absolutely unsusceptible of pre- 
sentation to persons who are unacquainted with what has gone on before, and so necessi- 
tates on the part of its development a thorough and patient exploration of the field from 
the very beginning, as distinguished from those sciences which may,so to speak, be begun 
at the end, and which are consequently cultivated with greatest zeal. The second reason 
is that, partly through the exigencies of academic instruction, but mainly through 
the martinet traditions of antiquity and the influence of mediaeval logic-mongers, 
the great bulk of the elementary text-books of mathematics have unconsciously assumed 
a very repellant form—something similar to what is termed in the theory of protective 
mimicry in biology the terrifying form. And it is mainly to this formidableness and 
touch-me-not character of exterior, concealing with harmless body, that the undue neglect 
of typical mathematical studies are to be attributed.”’ It is gratifying to note that in this 
country, more attention is given to the study of mathematics. Empty verbosity is giving 
place to careful and accurate thought and expressions, and true students are finding that 
the subject most helpful in cultivating correct habits of thought is mathematics. Mathe- 
maties because of its varied application, in all departments of art and science, has long 
been recognized as absolutely essential to the prosecution of a thorough scientific course. 
But because of the great disciplinary value derived from the study of mathematics, the 
true classical student is more than ever before availing himself of the benefits to be de- 
rived from mathematics by electing it at least through the caleulus. B.F. F. 


The Mathematical Gazette is issued in February, June, and October, and 
is edited by W. A. Greenstreet, M. A., of London. 


The number for June, in addition to the large number of problems and solutions, 
contains a ‘‘Note on the Sphero-Conie,’’ by Frank Morley ; ‘‘On the Expression Motion 
at an Instant,” by 8. A. Saunder; and ‘Prismatic Equations,” by R. F. Davis. B.F. F. 


Annals of Mathematics. A Bi-Monthly Magazine published under the 
Auspices of the University of Virginia. Edited by William H. Echols. Price, 
$2.00 per year, in advance. 


The June (1899) number, which completes the twelfth volume of this journal, and 
which is the last to be published at the University of Virginia, contains the following ar- 
ticles: ‘‘A Theorem in Determinants,’ by Dr. E. O. Lovett; ‘On the Expansion of an 
Arbitrary Funetion in Terms of Laplace’s Functions,” by Prof. W. H. Echols; ‘‘On the 
Relations between Cauchy’s Numbers and Bessel’s Funetions, by Dr. A. Chessin ; ‘On Cir- 
euit Integration Over a Straight Line,’’ by Prof. W. H. Echols; ‘‘Note on the Invariant 
Differential Fquation,’’ by Prof. J. M. Page. The publication of the Annals of Mathemat- 
ics, 80 ably conducted at the University of Virginia, will be continued from Harvard Uni- 
versity. The first number under the new management appears in October. B.F. F. 
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SOME ELEMENTS OF SUBSTITUTION GROUPS. 


By DR. G. A. MILLER, Cornell University. 


INTRODUcTORY NotE. Itis very gratifying to notice that the number of young men who desire to 
study modern mathematics is rapidly increasing. The best way to get a start in this direction is to attend 
some university where there are mathematicians who Keep up with the rapid progress that is being made 


While the summer sessions at the universities bring this method within the reach of a 


in different lines. 
These are frequently discouraged 


large class yet there are many who feel unable to pursue this course. 
by the difficulties which they meet when they attempt to study the available treatises. The effort which 
this Journal is making to remove some of these difficulties seems to me to be very commendable. At the 
request of the editor I shall attempt to state some of the elements of substitution groups in a very simple 
manner, since it appears that I proceeded somewhat too rapidly at certain places in my articles publish- 


ed in this Journal several years ago. 


DEFINITIONS AND NOTATION. 
1. The six possible permutations of the three letters a, 6, c¢ are the 


following : 


cba 


All of these may be obtained from any one of them, by replacing certain 
letters by others: e¢, g. the second is obtained from the first by replacing b by c¢ 
and ¢ by b. This operation is called a substitwtion, and it is denoted by bc; 
hence the substitutions are operations, while the permutations are results. The 
substitutions by means of which the given permutations are obtained from the 
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first are, in order, be, ab, abc, acb, ac. If these substitutions are applied to any 
one of the given six permutations all the others are obtained. It is convenient 
to say that a permutation is obtained from itself by the substitution 1 or identity. 
If we add this substitution tu the preceding set we may say that each of the given 
permutations may be obtained from any one of them by means of one of the fol- 
lowing six substitutions : 


1, abe, acb, ab, ac, be. 


’ ’ 


If we apply a given substitution (s) to a given permutation and then ap- 
ply the same substitution to the resulting permutation we obtain the same result 
as we would have obtained by applying some other substitution to the original 
permutation. This substitution is called the square of the given substitution and 
it is denoted by s?. EF. g. if s=be then s?=1; forif we apply be twice we obtain 
the original permutation ; and if s=abc* then s?=acb. etc. In general, if we ap- 
ply a substitution (s) m times in succession the result is the same as it would 
have been if we had applied a.certain substitution s” a single time. The small- 
est positive value of » that satisfies the relation s"—1 is said to be the order of s. 
Hence we say that three (bc, ab, ac) of the given six substitutions are of order 
two, two (abc, acb) are of order three, while identity may be said to be of order 0. 

If we apply two different substitutions suecessively, we obtain the same 
permutation as we would have obtained by applying some substitution a single 
time. This single substitution which is equivalent to the two substitutions ap- 
plied successively is said to be their product. HE. g. if we first apply ab and then 
ac we obtain the same result as if we had applied abe. Hence we say that ab.ac 
=abe. It may be observed that ac.ab=acb; i. e. the product of two substitu- 
tions need not be independent of their order, or the multiplication of substitu- 
tions is not always commutative. 

Since it is very important that the reader should be able to multiply rap- 
idly and accurately, each of the following produets should be verified by the 
beginner. 


abc.acb=1 acb.abe== ab abe==ae ac.abce==be bc.abe—=ab 
abc.abe=acb acb.acb—-abe ab achb=—be ac.acb—ab be.acb—=ac 
abc.ab=—=be acb.ab—=ac ab.ab=1 ac.ab—=acb bc.ab—abe 
abc.ac-=ab acb.ac-==be ab.ac==abe ac.ac—=]1 bc.ac=acb 
abc. be—=ac acb be=ab ab.be=acb ac.bc=abe — be.bc=1 


When a set of g different substitutions contains all the substitutions which 
may be obtained by multiplying any two of them or by squaring any one of them 


*In performing the operation abc.abc, i. e. in multiplying abc into abe, we may Say: In the first 
substitution ais replaced by b and in the second b is replaced by c, therefore a is replaced by cin the 
product; in the first substitution ec is replaced by a and in the second a is replaced by b, therefore c is re- 
placed by b in the product; in the first substitution 6 is replaced by ec and in the second c is replaced by a, 
therefore b is replaced by a in the product. Since a is the first letter this completes the cycle and the 
given product is acb. It is to be observed that we take the letters in order; e. g. after finding that a is 
replaced by c in the product we next inquired by what c is replaced in the first substitution. 
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the set is called a substitution group of order g. The number of different 
elements or letters that occur in all of the substitutions of the group is said to be 
the degree of the group. Hence the given six substitutions constitute a substitu- 
tion group of order 6 and of degree 8. When a group is contained in a larger 
group it is said to be a subgrowp of the larger group; e. g. the group of order 3 
and degree 3 whose substitutions are 1, abc, acb is a subgroup of the given group 
of order 6. This group of order 6 contains four other subgroups, three of order 
2, and one of order 1. It may be observed that the subgroup, identity, occurs in 
every group. | 

The substitution abc means that a is replaced by b, and then b by c, and 
finally ¢ by a. If we suppose that these three letters are placed in the given 
order on the circumference of a circle at intervals of 120° the given substitution 
is equivalent to a positive rotation of this circle through 120° degrees. Hence 
such a substitution is called a cycle or a circular substitution. It is evident that 
the given notation is not unique, for abe=bca==cab. In general, if a circular 
substitution contains n elements it may be written in » ways. This indefinite- 
ness is generally avoided by beginning with the first letter of the alphabet that 
occurs in the substitution. If this is done the notation becomes unique. 

Any substitution whatever is the operation by means of which we may de- 
rive a particular permutation from a given arrangement of the elements involved 
in the substitution, and every rearrangement of the elements of a given permuta- 
tion leads to a substitution in those elements. Hence we observe that any sub- 
stitution consists either of a single cycle or of a series of cycles such that no two 
of them have a common element: e.g. the permutation abcdefghi is obtained 
from the permutation cabedifgh by means of the substitution abc.de.fghi, the per- 
iods being used to separate the complete cycles. Since the operations indicated 
by the different cycles may be performed independently of each other and in any 
order the given periods may also be interpreted as indicating multiplication. 

According to the given notation any series of letters or elements may be re- 
garded as a substitution provided no letter occurs more than once in the series, and 
these letters are either not separated by any marks or they are divided rnto sets of 
two or more by means of periods. 

Hence there are two methods by means of which we can obtain all the pos- 
sible substitutions that can be formed with a given number (n) of letters. By 
the first method we write down all the possible permutations of these n -letters 
and find the substitutions by means of which we can obtain all the n! permuta- 
tions from any given one of them. By the second method we write down all the 
possible different substitutions that actually involve the n letters, then those that 
involve any combination of n—1, n—2,.... 5, 2o0fthem. The sum of these 
will, of course, be 7! 

The beginner would do well if he would find the twenty-four possible sub- 
stitutions whose degree does not exceed four by means of each of these 
two methods. It may be remarked that there are just (n—1)! circular substitu- 
tions that contain given letters. 
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INTEGRATION BY ELLIPTIC INTEGRALS. 


By GEORGE B. McCLELLAN ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester. Pa. 


We will first expand the general expression 
(1t6? —2ecosp)2em )), 


Let 2cosp=sts—}. .*. (Lte? —2ecosp)—22™ D == (1-6? —es— es ty 80m) 


(168) 22D es ty-tom d= (1 $m es _CmFl 2mt3) pe 
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*, (1te? —2ecos py 2" t*D—3P +P, cosp+P,cos2p+P,cos8p+.... 
+P,cosn@. 
When m=-0, 1, 2, 3, etc., we get 
(1te? —2ecosp)*=3A, +A ,cosp+A ,cos2p+A ,cosgPt..... vee ee see (B). 
0 3 


(1+e? —2ecosp)-?=2B,+B,cosp+Bh,cos2p+B,cosdPt+ ....... eee eevee. (C). 


(1+-e? —2ecosp)?=3C,+C,cosp+C,cos2p+C,cosd@t .....c cece eens (D). 


(1+e? —2ecosp)!=iD,+D,cosp+D,cos2gy+D,cosBp+........... Lene (FE). 


Let sin(@— m)=esin§, then tanéd=sin#/(cosp—e). 


*, cos(d— —p) (1 — FY ecoss 


dp cos(d— p)—ecos? sin@sin p+ cosh(cosp—e) 
db cos(A— @) 7 VY —e?®sin? 6) 


dp __ (cos? Ocosec#+sin#)sing __ sinpcosect 


dd V (i—e?sin? 4) — 4/(1—e® sin? 6) 
(cosp—e)? +sin? p P_ =| 1-+-e? — Zecos@p (1,) 
— Toesin®6 “To esinea 0 
Also 1/(1+e? —2ecosp)=)/ (1—e? sin? 4) — ecos6. 
*, cosp—esin? 0+ cost)/(1—e@sin®@) .... e cce e ee eee eee (2,). 
cos2 p—4e? sin4 6+ 4esin? Ocos6,/(1—e? sin? @)+1—2(1+e?)sin?é . ........ (35) 


cos3 p==4e8 cos$ d+ 12e” sin4 Ocos4,/(1—e2sin? 4) + 12esin® bcos? A(1—e? sin? 4) 
4-4c08* (1 —e?sin? 6)? — 8esin®? d—38cos6,/(1—e?sin? 6) 

cos4p~=1—8e?sint é— 1Gesin® dcos4y/(1—e?sin® 4) — 8cos? #(1 —e2sin? 6) 
+8e4tsin86+382e' sin * Acost)/(1—e? sin? @)+48¢e?sin4 cos? 6(1—e?sin? 9) 
+8cos46(1—e*® sin? 0)? +-82esin? Gcos* G(1—e? sin? @)? 2... ee ee ee ee (5,)- 

cosh p==16e5sin'!9°d+80e!sin §cos4,/(1—e? sin? 7) + 160e% sin § Gcos? 6(.1 —e*? sin? 8) 
+ 160e?sin4cos* 6(1—e2sin? 4)? + 80esin? dcos46(1—e? sin? 4)? 
+16c0s56(1—e? sin? 7)! — 20e?sin® 6— 60e? sin4 Acos4)/(1—e? sin? 4) 
— 60sin? cos? 6(1— e?sin? 4) — 20cos* (1— s? sin? 4)? 


+ 5esin?0+-5cos0,/(1—e*sin?9)........... 
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cos6p=32e6sin'!*0+192e5sin! 9 dcos0,/(1— e? sin? 0) + 480e4sin 8 dcos? 0(1— e?sin* @) 
+640e* sin *0cos? 0(1— e? sin? 0)? + 480e?sin40cos*6(1--e? sin? 0)? 
+192esin? 0cos'0(1—e?sin?0)2 + 32cos60(1—e2sin20)3 — 48¢4sin 80 
— 192e*®sin 6 Acos4, ’(1— e? sin? 7) — 288¢e? sin‘£ Gcos? 6(1— e? sin? @) 
— 192esin® cos? (1 —e? sin? 6)? — 48cos46(1—e* sin? 4)? + 18¢?sin46 
+18cos? O(.1—e? sin? é)+ 36esin? Gcos6,/(1—e*® sin? @)—1 ............ (75). 
Writing (6) in the following form : 
(1+e? -es—es—!)-2==3A,+44,(st+s)“+..... PAs pst) Lee cee (8,). 
Differentiating (8,) we get, 
e(1—s~*)(1+e? —es—-es—!) #=A ,(1—8*) + 24, (8 —87%) 
+3A,(s?—s—4)+...... +nA,(s"1—s- ™+D)+....(9,). 
From (8,) and (9,) we get, 
ze(1—s—*)[A,+A,(sts+A,(s? +8-7)+... ve +An,(s"+s-")+..... ] 
—=(1+4+e? —es—es-h)[ A, (1—s-2) +24 9(s—s-8) 18.4 , (8? — 5-4) 
tee... +7A,(s*l—s-@tD)+ oo ., ]. 
Equating coefficients of s” we get, 


b€(A,—An+2)=—(n+1 1 +e )Anii—el[nA,+(n +2.An+2]. 


4 _ 2(n+1) le" | —  an+i 
Se nte 9n+3 °° ¢ mrt Qn +3 


ye (10,). 


~. When A, and A, 1 are known we can easily find An +2. 
Multiplying (6) by cos@ we get, 


cos@ 


“(1 fe? —2ecosp)t =A ,cosp+ 2A ,(1-+cos2p) + 4A, (cosp+ cos8p)+ ....(11,). 
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J. Vy 1—e?* sin? #dd=E‘e, 37) 


Integrating both sides of (B) and (11,) between the limits 27 and 0, we 
get with the aid of (1,), (2,), (1), (2), the following : 
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wA, =f COs pap ; =4ef __Sin? @dé +f cosfdé 
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AT a 4 
—|  /i—esin®A ap |=“ Fle, ix) —Ele, 4m). 
0 4/1l—e* sin? 6 J, | ral (€, 377) (e, 27) | 


. A, =(4/7e)[Fle, 7)—E(e, $77)]. 


{To be Continued. | 


AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION.” 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


| Continued from October Number. | 


CHAPTER III. 
MULTIPLICATION OF EXTENSIVE QUANTITIES. 


DIFFERENT KINDS OF MULTIPLICATION, 
22. In the multiplication of extensive quantities expressed in terms of 


units, 1t is assumed that the distributive law holds, and that numerical coeffi- 
cients may be treated as in elementary algebra (16). 
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Thus if a=2a,e, and b=2f,e, are two extensive quantities in which @ 
and # are numbers and the e’s are extensive wnits, we may write 


ab=[2a,,. > Bes] = 20,f8 | e,€s| ) 


that is to say, in the result each term of the multiplier is multiplied into every 
term of the multiplicand, and the partial products are added. 

Notice that the law is assumed to hold only when the two factors are sums 
of units. In the theorems which follow it is shown that the same law applies 
when the factors are sums of quantities. 

23. Before going on to the proofs of these theorems, we will illustrate the 
question involved by an example. (See Art. 9). 


Let 
Py =T 110 HT pla tly glg tee eeee 
Pg 10y tleglg $e gegt--- 
Also, let 
— A= 50, 4+ AyPaot....e. 
b==8,9,+Bep.t+ re 


It is to be shown; then, that if p,e,==27,,7os[epes], 
ab=2a,8 s[ Prps]. 

The proof will be based on the definitions laid down and the theorems 
proved in the last chapter. 

Remark.—It should be kept in mind in Articles 24—80 that a, 6, ...... 
denote numbers, the e’s denote extensive units (11), anda, b, ...... denote ex- 
tensive quantities (12). Square brackets are used to indicate that the quantities 
inside are extensive quantities whose product is required. 

94. To show that [2a,e,.b|—=2a,[e,b], 7. e. to show that in multiplying 
Sa,e, by b each term of 2a,e, is multiplied by b. 

Proor.—Let b=2f,e,. Then 


[| 2 a,€>. bJ=[2 ae). = Pes] = 20, f8,[ €,€s | (22) 
—= 2a, [e,es|t 2a, A [esesJt...... (14) 


=a, 26 [6,e:]+ 4 =P [ese] +...... (15) 


=a ,[e;.SBe] +a, ley. DBes]f vc cecececeee veces eeaes (22) 
—=a,[e,.b]+a,[¢,.b]+......==2a,[¢,b]. 
25. To show that [(at+b+...... )\p]=[ap]+[bp]+...... 
[p(atb+...... \]==[pa]+[pb]+...... 
Proor.—Let a= Da,e,, b= ZB ep... .. Then 


[(atb+...... \p |= [C2 a, ¢,+ 2h pept...... pl] =[2 (a, +h... ee. )ep.p]| (14) 


= 2(a,+fPr+...... Ler] oc cece ccc cee eee cece eee eee (24) 
[ply PJ +Z[BpOp Plt occ rece cee cece ee ee eees (14, 24) 
[ap]+[bp]+...... 


26. To show that [(aa)b]==a[ab], and [6(aa)]=al[ba}. 
Proor.—Let a=2a,e,. Then 
[(aa)b]=[(@2a,¢,)b]=[2aapey)D] coe cece ee eee. (15) 
—=2aa,[e,b] (24) =a[2a,e,.b] (16, 24) =a[ab]. 


The other formula is obtained by making b the first factor in the above 


proof. 
27. To show that [(aatfb+..... \p]=alap]+6[bp]+.....- 
and [p(aa+ Bb+...... )J=alpa]+Alpb]+...... 
ProoFr.—|[(watfb+...... \p]=lCaa)p|+[(Pb)p]+ .......... 00. (25) 
<=<afap]+ B[Dp]b ..cecc cece cece ees (26) 


28. We are now in position to show that the distributive law holds when 
the two factors are sums of multiples of extensive quantities as well as when 
they are sums of multiples of units. 


PRooF.—[2@,.0,. 2b] = 2 [Ap ZFdg] cece cece cece cence eens (27) 
=2a,(2f,[a,b.]) (27) =2a,f8,[a,bs] .....660. (16) 


This theorem holds also for any number of factors, as can be shown by 
mathematical induction. 
99. Let us denote a product containing a number of factors, a, b, ...... 
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by Pa, o...... In such a product suppose a factor p equals ga+rb+...... 
where g, 7, ......- are numbers; to show that 
Poa+-rb+ Leeaes —=q.Payr.Po+ Lawes 


Proor.—However the product may be made up, we can always regard p 
as combined with another factor, then this product with other factors in turn. 
In each of the multiplications in which p enters as one factor Art. 27 applies. 


30. To show that Pga, 1, se, 


Proor.—By 29, Paa=q.Pa Then 
Paa, rb, 8C....- =@. Pa, rb, SC ..... —=QLS . 62. Pa, b, C ..... 


It evidently follows that Poa, ra=Pra, gqa- 

31. Different Kinds of Multiplication.—Different kinds of multiplication 
are obtained by laying down different laws for simplifying a distributed product. 

To illustrate :— 


(1) (G16, $0, €y (8,6, Hib.) = 418 6 +17 2616, + G98 C20, +A 8, 6°. 


In ordinary algebra the result is simplified by supposing ¢,¢,—e,e,. The 
result in this way becomes 


A,B OP F(A, By +g /1 ey le + 4/7, €,", 


or, say, m,e,2-+m,¢e,¢,++m,e,”, where the m’s are numerical coefficients. 
(2) Similarly, writing three factors, we get, 


(6, +p eo (7, 4 +B oly )(V 16, EY 2 lg ==M 1 6 Pg €,7 ly +g, Cy” +M46Q 
by supposing, as in ordinary algebra, that 


Here the assumed law of simplification reduces a product which would 
otherwise have eight terms to one of four. 

(8) The law of simplification in quaternions (which is a branch of mathe- 
matics using a certain kind of extensive quantities) may be seen by multiplying 
together two factors of three terms each. 


Thus, (a6, + Aye, +@,€,)(8, C3 +P bg +33 )== 
—(a,/;, +a,3 4 +,/33)+(@,2,— G2, Jes +( a, 2 ,— a3, )e, + (a3/, — [75 )€s, 


by supposing ¢*=ef—ef—=——1, C10 p= 0g, 003-6), and €,€,==€p. 
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02. DEFINITION.—A multiplication is said to be linear when the same laws 
of simplication of the distributed product continue to hold when numerically de- 
rived quantities (10) replace the given units. 

83. To show that there are but four kinds of linear multiplication. 

Let 

(a) 2 Ars| €,€s | —=0 


express a simplification law in the product 24a,3,[¢,e,]. 
Let, now, ¢, be replaced by 2%, e, and e, by 2%sye,. We thus get 


2 Ays| 2 Cyy lr. ZXsyly | =U, 
whence, 2 Uys 2 Cry Xsy[ Cuey| =O, (28), 
OL, VA pslryXsy| Cyly|—=O. (16) 


This equation is symmetrical in 7 and s and w and v and evidently will 
continue to hold true when these letters are interchanged. This gives 


2A gy L gy Lory [ene u| =0. 
Adding the last two equations, we have 


( b) = Lrytsy{ Uns [ex€v| os Asr[ Cyl | } =. 


Equation (6) may also be gotten by multiplying 2ay,.%,u%sy[ xl] by 2 and 
arranging the result with reference to equal coefficients, (2»%sy). This derivation 
shows (6) to be a necessary, and not, as might appear, an arbitrary inference 
from the given equation. 

Now from the nature of the case the coefficients 2,75, must be capable of 
having any values, as would the z’s in Articles 6—9. If we assume that the 
products Lry%sy are arbitrary, then from the theory of equations we have 


2) Ans{ CuCv | + Asr[ Cyn | =O, 


true for all values of r and s and wu and v.* 
If we put w=v in (c) we get 


(d) (Qp3+ Agr) [euew] —0. 


\ 
This equation is satisfied either by assuming (1) a@,,+@,,—=0, ¢. €., @y3= 
— Qs, ; or, by assuming (2), [e,e,]=0. 


*Grassmann’s derivation of (c) does not assume that the products xruasv are arbitrary. The writer 
gave another demonstration which does not assume this before the Mathematical Section of theAmerican 
Association for the Advancement of Science, 1899 meeting. Though somewhat simpler than Grassmann’s 
proof, it would add materially to the length of this article. 
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(1) If a,,—=—a,,, and we make this substitution in (c), there results 


Ars [el | — [ern | }=0. 


In this equation either a,,=0, or [e,¢,]==[e.ev]. If a@.==0, all the coeffi- 
cients reduce to zero, and equation (a) vanishes identically, which is contrary to 
hypothesis. If 


(e) [exo] —_ [ €n€ x | —0, or [ex ey | — [e,€x| ’ 


we have the law for a form of multiplication of extensive quantities which is an- 
alogous to ordinary multiplication in algebra. See Art. 31, (1). 

(2) If we say [e,e,,]==0, it is equivalent to making in equation (a) a,,—1, 
and all the other coefficients equal to 0. Making this substitution in (c), we get 


(f ) [enev] os [er€x | =0, 


which implies [e,é,,]-=0, as may be seen by making w=v in (f). 

We have seen that equations (e) and (f) are necessary conditions in order 
that a multiplication may be linear. That they are sufficient conditions may be 
seen as follows: If we start with 


(a) [epes] + [ese,]==0, 
and substitute as above we get 
(¢) [e,€;] + (ese, ]==0. 


Hence, by definition, (82) (e) and (f) give linear multiplications. 

We have then four kinds of linear multiplication, viz: 

1st. That in which there are no simplifying equations. 

2nd. That in which all the coefficients in (a) are identically 0. 

3d. That whose law of simplification is [e,,e,]—[e,e,]: 

4th. That whose law of simplification is [¢,e,]=— [e,e,]. 

As between (e) and (f), the latter gives the simpler species of multiplica- 
tion. To see this let us take the distributed product in (1) Art. 81. Equation 
(e) reduces the product, as we saw in that Article to three terms. But taking 
(f) as the simplification law, we get a single term, viz., (@,0,—a@, 8, )é,é,. 

84. The Ausdehnungslehre concerns itself very largely with the operation 
of multiplication, especially with what is called combination multiplication. This 
multiplication is based on the law described in the last Article, viz., Cpl s—=— Ep, 
which also implies e, e, =O. 

[To be Continued. ] 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


112. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


The cost of an article is g4 2297 The selling price is $6..4%.2.°. What 


1.003 33337" 
is the gain % ? 


II. Solution by JOHN M. HOWIE, Professor of Mathematics, The Nebraska State Normal, Peru, Neb. 


In the solution of the above in the August-September Monruty by Pro- 
fessors Schmitt and Zerr, the following statements are made: 


——297 11. > ee 1 80901 11. 8201-. 3300 . 3300 — 3830 
297335 —41 : 1.00313 55343 BT 3007 111879 -11137> 11137 
It seems to me the statements are inconsistent. 

800 800 7. 297 £&2711— 11 
If f1137—Tti1s7 then also 297 =.3 8t— 37 B70 
"2 OQT 2997 __1iTf 8300 — 3300 
The latter I think to be correct. 
The following solution seems to me to be correct : 
—. 2997 11-17 ——1_1 301 11_+- 3801-33800 . 3300 —.. 3300. 
297 = 999 ‘38% 87 3 1 00381, 0 300° 87 °° 3007 1118735 ‘11137 T1137: 
297 
3300 —@4%7848_ 1 
$4, 2= $4 7s = $41 44 —cost price. 
1.00% 


' 1000 — 1000 —— 01022 __ 1 1 
$6. -g'g°s'sog — $6 51,029. —$ 2,9.1,92,? —selling price. 


4+4784 8 1901935 _41)1901935 Of —ga} 
777 T1138 = 4053 Se ge 405 8 85882 % gain per cent. 


117. Proposed by MARCUS BAKER, U.S. Coast and Geodetic Survey, 1905 Sixteenth St., Washington,D.C. 


A landed man two daughters had, 
And both were very fair; 

He gave to each a piece of land, 
One round, the other square. 


At twenty shillings an acre, just, 
Each piece its value had; 

The shillings that did compass each, 
For it exactly paid. 
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If ’cross a shilling be an inch, 
(As itis, very near), 

Which had the larger portion, she 
That had the round or square? 


Also, how many acres did each receive ? 
[Does anyone know the history of this problem ?] 
I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and ELMER SCHUYLER, Reading, Pa. 
Let r=radius of circle, x==side of square, both in rods. 
In this solution we regard the shillings on the perimeter of the circle as 
tangent at the extremities of their diameters. 


20 21? : 
mcr 
*, r==8068 rods ; 160 7 184816.87224 acres, 
20x? - 
760 —=4e x 163 X12. 
990 ee . 
. ©==68386 rods ; {G0 7 200905.6 acres, 


II. Solution by D. G. DORRANCE, Jr., Camden, N. Y. 
(1) Let 27h=x—number of inches in circumference of circular parcel, and 
(2) wk? =2/20 acres=3186322 square inches. 


a2 


x > a 
From (1), =>, or Rk ar 
‘ 6 ‘ 2 ORS . 
Fron. (2), R2 31363820 Then — 3136322 
70 4m? 1 


Whence #-=3186382(47)==3941 225.1648 inches in circumference. 
¢/20—=197061.25824, number of acres in circular parcel. 


(1) Let 4y=-x==number of inches around the square. 

(2) Let y? 2/20 acres=31386322 square inches. 

From (1), y==«/4, or y?=2?/16. 

From (2), y?=3818582z2. 

Then «? /16==81386322. 

Whence «==0018112. 2/20—250905.6—=number of acres in square parcel. 


118. Proposed by J. F. TRAVIS, Student in Ohio State University, Columbus, Ohio. 

The present worth of a note due January 1, 1896, was $74,200, when discounted at 4% 
true discount. The present worth of another note, due July 1, 1896, whose face value 
was the same as that of the first note, was $68,900 when discounted at 8% true discount. 
Find the face of the notes and the date when given, supposing the second note to have 
been given the same day the first note was. Solve by arithmetic. 


I Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let F'==face of each note, t=number of years before January 1, 1896, the 
notes were given. 
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Then (1-++.046)(74200)=[(1+.08(t-+ 4) ]( 68900). 
.“. 68900 x .08t==53800(1-+.04t). 

.t==l year. .°. time was January 1, 1895. 
F'==(74200)(1.04)=$77168. 


II. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


Ler «=the number of days the first note had to run, and «+180 the num- 
the second had to run ; regarding 360 days to the year. 
Then we have, since the face of each note was the same, 


Whence, dividing by 100 and transposing, 


5512%+992160 —2968x 


08 36000 


or, 2544%—43(86000) —992160=—915840. 

2-860 days, or date of each note was January Ist, 1895. 

The face value must have been $74200+the discount, which is 4% of 
$74200 or $2968 ; that is $77168. 


119. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. ‘ 


The cost of an article is $1 ~— The selling price is $1,000. What is the 
gain per cent.? 


Solution by C. C. BEBOUT, Professor of Mathematics, High School, Elgin, Ill., and J. M. HOWIE, Professor 
of Mathematics, The Nebraska State Normal School, Peru, Neb. 


I do not think that the solution of Arithmetic problem 112, published in 
the August-September Monrury is correct. My solution of No. 119 will show. 
wherein I differ. C. C. Brsour. 

9 9 , ; 
$1. 781. + $45] = 81. + $9000—$9001, the selling price. 

If the article costs $9001., and sells for $1000, there is no gain, but a loss 
of $8001, which is 88.89-+% of $9001. 

The question seems to be as to the meaning of the decimal point following 
the 1 in the expression La A common fraction can not have place value, 
nor can it give place value as adigitin a number. It is simply added to the 
number to which it is attached and is a fraction of the unit to which it is attached. 
If it stands alone it is a fraction of the understood (or named) unit. We would 
not write 334 for 3854, nor 23. for 25. Also 43—4+3—4.+3—4.3. Every in- 
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teger in our decimal notation is, in theory, followed by a decimal point, and it 
can make no difference in the meaning of the expression whether the decimal 
point is expressed or understood. 4.4 must equal 4.5 and not 4.05, which is the 
equivalent of 4.04. 


9 9 
89 L.oi= loog=! + 09" 


Also solved by COOPER D. SCHMITT, D. A. LEHMAN, ELMER SCHUYLER, and the PROPOSER. 


These contributors agree that the result is 1088°%. To my mind, the solution and discussion of the prob- 
lem as published above are correct. Ep. F. 


— 


ALGEBRA. 


94, Proposed by J. W. YOUNG, Columbus, Ohio. 


Pf wt 414041 78 x(e—1)! 
Solve : | = pt+i4p? att l= p?(p2—1)*" 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let p? (p? —1)4=A, (p*+14p9?+1)2?=B 


Axv& +42Ax>+591Aaxt+2828Axv2 +591 Ax? +42Ax+A 
Bei —4Be4+6Bxr? —4Be? + Be. 


', Av +(42A—B)x'+(591A+4B)x4 +(28284-- 6B) 
+(5914+4B)x2? +(42A—B)x+A=0. 


Af? +(1/0®)] + (424 —B)[x? +(1/22)]+ (5914 +4B)[2+(1/2)] 
+(2898A—6B)=0. 


* Afw-+(1/2y]*+(42A—B)[ 2+ (1/2) ]? +(588.4 +4B)[2+(1/2)] 
+(27444 —4B)=-0. 


Let [a+ (1/x)]=y. 


p2(p? —1)4y3 — (1? +759p8 + 2576p % +7594 + 1)y? 
+4(p'? +189p1° +3p%+3710p%+3p* +189p? +1)y 
—A(p12? —644p1 9 +8335p8 — 12888 + 3335p4— 644p2 +1)==0. 


Let a=p?+1/p*. 


*, (2Q—a)*y3 —(a? + 7564 + 2576)y? +4(a? + 1894? +38332)y 
— 4(a3 —-644a2 + 3332a)=-0. 


(y—a)[(2— a)? y? —4(a? +188a+644)y+4(a? —644a + 3332) ]=0. 
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2(a® +188a-+ 644) + 64)/ (a3 +300? +252a-4392) 


. y=a and y= O—ayp 
Let p+l/p—b. 
—-9(b2 +28b-+68) 2(b? —28b-+68) 
° —h? — = =< 
Yeh 2, b—22 7° 4 (b+2)? 


'. p?x*—(p4+1)e+p?=0 
(b—2) 2a? —2(b? + 28b-+68)2 + (b—2)2=0. 
(b+2)?x? —2(b? ~28b +68)x+ (b-+2)2=0. 


_ (pt +28p* + 10p* +28p +1) + 8p? Tp? + ip typ 


—y2 »— a 


_(p* +28p? + 70p? —28p+1)+8(p? tpl Pe DV P) 
(p+1)4 


II. Solution by ELMER SCHUYLER, Reading, Pa. 
Let p?=t, x? +1l—az, and t?+1=—tv. Then 


a3 (2+14)3 a? (z—2)* _ ( 2+14 )= (5 ). 


t(v+14)? t3(y—2)? ° v+14 v—2 


By inspection, z=v fulfills conditions. 


2 4 
a + = ce which gives =" or 1/p? (two answers). 
Since (2-+14)3— (o+14)% _ @—2)?—(W—2)? 
(vt+14)3 (v—2)? 


we can eliminate, factor z—v, and get a quadratic in z, or a quadro-quadratic in 


«, which equations give 


=| ey], j4—1 
1—O@ ,/p , 


[Quadro-quadratic meaning quadratic equation whose unknown quantity 
is a quadratic. | 


III. Solution by E. D. ROE, Jr., A. M., Ph. D., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 
Put «=z? and divide numerators by z°,.and denominators by p*®. We get: 


(2ttae) ye _b—a/s))4 
p?+i4-+(i/p?)/ ~~ [p—G/p)]# 0 
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We notice that z==p, and 1/p. 
Put z—1/z==y, p—1/p=r, and (1) becomes 


P4168 \? _ | y )' 
( 16) Np FT (2). 
Multiplying out, we have, 


ySr4 +3. 16y4r4+3.162y2r4§ +163 74 —r6y4—3.16rt4y4 —3.162r? y4 — 16% y4=0, or 


ray4(y®—7r?)—3.16?r?y? (y? —r?)-- 163 (y? +7? )(y? —r?)=0, 


or (y?—r?)[r4y4 —162(8r? +16)y? —163r? J=0 ..... (3). 
From this we have y? —r?==0...... (4), 
or r4y4— 16° (8r? +-16)y? —163r?=0...... (5). 


By replacing y, and 7, (4) gives 
22 ~24-(1/2?)=n—2-+(1/2) =p? —24(1/p2), or e+(1/2)=p? +(1/p?), 
whence 7? —|[p?+(1/p?)Ja+1==0, and (a—p?)[a—(1/p?)]=0, 


and w==p?, t=1/p*, as before noticed. 
Solving (5) for y?, we have 


2( A%pr2 , 2 942 4\2 6 
»__2.8 (3r? ++16)+8 VV [4@r? +16) 4 J 4 dye, and x+1/r—= 


q toad neg ct 
Y yt 


__ 2p? —1)*+2.8?[38(p? — 1)? +16p? |p? £8? py/4[3(p? — 1)? + 16p* |p? +(p? —1)° 
7 (p?—1)* 


The expression under the radical sign is found to be the square of 
p’+lop*+15p>+1. Taking the upper sign and dividing out the factor (p+1)* 
from numerator and denominator, 


2(p4+28p3 +70p? +-28p +1) 
(l1—p)* | 


at l/as 
Taking the lower sign.and similarly dividing out the factor (p—1)‘, 


2( 4 -— 28p3 +70p? —28n-+-1) 
(1+-p)* | 


e+l/a= 


It is seen that both these values of «+1/s are contained in the formula, 


(1+ e/p)§+U—¢4,/p)? 
(1—e*p)* 


where € is a fourth root of unity, as only even powers of € and 1/p occur, and 
every even power of €is +1lor—1. For ¢é=-+1, or —1, we get the first value, 
and for €==-+1, or —i, we get the second value of «+1/z, and these are the only 
values which the formula admits. Thus 


rife tev P+ =ay/pys_ Aber/p)§ +e) 


(1—e*p)* (1—ey/p)t ey p)” 
_ (iter py (Frere r\ i 
=( ) + tae p) ae 


1—é |p 


tps 1 Vpt 
if 4 denote Gat) Then as before 
|1—e€ V P 


a? —[A+(1/4)]o+1=(#—4)[e—(1/4)]=0, 


and a=, or «=1//, but when é takes its four values, the group of values repre- 
sented by 4, is the same as the group represented by 1/2, though not correspond- 
ing value by value for the same value of ¢. The values of 2 and 1/4 are the same 
for 1, and —1, —1 and 1, 7 and —7, —i and 1, respectively. 

The six values of x are 


. 1 E yo 4 1—eé va 4 
v—=p*?, w==1/p?, and either raa(p ter), or p(T re) 
1—eé jp 1+é yp 
for the last four values, or other similar expressions containing €, which are 
easily formed. 


GEOMETRY. 


119. Proposed by WILLIAM HOOVER., A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


A sphere touches each of two straight lines which are inclined to each other at a 
right angle but do not meet; show that the locus of its center is an hyperbolic paraboloid. 


I. Solution by F. ANDEREGG, A. M., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


If the common perpendicular to the two given lines be taken as the Z-axis, 
its length represented by 2c, its middle point be taken as origin, a plane parallel 
to the two lines as zy-plane, and the projections of the lines on the xy-plane 
as the XY and Y-axis, respectively, the equations of the lines will be y=-0, z=c, 
and «=O, z—=—c. The square of the distance of the point (2’, y’, 2’), any point 
in the required locus, from the first line is y’?+(c—z’)”, and from the second 
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line «’?-+(c+2’)?. These distances are equal, and we get v?—y*?+4cz—0 as the 
required equation. This is the equation of a hyperbolic paraboloid. 

A more general problem is to find the locus of points equi-distant from 
any two non-intersecting straight lines in space. 

If the axes are taken as above, except that the bisectors of the angles 
turmed by the projections of the given lines on the zy-plane are taken as the X 
and Y-axis, the resulting equation will be 


muy 


Teme TA 
which is also the equation of a hyperbolic paraboloid. 


II. Solution by the PROPOSER. 
With codrdinate axes rectangular, the two given lines may be taken as 


Y=ML, Z=C...... (1), and y==—m, z=—C...... (2), 


Let the sphere be (a—w2’)? + (y—y’')? + (2—2’)? =r? . (3). 
(1) intersects (5) where 

(1+ m?)x? —2(a’ + my')at (a? + yy’? 0? — 22’ +2’? —r?)=0..... (4). 
(1) will then be tangent to (8) if 


(ao + my’)? =(1+ m?)(0'? +y"? +67 — 22’ +2? — 7?) 0... (5). 
Similarly, (2) will be tangent to (3) if 
(c’— my’)? ==(14 m?)(a’*? +y'? +6? + 2e2’ +2"? —7?) 0.0... (6). 
(5)—(6) gives, mx’y’==—c(1+m?2)z’...... (7), the required locus of the 


center (2, y’, 2’) of (8). But (7) is an hyperbolic paraboloid. 


III. Solution by J. W. YOUNG, Graduate Student, Ohio State University, Columbus, Ohio. 
Let the two straight lines be 


The center of a sphere, which touches these two straight lines will always 
be equidistant from them. Hence equating distances, putting (7,, y,, 2;) forthe 
center, we have 


ety 2=(0,—a)? $22. 
Whence the required locus is easily seen to be 
y? —2°=— arta’, 


a hyperbolic paraboloid. 
Excellent solutions were received from G. B. M. ZERR, and J. SCHEFFER. 
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120. Proposed by P, C. CULLEN, Principal of Public Schools, Indianola, Neb. 


Draw a circle tangent to a given circle and tangent to a given chord ata given point. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington. D. C.;G. B. M. ZERR, A. M., Ph. D., 
Professor of Mathematics and Science, Chester High School, Chester, Pa.; and HENRY HEATON, A. M., Atlantic, 
Iowa. 


Let O be the center of the given circle, and P the given point in the given 
chord AB. 

Through P draw EF perpendicular to chord 
AB. Draw the diameter COD parallel to EF. 

Through C and P draw line CH terminating at 
ff in the circumference of the given circle. 

- Draw O# intersecting EF at M. 

Then will M be the center of a circle tangent to 
chord AB at P, and tangent to the given circle at H. 

Proor. The center of a circle tangent to AB at 
P must lie in the perpendicular EF. 

The radii OH and MH are drawn to the point 
of tangency of the two circles. Therefore, the centers O and M and the point of 
tangency H must le in the same straight line. 

There remains to be proved MP=MH. 

By construction, MP is parallel to OC, and OC=OH. Whence ACOH 
and A PMA. are similar. 

.. MP=MH, and M is the center of the required circle, MP and MH be- 
ing radii thereof. 

By a similar construction, we find N the center of a tangent circle on the 
other side of chord AB, the point of tangency being G. 


II. Solution by J. OWEN MAHONEY, B. E., M. Sc., Professor of Mathematics and Science, Cooper Training 
School, Carthage, Tex.; JOHN J. QUINN, Instructor in Mathematics, Rochester Athenaum and Mechanics Insti- 
tute, Rochester, N. Y.; GAYLOR CAMERON, Student Heidelberg University, Tiffin, Ohio; and P. S. BERG, B. Sc., 
Principal of Schools, Larimore, N. D. 


Suppose the problem solved, and let O be the given circle, and EF the cen- 
ter of the required circle, and C the given point. One locus of E is the perpen- 
dicular to AB at C. From C, on this perpendicular, take CD—radius of given 
circle ; then HO=ED. Hence another locus of EF is HE, the perpendicular bi- 
sector of Ok. The intersection of HE and CD determines E. 


III. Solution by the PROPOSER. 
Let AOB be the given circle, AB the chord, and P the given point, C the 
center of given circle. 
At P erect perpendicular, and with CB as radius construct circle MPN 
tangent to AB at P. Draw MN intersecting perpendicular at C, which is center 
of the required circle. 


Excellent solutions were received from J. W. YOUNG, J. SCHEFFER, ELMER SCHUYLER, CHAS. 
C. CROSS; WALTER H. DRANE, ALOIS F. KOVARIK, and P. H. PHILBRICK. 
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121. Proposed by AUGUSTUS J. REEF, Student in Illinois State Normal University, Carbondale, Ill. 


Construct a triangle having given its three medians. [From Wentworth’s Plane and 
Solid Geometry. ] 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; ALOIS F. KOVARIK, Instructor 
in Mathematics, Decorah Institute, Decorah, Ia,; CHAS. C. CROSS, Whaleyville, Va.; and the PROPOSER. 


Hach median intersects the other medians at a common point two-thirds of 
the distance from the vertex to the middle of the opposite side. 

Let AF’, BD, and CE be the three medians of a triangle. 

Trisect each of the medians. 

Take any point O as a center, and with a radius equal to two-thirds of CE, 
the greatest median, describe the semi-circumference 
ACG. 

Draw the diameter HOG. 

With a radius equal to two-thirds of BD, the 
next largest median, and O as a center, intersect 
HOG at B. 

Bisect, respectively, HB at N, BG at M, and 
MN at P. 

Then, with NP, =PM, as a radius and P as a center, draw the indefinite 
arc NIFM. This arc bisects any straight line drawn from point B to outer arc. 

With a radius equal to one-third of median AF and O as a center, inter- 
sect arc NII M at F; and with a radius equal to two-thirds of AF and Oas acen- 
ter, describe the indefinite arc AR. 

Through F and O draw line F’A terminating in are AR. Also draw lines 
BA and AC. 

Then will ABC be the required triangle. 


II. Solution by HENRY HEATON, M. Sc., Atlantic. Ia.; ELMER SCHUYLER, Reading, Pa.: J. D. CRAIG, A. 
B., New Germantown, Pa.; J. SCHEFFER, A. M., Hagerstown, Md.; P. S. BERG, B. Sc., Principal of Schools, Lari- 
more, N. D.; COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; 
GAYLOR CAMERON, Tiffin, 0.; and W. H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


Construct the triangle DEB such that DEH, DB, and EB shall be, respect- 
ively, equal to two-thirds the given medians from the 
angles A, B, and C, of the required triangle. 

Draw EC parallel to BD, and DC parallel to BE, 
meeting in C. 

Prolong ED to A, making DA==ED. Join AB 
and AC. 

Then will ABC be the the required triangle. 

The demonstration is obvious. 


III. Solution by J. W. YOUNG, Columbus, Ohio, and G. B. M. ZERR, A. M., Ph. D., Professor of Mathemat- 
ics and Science, Chester High School, Chester, Pa. 


Construct a parallelogram such that MN, MO, and MBshall be double the 
given medians, 


20% 


Draw the other diagonal NO. Trisect NO in A, C. The triangle ABC is 
the one required, since PB is evidently one of the 
medians given, and the other medians QC and AR are, 
respectively, equal to OB and 2NB. This is clear, 
from the considerations of the similar triangles AOB 
and AQC (AQ=4AB, AC=#A0, ... QC=40B), and 
NCB and ACR (AC==3.NC, RCO—3BC, ... AR=3NB). 


CALCULUS. 


ee 


90. Proposed by ELMER SCHUYLER, Reading, Pa. 


Prove that the evolute of the logarithmic spiral is an equal logarithmic spiral. 
[From Byerly’s Integral Calculus. ] 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; GEORGE LILLEY, Ph. D., L. L. D., Professor of Mathematics. State University, Eugene, Ore.; WAL- 
TER H. DRANE, A. M., Graduate Student, Harvard University, Cambridge, Mass.; and ELMER SCHUYLER, 
Reading, Pa. 


The intrinsic equation to the logarithmic spiral s—-k(c'—1). 
ds/dt=kc'loge, for the evolute o=- +(ds/dt)]*. 

', O=he'loge— klogec=—kloge(c'—t). 

. G==k'(e'—1), an equal spiral. 


II. Solution by J. SCHEFFER. A. M., Hagerstown, Md.; and COOPER D. SCHMITT, A. M., Professor of 
Mathematics, University of Tennessee, Knoxville, Tenn. 


Let P be a point of the given curve ra’ , O the center of curvature, PQ 
a tangent at P, PO=p, SQ=p=the perpendicular from S upon PQ, SP=r, SO 
=r’, SM perpendicular to OP and=p’. 

The pedal equation of the given curve r=a® is r=p,/[1+(oga)?]; we al- 
so have r?—p? +72—2pp, but p==r)//[1+ (loga)?]. 

.. r=rloga, and since p’*? =r? —p?, we have 

ro Toga)? i, rloga y 


PTHdogay? 7 P 7 Tt Edogay?] Pte doga)? 7” 
or, 7 =p')/[1+(Coga)}*?], which is the pedal equation of the evolute and exactly 
like the pedal equation of the logarithmic spiril. 


III. Solution by CHAS. E. MYERS, Canton, Ohio; and P. H. PHILBRICK, M.8., C. E., Chief Engineer for 
Kansas City, Watkins & Gulf Railway Co., Lake Charles, La. 


Let r=—the radius vector of the given curve, p==the perpendicular on the 
tangent, r,;—sthe radius vector of the evolute, p,==the perpendicular on its tan- 
gent, and #==the radius of curvature. 

We have for the curve, r=cp...... (1). 


. dr/dp=c, and R=cr...... (2). 
r?—p?* +p, ..... (3). rP—R?+r?—2Rp...... (4). 
From (1), (2), and (4), we have, 
rc? p?(1+c?)—2c2p? =e? p?(c? —1)...... (5). 
From (8), and (1), 
cp?—p +p, or, p*(c?—1l)=p?...... (6). 
From (5), and (6), 
rP=zc’p?, or, 7, =cp,, 
the equation of a similar and equal logarithmic spiral. 


IV. Solution by J. W. YOUNG, Graduate Student, Ohio State University, Columbus, Ohio. 
The equation to the logarithmic spiral is 


ro=aem?, 
The equation to the normal at the point (r,, 9,) on the spiral is 
rcos[A—(6,-+9)]=r,cos¢@...... (1), 


where @ is the angle between 7, and the tangent, and ¢ is constant, a known 
property of the spiral. 
Expanding the left-hand member of (1), we have 


r{cos#(cos4, cos¢—sind,sing)+sin6(sind, cos¢-+cosé,sind)=r,cos¢. 


‘Dividing through by cos¢?, and remembering that tanéd=constant, which 
can easily be shown to be 1/m, we have 


r{cos#[cos@,—(1/m)sin#,]+sin@[sin#, +(1/m)cos4, |==r;-=aem®. 


The required evolute is the envelope of this line where 6, is the parame- 
ter. Hence, arranging in terms of functions of 6,, we have ' 


r{cosd,|cosé-+(1/m)sin@]+siné, [sind —(1/m)cosé]}=ae™...... (2). 
Differentiating with respect to 0,, 
r{—sind,[cos0-+(1/m)sin?]+cos0, [sind—(1/m)cosé]}==amem:...... (3). 


We must eliminate 0, between (2) and (8). 
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Dividing (2) by (8), we have 


cos@, (mcos#+sin@)-+ sin6,(msinf—cos#) 1 


—sin@,(mcosé+ sin#)+ cosé,(msind—cos#) sm ° 


Reducing, cosé,.cosé=—sin#@, sind, or 
cos@, _—s_ sin, _—_—7/(cos?®4, tsin??;) 5 
sind cosd6— «4, /(sin?6-+cos?6) 
Hence, cosé,=sin@, sinf,=—cos8. 
oe ,=0—%t7n, 


.. The reqtired equation is r==ae™(—27) —q'em?, 
' 


V. Solution by P. S. BERG, B. Sc., Principal of Schools, Larimore, N. D. 


Let P and Q be two points on the curve, C its pole, PB, QB, the normals 
at Pand Q; join CB. Then the angles CPB and CQB are 
equal, and consequently the four points C, P, Q, B, lie on 
a circle. Hence /QCB=/QPB ; but in the limit when P 
and Q are coincident, the angle QPB becomes a right angle 
and B becomes the center of curvature belonging to point 
P ; hence PCB also becomes a right angle, and the point B 
is determined. 

Again, ~CBP=/CQP; but, in the limit, the angle CQP is constant ; 
therefore angle CBP is also constant, and since the line BP is a tangent to the 
evolute at B, it follows that the tangent makes a constant angle with the radius 
vector CB. From this property it follows that the evolute in question is another 
logarithmic spiral. 

Again, as the constant angle is the same for the curve and for its evolute, 
it follows that the latter curve is the same spiral. 


Professors M. C. Stevens and Elmer Schuyler refer to the solution in Williamson’s Differential Cal- 
culus, page 3800. 


MECHANICS. 
NovTE ON PROBLEM 82. 

Professor Zerr, in his solution of this problem, assumed limiting friction 
at all points. Of course there is limiting friction between box and floor. But 
limiting friction does not in general exist at both the other two points; for sup- 
pose it did, then the sphere in its descent will not revolve about its center. 

Hence, taking moments about the center (using his notation) we have 


2W’ 
Ww 
Ww 8cosd--9sind ° 


Whence 6=60°, no matter what the relation between W and W’. Of 
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course W and W’ might be so related that this would be true, butin general they 
are not. To see at which point there is limiting friction, we might proceed as 
follows: Solve on the supposition that limiting friction exists between sphere 
and box, and not between sphere and wall; then solve with the opposite 
assumption ; one of these results will be found smaller than the other, I think it 
is the latter ; we infer then that limiting friction must exist at wall and not at 
box, and hence that the latter result is the correct one. W. H. DRANE. 


88. Proposed by ALOIS F, KOVARIK, Instructor in Mathematics, Decorah Institute, Decorah, Ia. 
Show that the equation to the trajectory is 


gu* 


y = etany’ — ——+—_,— 
J 20> cos? a’ 


and that » and a can be varied at pleasure, the projectile can in general be made 
to traverse any two given points in the same vertical plane with the point of pro- 
jection. [Hx. 83, page 244, Deschanel’s Natural Philosophy, Part I.] 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass.; B. F. SINE, Princi- 
pal of Normal School, Rock Enon Bridge, W. Va.; ELMER SCHUYLER, Reading, Pa.; and the PROPOSER. 


Let v—velocity of projection, w—=angle of elevation, ¢—time, (%, y) the co- 
ordinates of the point in its path at the time ¢. 

‘, ¢==vtcosa—horizontal motion. y-=vtsina— 3gt?—vertical motion. 

Eliminating ¢t, we get at once, 


_ gt 
y= etan a ae costa 
(1) is true no matter what be the values of v and a. 

Let (m, n), (b, c) be the codrdinates of two points. Then from (1) we get 


gm? qb? 
n=—mtana —~+——-—, c= btana——>—_._. 
mo 2v? cos? a@ ’ ZU? COS? a 
a—tan-1( nb?—m*c \ yi g{ (mb? —m?b)? +(nb? —m?c)? | 
mb? —m?b /” 7 2(mb? —m? b)(bn.— 100) 


These values of w and v will cause the trajectory to pass through the two 
given points. 


89. Proposed by GUY B. COLLIER, Schenectady, N. Y. 


Assuming that the Northern Pacific R. R. tracks between Fargo and Bismark(North 
Dakota) to lie on the 47th parallel of latitude; also that the Limited Express weighs 300 
tons, and that a speed of 60 miles per hour is maintained between the two places: find the 
difference between the vertical pressures on the rails of the Express east and the express 
west. 
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I, Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 

Centrifugal force—=-mv?/p,. 

Taking g=82 we have m==18750 for mass of train. 

For 47th parallel of latitude »—=14403840 feet, and v==1048.89 feet per 

second is velocity of a point at that parallel. 

The velocity of the train on the surface of the earth is 88 feet per second. 

.'. 1048.89—88—960.89 feet is velocity in space of train going west. 
1048.89-+88—1186.89 feet is velocity in space of train going east. 

For train going west we have for centrifugal force, 


mv? 18750(960.89)? 


po 14403840 


-=1201.1059 pounds. 


For train going east, 


mv? 18750 (1186.89)? 
; 14408840 1682.19238 pounds 


1682.1925— 1201.1059=481.0864 pounds, amount by which the decrease 
_in weight of train going east exceeds the decrease in weight of train going west. 

If by vertical pressure is meant that towards center of circle of latitude, 
the above is the excess in pressure of train going west over that of train going 
east. 

If the pressure is understood to act towards the center of the earth the dif- 
ference is (481.0864)cos47°=828.6312 pounds. 

If however, the difference in the weight of the two 
trains is required, we must proceed as follows: 

We have assumed the earth to be a_ perfect 
sphere. On account of the motion of the earth the ap- 
parent line of weight is slightly deflected from the verti- 
cal. Let PR be the line of action of apparent weight, 
R==mg at a point P on the earth’s surface. Let G be the 
value gravity would have if the earth were still, and then the force along PO will 
be mG. Let m be the complement of the latitude of P. Resolving along CP and 
perpendicular to it we get 


mv" ; 
——==mGsing--mgecosf...... (1). 
pv 


mgsinf==mGcos@...... (2). 


Kliminating @ from (1) and (2) and solving for G gives 


v*sin@g vt 
= 2 
G v + a 7 p? cos" p. 


Substituting values for the case in hand we find G==82.05209. 
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From (2), 


Goosp _ _82.05209 731 _ agoi9 
, 39 


sind = 


J. G==47° 4’ 15", 
... Difference in apparent weight—481.0864cos(47° 4’ 15”)==327.6583 lbs. 


II Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

This problem depends on the velocities in space of the Express east and 
the Express west. 

In the figure, let P be the point of the train on the 
47th parallel, O the center of the earth, AP the normal at 
P, pg the angle PO makes with the equatorial diameter B’s, 
@ the angle the normal makes with the same line, (@ is the 
latitude of P). 

Let OB=p, OP=r, 300 tons=W, f=centrifugal force 
in the direction AP (vertical direction), g==gravity on 47th parallel, G=gravity 
at equator. a==6377377 meters—=209235386 feet=equatorial radius, e=ellipticity 
of the earth. 

p=rcosm==acosG/)/(1—e? sin’ @). 

Now 6==47°,. e?==.006920928.  .°. p==-4857445.45 meters. 

One day=86400 seconds. 

. 27p/86400=316.8831 meters=1039.37 feet per second, the velocity of 
P due to the earth’s rotation. 

60 miles an hour=88 feet per second. 

1039.87— 88==951.37, the train’s velocity in space going west. 

1039.87+88==1127.37, the train’s velocity in space going east. 

f= We? /goe== We? /grcos@. 

. F==fcosd= Wve? //(1—e*® sin? 0)/ag. 

Now g==G(1+4e?sin?6).*  G==382.2015235 feet. 

.', 9==82.231380991 feet per second. .*. F==.000000444v? tons. 

.', F=.4018399 tons going west. /==.5643076 tons going east. 

.. Difference==.1624657 tons=824.9354 pounds. 


*This expression for the true value of gravity in latitude 6 is new to me. If any reader of the Montu- 
Ly can tell me where to find it used previously, and by whom, I would be greatly pleased to know. I 
believe it to be new and unused before. 


ee 


AVERAGE AND PROBABILITY. 


76. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 
In a given ellipse, the extremities of a focal chord are joined with the center. Find 
the average area of the angle thus formed. 
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Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and Metalurgy, 
Rolla, Mo.; WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass.; J. SCHEFFER, A. M., 
Hagerstown, Md.; and L. C. WALKER, Instructor in Mathematics, Leland Stanford, Jr., University, Palo Alto, 


Cal. 
Let 6=the angle the focal chord makes with the major axis. 
The length, l, of this focal chord 


_ (Ue)? | =e") ) 2a(1—e?) 
1+ecos#' 1+ecos# 1— e®cos?# 


The perpendicular distance from the center to this chord==aesin@. 
*, Area of triangle 


a? e(1—e*)sin# 


A= 
1— e¢?cos?4 


I. When the chords are drawn at equal angular intervals, 


" Adé 
J, 4d __ 2a* e(l1—e? ere) sin@dd a*(1—e*) e (7+), 
oo = log 
vi 0 {— 1— e®sin?d 1 l—e 
f dé 


DEAN, DRANE, SCHEFFER, WALKER. 
II. When the abscissas of the extremity of the chord are drawn at equal 


intervals, 


Adi i Asinfdd 
7 Jo (1—-ecos@)* ' 1 f sin2dd0 
fa fh sina satel — a)" + “(1—ecos)3(1 + ecost) 
(e+cosf)dé 


—=— 3a*(1—e)*(1+e)+2a?(1—e)? ate fa —e® cos? A)® 


| 


a?(1—e) 2a” 
=a (aie —4b(1—e?) +2002 pv i—e? + sin~le ). 
IIT. When the chord varies with the arc, 
( Ads 
a ZERR. 
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77. Proposed by J. OWEN MAHONEY, B.E., M.Sc., Professor of Mathematics and Science, Cooper Training 
School, Carthage, Tex.; and ELMER SCHUYLER, Reading, Pa. 


A and B are two inaccurate mathematicians whose chance of solving a given ques- 
tion correctly is 1/8 and 1/12 respectively ; if they obtain the same result, and if it is 1000 
to 1 against their making the same mistake, find the chance that the result is correct. 
[From Hall and Knight’s Algebra. | 


Solution by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa.; COOPER D. SCHMITT, A. M., Ph. D., Professor of Mathematics, University of Tennessee, Knoxville,Tenn. ; 
and L. C. WALKER, Instructor in Mathematics, Leland Stanford, Jr., University, Palo Alto, Cal. 


The chance that A and B both get the correct result is {x j,=,y. 

The chance that both get the wrong result is { x 1477. 

The chance that they both get the same wrong result is za4oq X$f = 
=rpa8° 

.. The chance that the result is correct : the chance that the result is not 
correct :: 138: 1. 

.. The required chance is 13. 

Also the required chance is (s/5)/(o'¢ t isis) =4i- 


78. Proposed by CHAS. E. MYERS, Canton, 0. 


Two witnesses, A and B, both make the statement that an event happened in a par- 
ticular way (two ways being possible). Find the probability of the truth of the statement. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science. Chester High School, 
Chester, Pa. 


Let », q be the chances that A, B speak the truth, respectively. 
Then the chance of the truth of the statement is 


Pq _ 
pya+U--p)d—-gq | 


Now p==q=3. o. c=4/[ +0 —-U—)] <b. 


MISCELLANEOUS. 


72. Proposed by E. D. ROK. Jr., A. M., Ph. D., Professor of Mathematics, Oberlin College, Oberlin, Ohio. 


If a, b, and ¢ are integers, and 


b, c—b, c~—1 
c—a—l >0O, 
c—a—| 


prove that the sum of the series, 


a.b ala--+-b).b(6+1) n ala+1)(a+2).b0b+1)(b+2) 


Ita + 1.2.e(¢+1) 1.2.3ce+1)(e+2) ot 


is equal to 
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(c—1)! (c—a—b—1)! 
(c—a—1)! (c—b—1)! © 


I. Solution by the PROPOSER. 


1 
Let fox wo-1(1 —w)e 9-1 1 —aw)-“du. 
0 


If O0<a<1, OSwsl, 1—«w)~*== 1+ au al 
¢ COTTE Sus toll. 


and therefore 


1 1 
fraf wd —wye-8-ldy, tn f w(1—u)e-—Idu 
0 0 


1 
4 aor as Jf wd —uyePdu+ beens 


wer. 


= Bib, c—b)+— 9 B(b-+1, c—b)+ ——_— 2? B(b+2, c—b)+...... (1), 


1 
where b(n, n= uml (1 —u)"—"du, is known as the Beta Function or First 
0 


Eulerian Integral. (Cf. Byerly’s Integral Calculus, page 109.) 
. Now we have l. c. page 110, 


Im)L (nr) 


FR V1 rT" = =( —1,— 
Tim+n) ° with J(n+1)=nl (1), where [(n) vu e-“du, 


Bim, 1) 
and is known as the Gamma Function or Second Eulerian Integral. 


We have therefore, 


mi (mE (nr) 
(mtn) (mtn)  m Th 


Bom+l1, n)= Bim, 2). 


If in this formula m=b, n=c—b, we get B(b+1, c—b)=(b/c) Bb, c—b). 


Similarly, 
> __ h\y— b+1 __ b(b+1) 
Bib+2, c—b)= a B(ib+1, c—b)=——— “(e+ 1) Bib, c—b). 
eo . py O+2 ay __b(b +1) +2) 
B(b+3, e—b)= obo —— B(b+2, c—-b)= eLhytepiy ° c—b), 


and by mathematical induction, 
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b(b+1).... 0. +) BD g—by, 


B(b+n, ¢—b)= cle+1)..... (c+n) 


By substituting these values in (1), we get 


te a ad a.b a(a+1).b(b+1) 
sw 111 —w)e—-§-1(] —au)—-*du=B(0, e—b)( l-s-% t79 eh eth a? 


a(a+1)(a+ 2).b6+D)O+2) 


+ 1.2.8 e(¢+1)(e+2) 


Taking the limit of both members of (2) as x1, we have 


1 
| f wr L—nyeabdus= | BO, c—a—b)=B(b, o—b)| 1 + 
5 . 


a(a+1).b(b+1). ala+1)(a+2).b(b+1)(b+2) o 
+9 okt + 123 eehijlerd) 6 | Lee (3), 
a.b. a(a+1).b(6+1) ala+lj(a+2).t b(6+1)(6+2) 
or Li +34 12 eehi) ' 123 eetlet2) 7 | 


_ Bib, e—a—b) 1(b)I(e—a—bjl (ce) — L(e)lXce—a—b) 
—  Bib,c—by — Te—a)l(b)M(e—b) LL (e—a)P(e—b) 


— (e=L)! (e—a—b—1)! 
~ (e—a—1)! (c—b—1)! 


if a, b, and ¢ are integers, and the inequalities stated in the problem are satisfied. 


II Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let one » - let Nelo an ala+1]la+2]b[o+1][b+2] ae 


Lic 1.2.clc+1] ° 1.2.3.c[e+1][e+1] 
Yer ad ala+1]b[b+1] | | ata+1][a+2]b[b+1][b+2] 
de 1, ot l.c{e+1] vy 1.2.cfe+1)][ce+2} wo 


Py EDAD, ONEIDA 6 4 7 


1 [e+1] 1.2.e[¢+1][e+2] 
A? Yer — ata-+-l]blb+ 1) [a+2][6+2] ; 
de c.fe--1] | + 2 fe+2] The | 
‘,a(1—72) oven + f4e—[a+b Cee =AOYup ee eee C1). 
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| 7 afa+1]b[b+1] , , ala+1][a+2] blb+1]lb+2] 
We~1)e be ie Tfe—1]" TO Ty. [e—I]c TT 98 fe—1Je[e+1] ay 


Yea Yie-l)a => 


abs [a+1][6+1] | [a+1]la +2][b-+1] lb +2)... 
ae + Tfetl]) © aa 1.2.[¢-+1][e+2] me. | 


aur CY  & hYer 


1 Merde ~ der Ty ab de e—-1 dx (4). 
If we make 2==unity in (1) we get 
dye aby. a aby. 
dx c—a—b—1 » JoA Se tfe—a—b—1]' 


— [e—1][e-a—b—1]J+ab — [e—a—1][e—b—-1] 
Sven [e—1][e—a—b—1] yo “fe—1][c—a—b b— 1)" 


By symmetry, 


[c—a][c—)] [e—a+1][e—b+1] 
Jes clc—a—b] Jerts Jor [e+ 1][e—a—b bye? ee (9, 4). 


(4) in (38) gives 


[c—a]le—a+1][c—b]fe—b+1] 
Je e+ 1 ][c—a— T[c—a—b]f[c—a—b+1] —b+1) 2 


. [e—a][e—a+1]....[e—a--1+n][e—b][e—b+1]....[e—b—1+4n] 
+ ye c[e+1].. [eT njfe—a— ble 00411. ..[e-a—b—14+n] 


Yetn- 


Let [c—a—i]=s, [c—b—1]=t, to] =u, [c—a—b—l1]=v. Then 


[sti][s+2] ....... [s+n] [t+ masta Lena eee ee [E+] 


1.2.38 ....%7 1.2.8.....%7 


_ Tub fut] Lene [u+n] a Leas [vt] 
1.2.8.. 


ere) 1.2.38 ..... 7) 


Yo+tn 
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[1+ /n)]1+ 2/ny] .. (A+6s/ny] E+ /nyJ+@/n)).- [1+U/a)] 


1.2.38......; g 1.2.38...... t 
nN a SE Ye nN 
[1-+-(1/n)][1 4+ (2/n)].. [1+ (u/n)] [1+ /n)][1+(2/n)] - [1+ (v/n)] r 

1.2.8...... U 1.2.38.... .9 
Let n=, then y¢ n=t+—O_4 alot 1olo+)) ee 


cto’ 1.2[¢e+ x] [e+oo +1] 
. Yern==1. 


_ulv! — [e—1]! [e—a—b—1]! 
vest tl [e—-a—1]! [e—b—1]!" 


afa+1]b[b+1] 


ab 
But y=] Tyrer 1.2.cle+1] 


Therefore. etc. [See Forsyth’s Differential Equations, chapter VI, page - 
185, for treatment of this series. ] 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


112. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
_ Chester, Pa. 


Suppose 10% traction stock is 20% better in the market than 5% mining stock; if 
my income be $500 from each, how much money have I paid for each, the whole invest- 
ment bringing 624%? 

123, Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 

Tf m=2 cents be the interest on ./=100 cents for p=40 days, find the yearly rate per 


cent. 


x" Solutions of these problems should be sent to B. F. Finkel not later than January 10. 


ALGEBRA. 


111. Proposed by ARTEMAS MARTIN, A. M., Ph. D., LL. D., U. S. Coast and Geodetic Survey Office, Wash- 
ington, D.C. 
Solve the equation x(y+z)=a(a+tytz), yatz)=biatyt:z), e+y) 
=clu+tyt2. 
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112. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


In Hall and Knight’s Higher Algebra, I find the following : 
If a+b+c=0, then 


ar+be+te® a? +bo+c3 a®th?+e? at+bt+e™ a’ +be+e® a®+b? +e? 


5 3 2 ( 5 2 
also if a+b+c+d=0, then 
a®+b> +e5t+d5 a3 +b3+c84+d3 a® +b? +c2 4d? 
5 -_ 3 9 


QurRy. Is there a general law governing such expressions? Investigate. 


x* Solutions of these problems should be sent to J. M. Colaw not later than January 10. 


GEOMETRY. 


131. Proposed by J. W. YOUNG. Graduate Student, Ohio State University, Columbus, Ohio. 


Prove that 244+ uww+vw2, where A, uw, v are integers whose sum is +1, rep- 
resents the points of a quilt formed by regular hexagons. w==primitive cube 
root of unity. [From Harkness and Morley’s Introduction to Theory of Functions. | 


132. Proposed by ELMER SCHUYLER, Reading, Pa. 


To draw a circle to cut two given circles orthogonally. 


133. Proposed by P. C. CULLEN, Principal of Public Schools, Indianola, Neb. 
If the two bisectors, trisectors, quadrisectors, ete., of the base angles of a triangle 
are mutually equal, show that the triangle is isosceles. 
134. Proposed by J. C. CREGG, A. M., Superintendent of Schools, Brazil, Ind. 


If ABCD is a quadrilateral circumscribing a circle, show that the line joining the 
middle points of the diagonals AB, CD passes through the center of the circle. 


y*» Solutions of these problems should be sent to B. F. Finkel not later than January 10. 


CALCULUS: 


102. Proposed by G. B. M. ZERR, A.M., Ph.D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
A right cone has its vertex at the focus of a paraboloid of revolution, the axis of the 
cone perpendicular to the axis of the paraboloid. Find the volume common to both. 


108. Proposed by HON. JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


A park, in the shape of an ellipse whose diameters are 100 and 50 rods, respective- 
ly, is surrounded by a wall: one end of a rope, whose length is the circumference of the 
ellipse, is fastened (outside of the wall) at one end of the longer diameter and the other 
end at the otoer end of the same diameter. Over how much surface will a horse graze, 
which is fastened to a ring moving freely on the rope ? 


»*z Solutions of these problems should be sent to J. M. Colaw not later than January 10. 


AVERAGE AND PROBABILITY. 


85. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

Two points are taken at random in a circle and a chord drawn through them; a point 
is then taken at random in each segment. Find the average area of the quadrilateral 
formed by joining the four points. 

86. Proposed by L. C. WALKER, Assistant Professor of Mathematics, Leland Stanford, Jr., University,Palo 
Alto, Cal. 

> ‘Two points are taken at random in a circular annulus formed by two concentric cir- 
cles. Find the chance that the straight line joining the points will not cut the inner var- 
iable circle. , 

97. Proposed by G. B. M. ZERR, A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

Find the mean distance of a random point in a sphere from a point, (1) within, (2) 
without the sphere. 


x*, Solutions of these problems should be sent to B. F. Finkel not later than January 10. 


EDITORIALS. 


Prof. James Pierpont, of Yale University, was elected a member of the 
French Mathematical Society. 


Dr. Artemas Martin, of the United States Coast and Geodetic Survey, at 
Washington, D. C., has recently been elected a member of the Deutsche Mathe- 
matiker- Vereinigung. 


At the recent meeting of the Board of Trustees of the Indiana University, 
Dr. John B. Faught, Instructor in Mathematics, was given the title of Assistant 
Professor of Mathematics. 


Prof. J. H. Tanner, of Cornell University, is writing an elementary alge- 
bra for the ‘‘Cornell Series,’’ and Prof. James McMahon is writing an elementary 
geometry fur the same series. 


We are pleased to state that Dr. Halsted is receiving many congratulatory 
letters from readers of the Monruty who are reading with interest and profit, his 
contributions to the MonruHry in Non- Euclidean Geometry. 


Through the kindness of Dr. Alexander Macfarlane, we have received for 
publication a paper on ‘‘The Theory of Mathematical Inference,’’ by Prof. G. J. 
Stokes, of Queen’s College, Cork, Ireland. This paper will appear in the Janu- 
ary number, Vol. VII, of the Monrury. 


A number of our readers have asked us to send them the July issue. In 
answer we will say, take the cover off the June number and you will then have 
a June-July number. Through error on the part of the printers the statement of 
a double number was omitted on the cover. 
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BOOKS AND PERIODICALS. 


The Use of the Slede Rule. By F. A. Halsey, Associate Editor ‘‘American 
Machinist,’’ Consulting Engineer Rand Drill Co. 16mo. 84 pages. Price, 50 


cents. New York: D. Van Nostrand Co. 
In this little book the author has set forth very clearly the use of theSlede Rule and 
has thus rendered valuable service to the practical computer. B. F. F. 


Grammar School Algebra. By William J. Milne, Ph. D., LL. D., Presi- 
dent of New York State Normal College, Albany, N. Y. 154 pages. Price, 50 
cents. 1899. New York, Cincinnati, and Chicago: American Book Company. 


This book is characterized by the same methods of presentation exemplified in the 
other books of Dr. Milne’s series. It will meet with hearty approval. J.M.C. 


Standard School Algebra. By George E. Atwood. 482 pages. Price, 
$1.20. 1898. New York: The Morse Company. 


This book is designed for use in high schools, and academies, and advanced classes 
in grammar schools. The definitions, demonstration of principles, derivation of rules, 
model solutions, and illustrations, occupy the last half of the book, and the exercises and 
problems in the first half. This arrangement may commend itself to many, but we fail to 
see any real advantage to be gained by reducing the first part of the book to a bare collec- 
tion of exercises and problems. In other respects the book is highly satisfactory. The 
second part is marked by a clearness and conciseness in definitions, careful demonstration 
of principles, and an abundance of illustrations and model solutions. The book satisfac- 
torily meets the requirements of what is best in the science and method of teaching ele- 
mentary algebra at the present time. J.M.C. 

La Mathématique Philosophtie—Enseignement. Par C. A. Laisant, Répéti- 
teur a L’Ecole Polytechnique Docteur és Sciences. Svo. Cloth, 292 pages. Price, 
$1.25. Paris: Georges Carré et C. Naud. 

In this work the author has considered the philosophy and teaching of mathematics 
in a way so as to be of service not only to the student of mathematics, but to teachers as 
well. In No. 4, Vol. V, of the Monrurty, Dr. Alexander Macfarlane contributed some re- 
marks in extenso, from this book. Professor Laisant, in the remarks referred to, says that 
during the last twenty-five years, few countries have made greater progress in mathemat- 
ics than the United States. This remark some of our readers considered a jest on the part 
of the author. But such is not the case. The book is from first to last a most carefully 
and sincerely written work, intended to be of the highest service to students and teachers 
of mathematics. The book is divided into three parts: The first part discusses the philos- 
ophy of Pure Mathematics; the second part discusses the philosophy of Applied Mathe- 
matics ; and the third part treats of the Instruction in Mathematics. The first part con- 
tains eight chapters, the first of which has todo with Mathematics and its subdivisions ; 
the second with Arithmetic and the Theory of Numbers, or Arithmologie; the third, Al- 
gebra ; the fourth, the Infinitesimal Calculus; the fifth, Theory of Functions; the sixth, 
Geometry; the seventh, Analytical Geometry; the eighth, Rational Mechanics. In the 
second part, chapter 1 is devoted to general considerations; chapter 2, to Applications of 
the Caleulus; chapter 38, to Applications of Geometry; chapter 4, to Applications of Me- 
chanics. In the third part, chapter 1 is devoted to a General View on the Teaching of 
Mathematies ; chapter 2, Teaching of Arithmetic; chapter 3, Teaching of Algebra and the 
Advanced Calculus; chapter 4, Teaching of Geometry; chapter 5, teaching of Analytical 
Geometry; chapter 6, Teaching of Mechanics; chapter 7, The Hierarchy of Teaching. 

BL. F. 
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A Short Table of Integrals. Revised Hdition. By Benj. Osgood Peirce, 
Ph. D., Hollis Professor of Mathematics and Natural Philosophy in Harvard 
University. 8vo. Cloth, 134 pages. Price, $1.00. Boston: Ginn & Co. 

This little book in its revised and enlarged form, contains nearly all the integrals 
commonly needed by students of the elements of the integral calculus in American col- 
leges. A number of pages of auxiliary formulas, involving trigonometric, hyperbolic, and 
elliptic functions, and useful in transforming and interpreting integrals, have been added, 
with a few numerical tables in which are given, though in fine type, the four-place logar- 
ithms of natural numbers and of the trigonometric functions, the values of the hyperbolic 


functions, ete. This book will qe found very serviceable to use with any text-book. 
J. M. C. 
The United States Sinking-Fund. By Theodore L. DeLand, Office of the 
Secretary of the Treasury, Washington. 1899. 
We are indebted to Mr. DeLand for a copy of his solution, equation wa+i—ue 
=1r1 (t—ta )-+rue , from advance sheets of Vol. IT., No. 12, of the Mathematical Magazine. 
J. M.C. 
Observational Geometry. By William T. Campbell, A. M., Instructor in 
Mathematics in the Boston Latin School. With an Introduction by Andrew W. 
Phillips, Ph. D., Professor of Mathematics in Yale University. Over 300 Illus- 
trations and Diagrams. 8vo., 240 pages. New York and London: Harper & 
Brothers. 1899. 

The reasoning required in this book depends on direct observation and the measure- 
ment of geometric figures constructed by the pupils themselves. Part I. treats of elemen- 
tary forms, beginning with the cube, and introduces at once the ideas of precision and ac- 
curacy. Part II. takes up geometric forms in a more minute manner, developing the ideas 
of arrangement, order, and symmetry. The matter has been skilfully and clearly presen- 
ted, the illustations are exceedingly helpful, and the book in all its details seems to have 
been carefully and honestly written. As an introduction to the study of geometry for pu- 


pils of the upper grammar grades, it is perhaps the best book that has yet appeared, 
J.M.C, 


The Story of the Philippines and Our New Possessions, Including the Lad- 
rones, Hawaii, Cuba, and Porto Rico. By Murat Halsted. Sold by the Domin- 
ion Co., Chicago, Ill. 

This book is beautifully illustrated with half-tone engravings from photographs, 
etchings from special drawings, etc. The book is nicely bound, and there is a great de- 
mand for it, it being written by one of our ablest journalists. B. F.F. 


The following periodicals have been received: The American Journal of 
Mathematics, October, 1899; The Educational Times, October 1, 1899; Journal 
de Mathématiques Elémentaires, 15 October, 1899; The Monist, October, 1899 ; 
Bulletin of the American Mathematical Society, July, 1899; L’Intermédiaire des 
Mathématiciens, Juillet, 1899; The Kansas University Quarterly, April, 1899; 
The Mathematical Gazette, June, 1899; Mathematisch-naturwissenschaftliche Mit- 
teilungen, Oktober, Herausgegeben von Dr. O. Boklen and Dr. EH. Wolffing, Stut- 


gart, Germany. 
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A Text-Book of Statics, by William Briggs, 23; Hlements of Trigonometry, by 
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of Mathematics, by Augustus De Morgan, 23; Plane and Solid Geometry, by 
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Macfarlane, 52; Calcul de Generalization, by G. Oltramar Doyen, 52; Tables of 
Logarithms to Five Places, by Edwin 8S. Crawley, 95; A Short History of As- 
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School Algebra, by George E. Atwood, 291; La Mathematique Philosophie, by 
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and Thomson, 812; The Fundamental Laws of Electrolytic Conduction, Memoirs 
by Farady, Hittorf, and F. Kohlrausch, 312. 

DIOPHANTINE ANALYSIS (See Solutions and Problems). 

EDITORIALS, 22-28, 51, 94, 128, 158-159, 215-216, 252, 290, 310, 
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Calderhead, J. A., New and Old Proofs of the Pythagorean Theorem. 33-34, 69-71 
Collins, Jos. V., An Elementary Exposition of Grassmann’s ‘‘Ausdehnungs- 


lehre,’”’ or Theory of Extension ...............0ces cues 198-198, 261-266, 297-301 
Crathorne, Arthur R., Some Loci and Their Projections..................5. 293-296 
Emch, Dr. Arnold, Note on the Loxodromic Lines of the Torus............ 136-189 
Emch, Hermann, Note on the Loxodromies of the Sphere .................. 233-237 
Halsted, Dr. George Bruce, Encyklopaedie der Mathematischen Wesien- 

Schaften .. 0... cee eee eee enn e nent eee eee beet ees 7-11 

The Collected Mathematical Papers of Arthur Cayley...............-.... 59-65 

Urkunden zur Geschichte der Nichteuklidischen Geometrie von F. Engel 

und P. Staeckel 1... 0... ne beeen nee beeen eee eee 166-172 

Report on Progress in Non-Euclidean Geometry.......... 0. cess ere eee es 219-233 
Miller, Dr. G. A., On the Simple Groups which can be represented as Sub- 

Stitution GrouPS ...... coe eee ne teen te teen ee nb eee 102-108 

Some Reminiscences in Regard to Sophus Lie .. 11.0.0... 0. cee cece eee ee 191-198 

Some Elements of Substitution Groups ........ 2. eee ee cee 255-257 
Monsanto, J. M., Teorema ......... cee tne tts 31-32 
Roe, Dr. E. D., On Symmetric Functions. .1-6, 25-80, 538-58, 108-107, 129-135, 161-165 
Schmitt, Cooper D., Discussion of Inverse Functions............... 2 seen ee 116-118 
Whitaker, H. C., A Solution of the Oblique Triangle given Two Sides and 

the Included Angle ..... 0.0... ccc eee nent n tenes 301-802 
Yanney, Ben. F., New and Old Proofs of the Pythagorean Theorem. . .33-34, 69-71 
Zerr, G. B. M., Integration of Elliptic Integrals ........ .......... 258-261, 808-806 


MISCELLANEOUS (See Solutions and Problems). 
NOTES. 


Note on Problem 78, Algebra, by Josiah H. Drummond, 14: Note on Problem 
104, Arithmetic, by the Editor, 35; Note on Problem 63, Mechanics, by the 
Editor, 45; Note on Spherical Geometry, by G. B. M. Zerr, 65-69 ; Historical 
Note by Florian Cajori, 72-73; Note on Problem 89, Algebra, by M. C. 
Stevens, 76-77; Note on Problem 89, Algebra, by the Editor, 77; Note on 
Right Triangles, by C. W. Shedd, 92; Note on the Calculation of Interest 
and Discount, by Joseph VY. Collins, 110-111; Note on Problem 63, Mechan- 
ics, by Dr. Arnold Emch, 122; Note on the Loxodromic Lines of the Torus, 
By Dr. Arnold Emch, 136-139; Note on the Loxodromic of the Sphere, by 
Hermann Emch, 233-237; Note on Problem 75, Average and Probability, by 
the Editor, 249; Note on Problem 82, Mechanics, by W. H. Drane, 279-280; 
Note on Problem 117, Arithmetic, by P. H. Philbrick, 307; Note on the Be- 
ginning of the 20th Century, by B. F. Finkel, 307. 


PORTRAITS, P. Chebyshev, facing page 53; B. F. Sine, J. M. Bandy, J. M. Colaw, 


Chas. E. Cross, Benj. F. Yanney, all five in one group, facing page 53; 
Sophus Lie, facing page 97; Dr. Percival Frost, facing page 189. 


PERIODICALS, 24, 160, 188, 218, 254, 292, 312. 
SOLUTIONS AND PROBLEMS. 


ARITHMETIC. 
Amount of $1000, compounded at 6% every instant in 13 years. No. 106.... 73-74 
Barn has a horse tethered to a point. Find area over which horse grazes. 
NO. 107 oo ee nee een ee nen eee eres 108-110 


By measuring with a yard-stick m% too short, my profits are n% of my sales. 
If yard-stick be »% too long, what per cent. are my profits ? No. 110.... 172-178 
By what per cent. of its original dimensions must a linear yard of steel rail 
weighing 60 pounds, be increased to weigh 75 pounds? No. 1ll.......... 173 


Two candles are of the same length. One is consumed in 4 hours, the other 
ind. When will one be 3 times as long asthe other? No. 116....... ... 
Cost of article is a stated price; selling price a stated sum. Find gain. No. 

1 eee eee es 198-199, 
Cost of article a stated sum; selling price, $1000. Find gain per cent. No. 119 
Does it pay a $4-carpenter, using a dozen four-penny nails per minute, to 

pick up adropped nail? No. 114 .......... 0... cee cee eee 
If I should buy goods at a price 20% higher than I did buy them, and sell 
them for the amount I did sell them, I would gain 25% less than I gained. 

What per cent. did I gain? No. 104 ...... cen 
In what time can a note of $5280 at 6% interest be paid by paying $600 a 

year? No. 118 0. ce eee ene eee ene nas 
A man bequeaths to wife, 4, and ? to son, if such be born, but 3 half to each 
wife and daughter if such should be born. A son and daughter are born. 

NO. 108 0. cc eect nent nett teen eens 
Piece of land, one round, the other square, is given to two. Price of acre, 

20 shillings. Number of shillings compassing each pays for each exactly. 

Which is larger portion? No. 117... 0... ce eee - 
Proceeds of a note discounted at 10% for 10 years. No. 108................ 
Teacher looks at watch on leaving school at noon. When he comes back the 

two hands have changed places, Find both times. No. 105...... ....... 
The beginning of the 20th century .. 0.0... ccc eee ens 
The present worth of a note due Jan. 1. 1896, was $74200, ete No. 118 ...... 
Where must a pole 120 feet high be broken off so that top rests on ground 40 
feet from foot? No. 115... cen eeenes 
Why do fences and telegraph poles appear to move in opposite directions to 


one within a railway car? No. 109 2.0... ce eens 
ALGEBRA. 
By quadratics solve «? + y==7, v+y?==11. No. 89...-.----..- 5 13-14, 


Given 7? —yz=1, y?—2z=2, 2?—xy=3. Finda, y,z. No. 93...... 
(Given ge y= 285, y*—x/—=14. NO. OB 2. cc eee eens 
How many different numbers may be written with the nine digits and zero, 
using them singly and in groups of from one to ten digits each, and using 
no figure but once in each group? How many more numbers may be 
written by repeating the digits and zero at pleasure in each group ? No. 96 
Simultaneous equation 10x—2y+4z=5, 3x+5y—382=7, r+dy—22 
—? Solve and prove, NO. QO]... oo ce eee eee e eee eees 
Solve x? +y?+m(aty)=m?, wv +y?+ey=—m?. No. 90.-..--.0--+ ee. 
Solve (=e ee. No, 94 ccceccccecceee veeeeues 
pt+l4p?+1/  p*(p*—1)* a 
Substitute numbers in place of the letters in the following pattern : 
A= / (81% a? b?c?)=B8labe...... b2?-+c¢?, a? +c?, a?+b?; and com- 
pute the areas and sides of the whole nest of integral, rational tri- 
angles. NO, QB. cee e ee eee e ee teenies 
Sum to nterms 13 +83+5'+4+...... NO. QQ... cece eens 
GEOMETRY. 
ABC is a triangle; O,, O,, O; centers of escribed circle. Prove al- 
titudes of triangle O,0,0, concurrent at center of inscribed circle. 
No. 108 26. cc ne ee ne eee Lees 


315 


238-239 


267 
269-270 


237 


34-35 
199 
139-140 
267-268 

12 

35-37 
307 
264-269 


237-238 


140-141 


37 
173-174 
199-201 


809-310 


75-76 
38-40 


270-278 


808-309 
111-118 


11-78 
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A, B, C, D are four harmonic points. On AC a circle is described of which 


Sisa point. Are BSD bisected by A or C. No. 105....... 2.0... ee eee. 14-15 
Construct triangle from its three medians. No. 121............. .. 0... eee, 276-277 
Construct triangle, given base, vertical angle, and radius of inscribed circle. 

NO. 107 0 beeen ene nee e ee eee e ene nes 42-48 
Draw a straight line from the inner to the outer circumference of 3 concen- 

tric circles, so that it is bisected by middle circumference. No. 1138...... 176-177 
Draw circle tangent to a given circle and given chord at given point. No. 120 275 
Given area of triangle equal to half the product of two sides and sine of in- 

cluded angle, prove sin(#-+-y)=sinxcosy+cosasiny. No. 1ll.............. 142-143 
If (a’, y’) and )az’’, y’’) are extremities of pair of conjugate diameters. 

of eccentric angles m and qg’, prove p+qg’=90°. No. 117... .... 240-241 
Inseribe regular heptadecagon by rule and compass. No. 116............. 239-240 
Locus of point such that sum of squares of normals form a given ellipsoid is 

constant is a co-axial ellipsoid. No. 115...... 000. ccc cece eee 202-204 


Picture, b feet long, hangs on wall at given angle to the wall, at given dis- 
tance from the floor. At what distance from the wall can it be seen to 
best advantage ? No. 118... 0... ce cc ene ens 241 
Sphere touches each of two straight lines, inclined to each other at right 
angles, but not meeting. Prove locus of its center being a hyperbolic par- 
aboloid. No. 119 2.0... ccc ete teen beeen eee 278-274 
Tangent planes at A, B, C, Dto a sphere, circumscribing tetrahedron ABCD, 
form a tetrahedron abcd. Prove Aa, Bb, Cc,-Dd meet in point BC.AD= 
CA.BD+AB.CD. No. 112... cece e nee 175-176 
Three face angles of vertical triedral angle of tetrahedron are right 
angles, the length of lateral edges=a, b, c, altitude—p. Prove 
1/p?=-1/a?+1/b?+1/ce?. No. 110-.---6. 66. we cee ee eee 141-142 


Two circles, drawn tangent to each other externally, and internally to a 

given circle. Successively other circles are drawn tangent. Prove certain 

centers to be collinear. No. 109........ 00... ec ee ec eee 118-115 
Upon sides of triangle ABC equilateral triangles are described whose exter- 

ior sides are produced until they intersect. Prove parallelism. No. 106.. 41-42 
Variable ellipse hyperosculate a fixed ellipse at extremity of minor axes. 

Locus of foci is circle whose diameter equals radius of curvature. No. 114 201-202 


CALCULUS. 

Catenary. Prove that curve whose normals equal the radius of curvature 

drawn in opposite direction is acatenary. No. 86.... ©... we... eee 148-145 
Curve on which ellipse must roll that focus describes straight line. No. 84 118, 143 
Evolute of logarithmic spiral is an equal curve. No. 90 ................04. 277-279 
From point P in base AB of triangle ABC, inscribe minimum triangle, if 

angle at Pis given. No. 88........0.. 0. cee cece ne ee cee ee 79-80 
Integrate (py—y)(pytx)==h?p. No. 87.0... eee vee wee 145-146 
Integrate dy /Ox-+-ycosx=F8in2z. NO. BQ. ccc ee eee eet ees 204~—-205 
Line of double curvature winding itself around surface of cone. No. 85 ... 118-119 


Pole, 60 feet high, stands in river, 20 feet deep. Where must it break so that 
top will touch bottom, and distance between points where parts of pole 
enter water will be amaximum. No. 82 ..... .. 2... ee eee eee 43-44. 
Solve y?(02y/dx2)+a(dy/Ox)?=ba. No. 81....-. 060s cece eee, 43 
Vessel is anchored in 8 fathoms of water. Cable 6 feet in water and hauled 
in at agiven rate. Find speed of vessel. No. 80...................-00 88 15-16 


When a watch is wound up the mainspring is closely coiled around cylindri- 
cal piece, etc. NO. 88.0... ccc ccc ene ete n ene ene enn enee 


MECHANICS. 


Beam, 5 feet long and 10 pounds weight suspended from horizontal supports 
10 feet apart. Ropes respectively 3 and 5 feet. Required angles made by 
ropes and support. N0.68... ........0 ce cee eee e ee ce cent n ence eens 16-17, 

Board, a circular, is placed on horizontal plane and a boy runs with uniform 
velocity around the board. Find motion of center of board. No. 80...... 

Circular tube revolves about vertical diameter with angular velocity 
V (ng/a), and a particle is projected from lowest point so that it 
can just reach highest point. Prove that time of describing first 
quadrant is ;/{a/[(n+1)g] }log]{/(n+2)+Y/(n4+1)]. No. 85.... 

Cone and cylinder of equal heights and bases are filled with water, flowing 
out through equal openings in base. Compare times of emptying. No. 78 

Elevation, at which a shell must be projected to produce a given range on 
an incline. NO. 77 1... ccc cc ee nee nee eee teeta eee e nes 

Inclined plane of mass M moves freely on a smooth horizontal plane. 
Rough sphere rolls down. If 2’ be horizontal space advanced by 
inclined plane, x part of plane rolled over by sphere, prove that 
(M-+-m)x’=macosa, te—x'cosa==3gt?sina, No, 76..........-..06. 

Particle P is held in bent tube by two forces directed towards two 
fixed points Hand S. Prove PS.PH=k? if forces are u/PS and 
U/PH. No. Tbe cccc ccc cece ee eee e nett e eee nen e es 46-47, 

Particle is projected upwards in vacuo with velocity v. Show that 
on reaching the ground again there is no deviation to the south, 
but a deviation to west is 4wcosi(v3/3g?). No. 83.-....-.5- 08 cee. 

Spheres, Two iron, of weights a and b, are suspended over a frictionless pul- 
ley and move in a liquid of density 6. Find space passed over in first 4 
seconds. No. 81 0.0... ccc ee eee ter ete een en eben teen e eens 

Sphere rests in limiting equilibrium upon a box and against a vertical wall, 
ete. No. 82.0.0... cc cee eee eee ee ene beeen ete eee e eee 

Three men own a sphere of gold, whose density varies as square of distance 
from center. If two segments be cut off 1 inch from center, it will be di- 
vided into three parts of equal value. Find diameter of sphere. No. 71 

Trajectory, the equation of, is y=ctana—(gx*/2v*cos?a). No. 88.. 

Vertical pressure on rails of two trains, track lying on 47th parallel of lati- 
itude. NO. 89...... ce eee ene bee eee eben tenes 

Weights, two, P and Q, are fastened by string over pulley of weight 2R. 
Find tension of string. No. 84.0... .. ccc eee cee eee teen eee 

Wheels, the four, of a car are rigidly fixed to their axles. Find respective 
advantages of applying brakes to front and rear wheels. No. 79.......... 


DIOPHANTINE ANALYSIS. 


Given 2?+y?+22=p’?+q?+r?. Find unequal values for 2, y, z, p, 
q, 1. 00 ne 
Find five numbers such that the product of any two plus 1 will be a 
square. No. 0 a 85-87, 
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177-178 


44-45 


148 


244-247 


120-122 


119-120 


83-85 


81-83 


206-207 


178-180 


206 


45-46 
280-282 


281-282 
242-244 


146-147 


17-20 


122-1238 
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Integral values for 2e?—y?==O, 2y?—2?--o. No. 78........ 47-48, 
Solve #?+y?=O, 2+w?=o, y2tw'=ao. No. 74........0...008. 


AVERAGE AND PROBABILITY. 


Average rate of sun’s motion in declination. No. 65 ....... 0... cc. eee ee. 
Average volume removed by boring an inch augur-hole through a cube. 

Do as 
Chances of two inaccurate mathematicians, solving a question, are 1-8 and 


1-12. If they obtain the same result, and if it is 1000 to 1 against their 


making the same mistake; find the chance of the result being correct. 
Bo a A 
Cube being cut at random by a plane. Find chance of section being a hexa- 
FXO) 6 PR KO Pa 6) 
Extremities of a focal chord in a given ellipse are joined with centre. Find 
average area. NO. 76.0... 0... ccc ccc eect ent eee ee ne tne ees 
Mean area of all plane right triangles having constant perimeter. No. 75.. 
Odds against throwing 7 or 11 at one throw with two dice. No. 68.......... 
Out of n vessels, 1 vessel is wrecked in average. Find chance of m expected 
vessels, p at least will arrive. No. 78 0.0.0... ccc cee eee nee 
Person writes 7 letters and addresses n envelopes. The letters being placed 
in the envelops at random, find probability of every letter going wrong. 
NO.67. ec ee ee enn ence eben bee bee ee been eee eeeeeens 
Projectile is thrown from a point in the circumference of a circular field 
with such velocity as to make diameter of field equal to greatest range. 
Find chance of its falling into field. No. 74........ 0. coc cece eee, 
Rod, 9 feet long, is to be divided into 3 parts, of which A is to have the larg- 
est, B the next, and C the smallest. If the fractures were made at ran- 
dom, their expectations would be respectively, 60, 30, 12. But if one 
fracture be made at random, and the larger portion be divided at random, 
their expectations will be 64, 31,18 inches. No. 66......................, 
Rod is broken into 4 pieces. Find chance that none of the pieces is greater 
than the sum of the other three. No. 72 ....... 0.0... 0.0 ccc eee eee ees 
Ship A observes another 6 whose course is unknown. Prove that 
at equal speed the chance of their coming within distance d is al- 
ways 2/asin—*d/a. No. 70 a 


There are n equal sugar sticks, each of which is broken into two pieces. 
Find expectation of the largest of the 2 pieces being taken. No. 69.. 
Witness A, in court, in trying to recognize the signature of an individual, 
failed four times in succession. Find chance of his being correct the fifth 
time. NO. 670... 6.6 cee cee cet b ee ttn een een eeaee 89, 
Witness, two, A and B, make the statement that an event happened in a 
particular way (2 ways being possible). Find probability of truth of the 
statement. NO. 78.0.0... 0... ccc ec ce nee bene e ve ee teen ennnas 


MISCELLANEOUS. 


Locus of vertex of cone enveloping ellipsoid x? /a?-+y?/b? +27 /c? 1, 
so that plane of contact will touch x?+y?+z22==r?. No. 68...... 
Locus of point equidistant from circumference of 2 circles. No. 69...... 91, 


Locus of any point on the front sprocket of a bicycle during one revolution 
of the hind wheel. No. 71 .......0 (0. ccc ce eect eee e ee eaes . 


151-155 
128-125 


87 


209-210 


284 


180-182 


282-2838 


.. 248-249 


207-208 


210-212 


88-89 


247-248 


87-88 


210 


209 


. 208-209 


207 


284 


90-91 
148-151 


212-213 


319 


b, e—b, c—1 
If a, b, and ¢ are integers, and {evn bo prove that the 
c—a—l 


a.b a(a+b).b(b+-1) 


sum of the series, 1-+——— 


l.c 1.2.c(e+1) 
-a(a+1)(a+2).b(b+1)(6+2) — (e—1)!(ec—a—b—1)! _ 
+ 1.2.3cc4+1)(e+2) 00" =(@la-bienbaiyr he? PBO-ABS 


Prove tan—4#=1/2i[log(a—7)/(a+1)], and then 7=2/ilogi. No. 70 182-184 
Three circles, radii in ratio 1, 8, 5, are tangent externally and enclose one 
acre. Find radii. No. 65.... 0.0... ccc eee eee ene eee teenies 48-49 
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SOME LOCI AND THEIR PROJECTIONS. 


By ARTHUR R. CRATHORNE, B.S., University of Maine. 


If a conic be described through two fixed points, A and B, and touching two 
given conics which also pass through those points, the locus of the of pole AB with 
respect to the varying conic 1s a conic touching the four lines CA, CB, C’A, and 
C’B, where C and C’ are the poles of AB with respect to the two given conies. 

At first reading this proposition or problem seems very complicated and 
difficult of solution ; and, indeed, it would be if the ordinary methods of analyti- 
cal geometry were used. But treated from the standpoint of projective or the 
so-called modern geometry, the solution is 
very easy and leads to some interesting re- 
sults. This proposition and the one de- 
duced from it later in this article are but 
examples of a class which lends itself very 
easily to projective methods. 

In figure 1, let A and B be the two 
given points. Let the two fixed conics, 
ADKB (called S) and AGIH (called S’) in- 
tersect at the given points. There will 
then be a doubly infinite number of conics 
which may pass through the two given 
points and be tangent to the conics S and 8’, 
In figure 1, the heavy lined conic AK BI is one of these conics. (There will be 
a set which will be tangent at about the points H and Ff’). Drawthetangents AP 


ee ed 


29-4 


and BP. The point of intersection, P, will be the pole of the variable conic with 
respect to the line AB. As the conic AKBI takes each of its infinite number of 
positions, the point P will trace a curve which will touch the tangent lines CA, 
C"A, CB, and C’B. 

Let us project A and B into the focoids or circular points at infinity 
(Scott’s Modern Analytical Geometry, Art 201). The line AB will be projected 
into the line at infinity (Salmon’s Conic Sections, Art. 254). Now since a circle 
is the only conic which cuts the line at infinity at the focoids, the conics S, S’ and 
AKBI must be projected into circles when the points A and B are projected intc 
the fucoids (Scott’s Modern Analytical Geometry, Arts. 117-118). The poles of 
the line AB will now be at the centers of these 
circles (Smith’s Conic Sections, Art. 314). 
Hence, after projection, the above proposition 
would read: ‘‘The locus of the centers of 
circles tangent to two given circles is a conic 
tangent to CA, CB, C’A, and O’B.”’ 

In figure 2, let the heavy circles be the 
two given ones (or, the ones into which S and 
S’ are projected). There will be four sets of -} 
tangent circles. Figure 2 shows those which 
lie outside of both the given circles and those 
which include both circles in their areas. The 
locus of the centers of these two sets will be 
an hyperbola, one set making one branch and 
the second set making the other. The cen- 
ters of the given circles are the foci of the 
locus. That this curve is an hyperbola may 
be easily proved. Let h (Fig. 2) be any point on the curve; let rand 7’ be the 
radii of the given circles. Then since hn=hAm, he-—he’'=r—r'—a constant. 

From the definition of the curve the locus will be an hyperbola. More- 
over this curve will be tangent to the lines connecting ¢ and c’ with the focoids or 
circular points at infinity (Salmon’s Conic Sections, Art. 258 ; Scott’s Modern An- 
alytical Geometry, Art. 129). 

Since this property is a descriptive one (Scott’s Modern Analytical Geom- 
etry, Chapter V), it will be true after projection and the only difference between 
the proposition given at the beginning pf this article and the one just proved is 
in the location of the points A and B. In the latter the circular points at infin- 
ity are the given points, while in the former any two points may be taken. The 
former is a general proposition, the latter a special case. In, this special case we 
say ‘‘circle’’ instead of ‘‘conic through two fixed points.”’ We say ‘‘center’’ for 
‘pole of the line AB with respect to the conic,” and again ‘‘hyperbola”’ for 
‘conic touching the four lines CA, CB, C’A, and C’B. 

Referring again to figure 1, we see that there may be two cases, one in 
which the two given conics intersect in real points and the other in which they 


have an imaginery intersection. The two caseg after projection are illustrated 


in figures 2, 3, 4and 5. In figure 8, one 
conic lay within the other so that after 
projection one circle will be within the 
other and vur locus is easily proved to 
be an ellipse with C and C’ the centers of 
the given circles as foci. Moreover the 
ellipse is tangent to the lines connecting 
C and C” with the focoids (Scott’s Modern 
Analytical Geometry, Arts. 129-1380; Sal- 
mon’s Conic Sections, Art. 258) Figures 
4 and 5 show the case in which the cir- 
cles after projection, intersect in real 
points. One set of circles will give an 
hyperbola and the other an ellipse as 


the locus. If in figures 2 and 3, the two 


given circles have equal radii, the locus of the light lined circles will be a straight 


A 


8 
a) 
q 


ol _) 
/ 


line perpendicular to the line connecting the 
centers. 

If now we imagine one of the conics 
in figure 1 contracted to a point we shall 
have another proposition, viz: 

If a conic be described tangent to a 
given conic and passing through two fixed 
points on that conic, and also passing through 
some other given point, the locus of the pole 
with respect to the varying conic of the chord 
connecting the first two points is a conte tan- 
gent to the lines connecting them with the 
third point, and also tangent to the lines 
connecting them with the pole of the chord 
with respect to the given conic. 

This is another seemingly compli- 


cated and difficult proposition, but itis easily proved by projection. In figure 6, 


let A and B be the two points on the 
conic ACDB. Let P be the third 
given point. An infinite number of 
conics may be drawn through A, B 
and P and tangent to ACDB. The 
heavy lined conic in figure 6 is one of 
these. We must prove then that the 
locus of M as the variable conic 
changes is a conic tangent to PA, PB, 
NA and NB. As before, project A 
and B into the focoids and ACDB in- 
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to a circle. The system of conics through ?, A, and B and tangent to ACDB will 


tion. 


then be a system of circles. 
¥ 
There will be two cases in this proposi- 


We may take the given point within or 


_ without the conic. Figures 7 and 8 show the 
two cases after projection. P and C are the 
projections of P and WN respectively. The 
proposition will now read: ‘‘The locus of 
the centers of a system of circles passing 
through a given point and tangent to a given 
circle is a conic having the given point and 


the center of the given circle for foci.’’ In 


figure 7 when P is within the circle the 
locus is an ellipse. In figure 8, the locus 
is an hyperbola. We may have a third 
case if we imagine P upon the circum- 
ference of the circle. In that case the 
locus is a straight line through C and P. 

Having proved this descriptive 
property after projection, it must be 
true before. Hence our general propos- 
ition is proved, and in the same manner 


that figures 2, 3, 4, and 5 are special. 


cases of figure 1, so are figures 7 and 8 
special cases of figure 6. 


P 
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AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


| Continued from November Number. | 


—— 


CHAPTER IV. 
COMBINATORY MULTIPLICATION. 


385. Derinrtion.—A product containing only units of the same system as 
factors and such that if the last two factors (called simple factors) are inter- 
changed the sign of the product is changed is called a combinatory product. 

Thusif E (not equal to 0) is a product of units and e,, ¢, are units, and 


[Ke,e,]+[He,e,J=0, 


the product [e,e, is a combinatory product. 

36. In the combinatory product [Abc] in which A is any product of a serves 
of factors and b and c are simple factors if b and ¢ are interchanged, the sign of the 
product 1s changed. 

Proor. 1. Suppose b and ¢ at first to be units. Since A is any series of 
factors and these factors are numerically derivable from the units, we may write, 
after removing the coefficients (by 28), A=2a,H,, where E, are products of the 
units. Substituting 


[Abe] +[ Acb]=[ 2a,E,.be]-+[2a,E,.cb]=2a,[ E,be] + 2a,[E,cb] (29) 
=Sa,{[E,be]+[E,cb]} (16, 11) =0........... 0008. (35). 


2. Next supposing b and c to be not units but numerically derivabie from 
them. Let b==-2'/,e,, c=27,e,. Then 


[Abc] + [Acb]=[A. 27,¢,. 27 e-| +[A.277¢-. 275,e,| 
= Gy 6[ A €p€5| + 27 siFrl Aest-] oe eee (28) 
== 25,74 [Ae,€s| +[Aese-]} (16) =O (by 1 above). 


37. In a combinatory product one can interchange any two successive simple 
factors providing the sign of the product be changed, that is to say 


[AbcD]+[AcbD]—0, 


where A and D are any factor series, and b andc are simple factors. 
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[AbeD]+[AchbD]=[{Abc}D]+[{Acb}D] (18, Rem.) 
-=[([Abce]+[Acb])D] (25) =0.. ......... (36). 


38. In a combinatory product one can interchange any two simple factors by 
changing the sign of the product. 

Thus, Pa, pr=—Pr, ae 

PRroor.—Suppose w factors lie between a and b. Then n interchanges of 
adjacent factors will bring 6 into position next to a. After that n-+1 interchanges 
of a with adjacent factors will but bin a’s place and a in 6’s place. Thus there 
would be 2n+1, or an odd number of changes of sign (37). Hence, ...... 

39. Derrnition.—lIf each of two series of quantities contain a and b once 
and but once and a stands before b in both or after b in both, then these quanti- 
ties in those series are said to be similarly arranged ; otherwise they are said to 
be oppositely arranged. | 

40. Two combinatory products, which contain the same simple factors but in 
different order, are equal to each other or opposite in value according as the number 
of oppositely arranged pairs of factors 1s even or odd. 

Thus, Q—=(—1)"P, where P and Q are the two products and r is the num- 
ber of oppositely arranged pairs of factors. 

Proor.—lIf every pair of adjacent factors in Q were similarly arranged in 
P and Q, then, evidently, P and Q would be identical, and there would be no 
oppositely arranged pairs of factors in the two. I®f then there are oppositely ar- 
ranged pairs of factors in P and Q, there must be at least one pair of factors ad. 
jacent in Q, which, as compared with the same in P, is oppositely arranged. 
Suppose after this pair of factors is interchanged in Q we call the result Q,. Then 
Q,=— Q. (87). Evidently P and Q, will have one less pair of oppositely arrang- 
ed factor pairs than P and Q. Thus if r+ was the number at first, Q, and P will 
have r—1 such pairs. Ifris not 1, there must be another such factor pair in Q, 
and P. Repeating the operation we get Q,=(—1)?Q. -.If therefore there werer 
oppositely arranged factor pairs at first, 


Q=(-1y?. 


41. If Bis a combinatory product containing r factors and C one containing 
s factors, then 


[ABO]=(—1)"[A OB). 


Proor.—Let C==c¢,¢, ..... cs. ‘Then since there will be a change of sign 
(37) each time c, interchanges with one of the r factors of B, 


[ABe,¢,......¢s)==(—1)"[Ac, Bee, ...... 6;)==(—1)"(—1)"[Acy¢, Beg... .. Cs| 


==(—1)"[Ac,¢9¢,...... ¢sB\=(— 1)" [ACB]. 
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42. If A, B, C are products containing respectively q, v, s factors, then from 
the preceding article it is plain that 


[ABO] =(—1)"8+89 0 [CBA]. 


3. If two simple factors of a combinatory product are equal, the product 18 
zero. 
PROOF.—Pa, pt Pp, g==0 oi ee ce bee eee ees (88). 
Then, if b=a, Pa, g==0. 
44. A combinatory product equals zero if a numerical relation exists between 
ats sumple factors. 


Let A, == Ay Oe +A .A3+ oe eo @ 8 Yin Am. Then 
[a,dg..eee. Am |=[C@ yd. +A ,a,+...... Am An Ag hgee cease Ay, | 
== y[AygAg4, ..--- Am |+TQ,[dgGg0,...... Ay |i. ee ee (29) 
=O+04 Loerie eee ee ete nas (43) 
45. The combinatory product of n simple factors which are numerically de- 
rivable from the n quantities @,, Gg, «+... An equals the determinant formed from 
the numerical coefficients in their values tomes [a,a,... ..a,]. Thus 
[(@,144,;+..... Any An)\(H ji oG,f... ee. AngAn)essee. (Ay n@,t...... Anny) | 
Ay, Wyagrreee. Asn 
Wo, Aggrecees Hs n 
a [A,AjAg..eee An | 
yy ecceee eee ain | 


> Xs) At ee eee Hy | AgAy eoeeee4ee Qwy 5 


where the n subscripts s, t, ...... w assume in turn all the values from 1 to n. 
Now those terms of the distributed product in which two or more of the a’s are 
equal disappear by (43). There remains then only those terms which contain 
all the a’s used each once. We have now 


where 7 denotes the number of pairs of factors in the left member oppositely ar- 
ranged as compared with [a,a.a,...... @,|. But this is the law which deter- 
mines the sign of any term of a determinant. See e. g. Salmon’s Higher Algebra, 


$8. 
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46. Derinition.—By the multiplicative combinations of a series of quanti- 
ties are meant those products which are their combinations without repetition. 
The simple factors are called the elements of the combination. 

47, Every combinatory product of m factors which are numerically expressed 
in terms of the n independent quantities a,, ay, ..--- a, 1s numerically expressible 
in terms of the multiplicative combinations of the mth class of a,...... dyn, and each 
of these combinations has for its coefficient the determinant formed out of them? nu- 
merical coefficients belonging to its m elements. Thus, 


[ aga. 2 fyby..... j=2| |: 7 [Aye eee ] 


where r<Cs<...... 

Proor.—Hvident from that of Art. 40. 

48. Ifa,.... a, are mdependent, then their multiplicative combinations 
of any particular class are independent. 

Proor.—Let aA+3B+...... —=0, in which A, DB, ...... are the multip- 
licative combinations of any one class formed out of a,...... a,, and aw, f...... 
are numbers. Let ns multiply the equation through by A’, the product of all 
the factors not found in A. Then B,C, ..... would each contain one or more 
of the elements of A’, and the products [BA’], [CA’], ...... would each equal 
zero (48). Then we have a[AA’]=0. Now, [AA’] is not equal to zero. Hence 
a--0. In the same way we can prove that f,7y, ...... must each equal zero. 
Hence there can be no such equation as ~A+/B5+4+...... =0, which expresses a 
dependence between A, Bb, ...... Thus, A, B, ...... are independent. 

49. A combinatory product remains constant when to any simple factor an 
arbitrary multiple of another 1s added. 

PRooF.-—P,, b+qa=Pa, otgPa, a (29) —=P,, b (43). 

50. Drrrnrtion.—If from a series of quantities a second is derived by add- 
ing to any quantity a multiple of an adjacent quantity, then the first series is 
said to be changed into the second by a simple linear alteration. If the operation 
is repeated it is called a multiple linear alteration. 

From what we saw in 49, it appears that the value of a quantity is not af- 
fected by linear alteration. 

51. Drerinition.—The multiplicative combinations of the original units of 
the mth class is called a wnit of the mth order, and a quantity numerically de- 
rived from such units is called a quantity of the mth order. 

The space derived from the simple factors of a quantity (17) is called 
the space of this quantity. A quantity is subordinate to another if its space is. 

52. Derinrtion.—The outer product of two units of a higher order is ob- 
tained by merely uniting their simple factors into a combinatory product. 


oO] 


Thus, [(e,@y.--... Cm) (Omari... e- én) |=[e,eg.----. Cn]. 
03. In order to multiply two simple quantities, [ab...... | and [cd..... 1, 


ut 18 sufficient to unite their simple factors tuken in order into a single combinatory 
product [ab..... cd .... |. 

Proor.-—Let e;...... e, be the original units, and let a=2a,e,, b=Z eq, 
C= 27,€., d= 287e;.. Then 


[(ab...... \(cd. oo... VEL C2 gla 2 55ly oo \( 276 .. 2Oylge eee. )| 
= [Sha giy..... [eves|p2{rda ..--- [ecGa]}] ..... cece ee. (28) 
== Bf ayy... ee. VO nee es [(eq@p.- +... \(Epge eee. ae (28) 
== {Wye 7 Og sees [Gues.-- es Cold eves Jp... eee. (52) 
== [ 2a yly. 2 yey... + - Pe | re (28) 
=l[ab...... cdi... | 


54. CoroLtary To 53.—If a simple quantity A is subordinate to B (18), 
then B may be written B=[AC], where C is a simple factor. 

55. To show that [A(BC)|=[ABC], 1. e. to show that the associative law 
holds. 
Proor.—l. When A, B, and C are the products of simple factors, the 
truth of this case follows readily from 538. 

2. When A, B, and C are sums of simple quantities, A=2A,, B=2B,, 
C=C... 

[((ACBC)J=[2 Ay. (2B,2C,)]=2[A, (BC)... Lee cence eee e cee ee (28) 
==2'[A,B,C,| (By 1, above) =[2A,.2B;.2C,] (28) =[ABC]. 


[To be Continued. | 


A SOLUTION OF THE OBLIQUE TRIANGLE GIVEN TWO SIDES 
AND THE INCLUDED ANGLE. 


By H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, Pa. 


Take the data to be b,c, A. 
p(cotA-+cotB)=c. 


Divide by »=bsinA and transpose cotA. 
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. ¢ bsin A 
B=——— —_— ° = ; e 
cot bsinA cota ; a sinB 


bsinA 


Find logarithm of bsinA in the column for a; then inthe column for B, 
—~— asa logarithm, then as a number; to find B, use the table of natural 
cotangents. 


If a solution wholly logarithmic is desired, take 


bsinA sin Asing 
tand = ; tanB= 


aw osind 
sin(A—é@)’ ~~ sinB’ 


INTEGRATION OF ELLIPTIC INTEGRALS 


By GEORGE B. McCLELLAN ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High Schoool 
Chester, Pa. 


{Continued from November Number. | 


Since all the expressions in the form of 


0 


Q0r 
f sin*dcos20+1 6(1—e? sin? 6)°d6—0 


(where a, b, c are integers), we will not consider them in our subsequent treat- 
ment. From (15,) we have 


am sin? 6dd | 
s. Vv d- V —e®sin? 0) 2 —,[Fle, 37)— Ete, ie) ee (3) 
—— cos? Gd 8 =f" _{" sin? dd6 
0 V U—e*sin®?#) Jo = asain ay 0 VY U—esin?®) * 


1 
0 V (1—e*sin? 4) = —,[Hle, 37) -U—e?) Fe, 37)] 


If n=0 in (10,), Ap =8[(1+e?)/e]4,—44 


1 Qn cos2. pd 
Ay=— J. __ coszpap 


(1 +e? — 2ecos6)3 


f 4e*sint0+1—2(1+ e?)sin?é 


=ty 


J 6 \/ (1—e*sin? @) 


say Le?) Fle, ¢7)—2(1+e?)Hle, t7)]...... (14,). 


dd 
= yelper Fe, $7)—~2(1te?)E(e, t7r)]...... (15,). 
am dd am == sin Odd 
0 V (l—e®sin? 6) — Cd et fy V A—e?sin? 6) 


Ay? in sintédd 


am sin?@cos*@d6 
0 VY (1—e?sin? @) 


J 


0 V (l—e?sin?@) 


«Be? 


} [(2+e?)F(e, $7)—2(1+e?) Ele, 27)]. 


*, From (1) and (8) by substitution we get, 


a7 sin‘tédé 


0 VY d—esin®s) 


an in*édé 1 
f, 7 a etainth = gr lla re* ie, B)—21l+e*)Hle, s7}]........-.. (5). 


a7 sin? 6dé 27 gsin?0cos20d0 


*, From (8) and (5) by substitution we get, 


27 sin2Gcos? GdG 


oVv (1—e®sin?0) 


am cost #dé 
0 Vv (1—e? sin?) =a 


(15,) may be written as follows: 


=5 3p l2—e? Ele, 37) —2(1—e? ) Fe, $7) ].. 0. cee eee (6). 
ee 
0 V (i—e*sin?@) 0 VY (1—e®sin??) © 
From (4) and (6) by substitution we get, 
a7 l(2—5e? +864) Fle, $7)—2(1—2e? Ele, 37)]..... (7). 
27 sin? Gcos? 6d6 


in de 
0 V —e®sin®6) 


— af / (1 —e*sin? @)sin? 6d6—2e? 
0 


2(1-+e*) He, #7)]. 


0 VY (—esin?@) Jo 7/ (1—e?sin20) * 


0 V (—e?*sin? 6) 


'. From (1) and (6) by substitution we get, 


2e") Hie, 37)]........ (8). 


f py (l—e?* sin? @)sin® dd6=— : 
0 Oe” 


{ V/(1—e?sin? @)sin? d=: (- V(etsin2yd6— V/(1—e2sin?0)cos? ddd, 
0 0 0 


‘. From (2) and (8) by substitution we get, 


So vdersin? eos? ad 1, Lees (9). 
Let n=1 in (10,), then Ap=$ =" Ay—4A,. 
i " cosi pd 
a (1+-e? —2ecos@): 
[(8+8e? +4e4)F(e, $x7)—(8+ Te? +8et) Ee, E7)]...... (16,). 


~ ei 


From (4,) we get 


am sin®6dé aT gin? @cos? 4d am sin4t4d64 
3 9 ees 
16¢ s 1’ 1—e?sin? &® Zainb hy tI? of V (1—e? sin? 4) — te f, VY (1—e?sin? 6) 


1—-¢* sin? @) 1k 3 


a 


an in2 
—3ef a Ode dN [((8 + 8e2 +4¢4) Fle, 47) 
0 Vv 
—(8+7e? +8¢4)E(e, $7)...... (17,). 


From (8), (6), (7) by substitution we get, 


am sin®6dé 1 
J. 1’ (1—e?sin?4) = gpa L(8 + 8c? + 4e* ie, 470) 
—(8+7e?+8¢)E(e, $7)]...... (10): 
{" sin °6d0 (2 sin*éd0 -{" sin* dcos? 6d6 
0 vy (l—e?sin?#) Jo 7/ (1—e?sin?9) 0 VY (l—e*sin? Z) 


*. From (5) and (10) by substitution we get, 


dV05 


f- sin*@cos?@d@ __ 1 


> Umetsin®d)  5ge L880? — 208) Ele, 87) —(8— Te? —ef Fle, 47)] (11) 


(" sin’ Gcos? ddd =f" sin2 @cos? Adé io sin? dcos*dda 
Jo py (l—e*sin®? 4) Jo 17 (1—e®sin?d) Jo 1/ (l—e®sin2?d) © 


.. From (6) and (11) by substitution we get, 


[(8—17e? +9e*)Fle, $7) 


c- sin?@cos*@d6 1 
Jo 1/ (1—e*sin? Gd) ~~ 15e6 


—(8—18e?+3¢e4)H(e, ¢7)] ..... (12). 


f- sin? Gcos4 dt ih cost6dé in cos® Add 


0 V (l—e?sin? @) Sg VY (l—e®sin?d) J 9 7/ (1—e?sin? 6) 
.. From (7) and (12) by substitution we get, 


am cos* Add 1 ; 
Sa etsin Tew (SBE BEBE, bp 
— (8—27e? + 34e4—15e5) Fle, g7)]...... (138). 


(17,) may be written as follows: 
Aes a7 sin’ odo 19 am /(1—e2sin20)sin20cos? dé 
é J V U—eisin?ay é ; ] ( —e*sin ysin Cos 


1 


3 f- __Sintéd? Dd peg a age 4 des F(e,47)—(8 + 7e? +8e*) Ee, 37) 
ee 0 VY (l—e®sin?#) ~— 15e? JEG, 27) )H(e, 37) ]. 


... From (10) and (38) by substitution we get, 
f, V/(1—e?sin?4)sin? Gcos? Ada 
0 | 


1 


=H [2(1—e*? +e*)H(e, $7)—(2—8e? +e*) Fle, #7)]..... (14). 


vie 


f ~ 1/1 e8sin® #)sin?® Joos? dd A= f° /(l—e?sin? 4)sin? 6d4 

0 0 

~{- /(L—etsin®é)sintodo= f /(1—e?® sin? 0)cos? 4d6 
0 0 


~{-  (1—e? sin? 4)cos*0dé, 
0 
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From (8), (14) and (9), (14) by substitution we get, 


: V (1—e?sin?é)sin46d0=—= — [2(1+e2—2e4) Fle, 47) 
—~(2+3¢e? —8e*t) Ele, g7)]...... (15). 
se V/(—e2sin’ Pyeost 6d = [2(1—4e? + 8e*) Fe, 47) 
— (2--7e? —3e*) He, 37)]..... (16). 
2 
Let n=2 in (10,), then A= A,—#$A,. 
/ Ap=—— STAB + 160? +1704 +2409) Fle, 320) 
74" 10574 


— 8(6+5e? +5e4 + Ge®) Ele, e7)]...... (18,). 


.. By symmetry from A,, A; we get, 


a7 sin? 6dé 1 , ; | 
Be | Fe} 
f. VY (1—e*sin?@) 105e8 [(48+-16¢ +17e + 24e ) (€, $77) 
— 8(6-+5e? + 5e4 + 6e®) Ele, 7)]...... (17). 
pe —_sintido ge _sinteda__ pir _sinSleos* a 
0 VY (1—e®sin®?#) ~~ J 7 (1—e?sin??) 0 VY —e®sin2d) * 


*, From (10) and (17) by substitution we get, 


Var in6 2 
f sin®@cos*4dé 1 [(48— 16e? —9e4 —8e®)H(e, 377) 


o VY (l—e?sin?@) ~——-105e8 


—4(12—10¢e2 —e4—e*) Fe, B)|..... (18). 


(~ sin’ @cos2 6d4 =(" sin’ dcos? Ad@ in sint@cos4 ddd 


0 VY (l—e®’sin®?#) Jo 1 (1—e?sin?@) J 9 y (l—e?sin?@) © 
.. From (11) and (18) by substitution we get, 


f- sin*@cos*édA __ 
0 


1 
TT Uetsin® A) Bbes Lb — 3208 + 150k + e8 Pe, 377) 


—2(8—12¢e? +2e4+e%) He, t7)]..... (19). 


[To be Continued. | 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


I saw problem 117 in a copy of Ostrander’s Arithmetic in the winter of 
1849-50, when I was nearly eleven years old, and solved it, at that time, for my 
teacher, Mr. John A. Shearer. Said Arithmetic was probably first published 
many years before that time. I herewith reproduce with the data of Problem 
117 my arithmetic solution : ! 

Consider an are ab=20 inches={% of a rod, c being the center of the cir- 
cular farm. Then as sector acb=an acre—160 rods, we have, r==160+,%)==32 x 
99=320 x 9.9=-9.9 miles. | 

Since the ratio of the areas of a circle and circumscribed square is equal 
to the ratio of their perimeters, the diameter of the required square is equal to 
that of the circle, or 9.9 x 219.8 miles. 

The areas of the tracts are easily found, and agree with the results already 
given ; except, that in the first solution, 3068 is given in place of 3168, which 
leads to an area too small. 

If we lay off ab=20 inches=={% of a rod on one side of the square (side= 
2x), c being the center, we have as for the circle, x=160+5;=-9.9 miles, or 27=—= 
19.8 miles. But I found the side of the square, as first shown above, in my 
long-ago solution. 

It may be worth remarking that the version of Mr. Baker differs slightly 
from that of Ostrander, as I remember it. P. H. PHTLBRICK. 


THE BEGINNING OF THE 20TH CENTURY. 


The question as to when the 20th century begins has received so much at- 
tention in the last three or four years, and especially within the last six months 
—articles having appeared in a number. of the leading magazines—that a brief 
notice of it in the MontTHLY may not be out of place. 

It is strange, indeed, that so simple a question as to the time when the 
20th century begins should occasion any eontroversy ; and yet there has been a 
wide and somewhat general misunderstanding about it. <A few years ago, a cir- 
circular was sent out by one of our leading book publishing companies, in which 
circular it was stated that the 20th century would begin December 31, 1901. Of 
course, this may have been a typographical error. But the general belief is that 
the 20th century will begin at 12 A. M., January 1, 1900. Such, however, is 
not the case, since up to that time, only 99 years of the present century will have 
passed. The 19th century will end at 12 o’clock P. M., December 31st, 1900, 
and the 20th century will begin at 12 o’clock A. M., January 1, 1901. 

The misunderstanding of the matter has probably arisen from neglecting 


008 


to note that in the process of counting, we do not begin with 0. There never was 
a year 0. In dating our letters, we make clear this point. Suppose that on the 
second day after the Christian Era, a letter had been dated ; using our present 
conventions, the letter would have been dated January 2, 1; and this would 
mean 2 days of year one. So December 80, 1, would mean 364 days of year 1; 
and not until midnight of December 31, was the year 1 completed. As with the 
year, so with the century. December 80, 99, means 364 days, or $84 of the 99th 
year, or 98 years+284 of 1 year; December 27, 1899, means 361 days of the 
1899th year since the Christian Era, or 1898 years+361 days or 1898 years-+385 
of 1 year, or the 361st day of the 99th year of the 19th century. 
B. F. FINKEL. 


ALGEBRA. 


95. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 


Substitute »wmbers in place of the letters in the following pattern: 
A =// (81? a? b?c? )==8labe...... b?+c¢?, a®@+c?, a®+b?; and compute the areas 
and sides of the whole nest of integral, rational triangles. 


Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Sides of general triangle are a? +b?, a%-+c?, and b?+¢c?. 
Whence A ==7/[(a? +b? -+e? )a?b?e? J. 
. 81?=a*?+b2+c?=the sum of three squares. 
When (3”)?==the sum of three integral squares, I have found that 


3° +2n—1 3n—-1+1 | 


=the number of sets of three squares, of which are prime sets 


4 2 
on—1 _! 
and ° ven ? are multiple sets. 
But 81%==(8')*; whence rent 09. 


... There are 22 sets of three integral squares whose respective sums==81?. 
., Also, there are 22 different integral, rational triangles whose respective 
areas==8labe. 
Following are the 22 sets of three integers the sum of whose squares is 
81?, =6561: 
1, 28, 76; 1, 44, 68; 6, 21, 78; 6, 30, 75; 6, 42, 69; 8, 16, 79; 8, 49, 64 ; 
9, 36, 72; 16, 28, 76; 16, 41, 68; 16, 47, 64; 17, 56, 56; 20, 44, 65; 20, 55, 56; 
21, 42, 66; 23, 44, 64; 27, 54, 54; 28, 41, 64; 30, 380, 69; 32, 49, 56; 36, 36, 63; 
and 40, 44, 55. . 
From these we derive the following 22 integral, rational triangles : 
(1). Sides=785 [—12+28?], 5777 [=—1%+76?], 6560 [28 +767]; area 
=172368=81 x 1x 28x76. 
(2). Sides=1987, 4625, 6560 ; area=242352. 
(3). Sides=477, 6120, 6525 ; area=796068. 
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(4). Sides—936, 5661, 6525 ; area==1093500. 
(5). Sides=-1800, 4797, 6525 ; area=1408428. 
(6). Sides==820, 63805, 6497 ; area—=819072. 
(7). Sides—=2465, 4160, 6497 ; area=:2032128. 
(8). Sides=1877, 5265, 6480 ; area==1889568. 
(9). Sides=785, 60382, 6805 ; area=2265408. 
(10). Sides=1937, 4880, 6305 ; area=3613248. 
(11). Sides==-2465, 4852, 6305 ; area==3898368. 
(12). Sides =8425, 3425, 6272 ; area==4318272. 
(18). Sides==2336, 4625, 6161 ; area==4638200. 
(14). Sides=-8425, 3536, 6161; area==4989600. 
(15). Sides=2205, 4797, 6120 ; area=4715172. 
(16). Sides—2465, 4625, 6082 ; area==5246208. 
(17). Sides=8645, 3645, 5832 ; area=6377292. 
(18). Sides=2465, 4880, 5777 ; area=5951 282. 
(19). Sides==1800, 5661, 5661 ; area=:5030100. 
(20). Sides=8425, 4160, 5537 ; area==7112448. 
(21). Sides=2592, 5265, 5265 ; area=6613488. 
(22). Sides=38536, 4625, 4961 ; area=7840800. 
Also solved by ELMER SCHUYLER, and CHAS. C. CROSS. 


96. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


How many different numbers may be written with the nine digits and zero, using 
them singly and in groups of from one to ten digits each, and using no figure but once in 
each group? How many more numbers may be written by repeating the digits and zero 
at pleasure in each group ? 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 
ter, Pa.; and C. B. GOULD, Colorado College, Colorado Springs, Col. 


We will not regard zero as a number. 

(1). “P, will be used to denote the number of permutations of n things 
taken r at a time. 

Then '°P,=10. This includes zero. 

*, 10P —1=-9 when taken singly. 

10P,—90. This includes those that have zero for the first digit, and were 
therefore included in the first group ,7. e. 9 is the sama as 09. 

Hence we proceed as follows : 

10P,—1=10—1=9, taken 1 at a time. 

10P,—9P,--90—9—81, taken 2 at a time. 

10P,—9P,=720—72—648, taken 3 at a time. 

10P,—*P,—6040—504—4536, taken 4 at a time. 

10P,—9P ,=80240—3024—27216, taken 5 at a time. 

10P .—9P,=151200— 15120—136080, taken 6 at a time. 

10P, —9P ,.—=604800— 60480—5443820, taken 7 at a time. 

10P,—9P,, =1814400— 181440—16382960, taken 8 at a time. 
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10P, —9P, =8628800—362880=-3265920, taken 9 at a time. 

10P ,— 9 P,=8628800 —362880—=3265920, taken 10 at a time. 

*, 8877690 in all. 

(2). This is equivalent to asking how many numbers less than 10000000000 
can be made with the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, O. 

*, (10)1° —1==-9999999999. 

9999999999 — 8877690-==9991122309 more by the second arrangement. 


Mr. Gould’s solution is similar to the above, but by including Mr. Zerr’s he gets as results 
8,877,691 and 10,000,000,000. 


EDITORIALS. 


The Index to Vol. VI was prepared by Prof. J. Scheffer. 


The MontHity and any of the leading magazines may be procured at 
reduced rates. 


This number concludes Vol. VI of the Montuiy. We take this oppor- 
tunity to thank our contributors for their generous codperation in making the 
journal a success ; and we hope we may rely on their help during the year 1900. 
In order that the subscription list may be increased we make this offer: An old 
subscriber sending us $3., may have his own subscription and that of a new sub- 
scriber credited up to January 1, 1901. 


The Report on Progress in Non-Euclidean Geometry which appeared in 
Tue AMERICAN MATHEMATICAL MoNnTHLY for October, and which is contained in 
full in the Proceedings of the American Association for the Advancement 
of Science, has also been published in full in Science for October 20, and now ap- 
pears in Popular Astronomy for November and December. An_ editorial, 
addressed to ‘‘Teachers of Geometry and Astronomy,’’ says: ‘‘We have printed 
two articles in this number to which special attention is asked on the part of 
teachers of Geometry and Astronomy. 

The other article is by Professor George Bruce Halsted, who, not long 
ago, was asked by the American Association for the Advancement of Science to 
prepare a report which was given at its Columbus meeting showing recent prog- 
ress in non-Kuclidean Geometry. 

Professor Halsted has done the teachers of Geometry most excellent ser- 
vice in the preparation of this paper. We call attention to this early, that 
teachers may read it thoroughly, so as to be acquainted with what is now going 
on among the masters in pure mathematics. The information gained will be 
helpful to those who want to be abreast with the best teaching talent of the 
present time.’’ 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


> 113. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Find a square number consisting of 24 figures such that the numbers formed by the 
first twelve figures and the last twelve figures, respectively, are consecutive, and vice versa. 


114. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics in Boys’ High School, 
Reading, Pa. 


ba? =10a? ba+8a3y 
ay? =10b?y+3b3e 


xy Solutions of these problems should be sent to J. M. Colaw not later than February 10. 


CALCULUS. 


104, Proposed by M. E. GRABER, Heidelberg University, Tiffin, Ohio. 
Find the differential equation corresponding to ;/(1—#?)+)/(1—y?) 
=[a(r—y)]. 
105. Proposed by CHAS. C. CROSS, Whaleyville, Va. 


From all points in a straight line passing through the center of a given circle tan- 
gents are drawn to the circle. Ifthe bases and vertices of all the angles thus formed are 
made to coincide; required the equation of the curve passing through the langent points. 


x*x Solutions of these problems should be sent to J. M. Colaw not later than February 10. 


MISCELLANEOUS. 


83. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah 
Towa. 


bf 


Segment’s area of a circle whose radius is 5 inches is 28.56 square inches. Find the 
chord. 


84. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
‘ville, Tenn. 


Prove that e™ + e—™=2[1+2?][1+(4)*][1+-@)*]..... ad infinitum. 


x*x Solutions of these problems should be sent to J. M. Colow not later than February 10. 


